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PREFACE TO THE SIXTH AND THE 

SEVENTH EDITIONS' 


Among the additions to the new edition, I may mention 
the theory of the lowering of the freezing point of strong 
electrolytes, which has boon developed by J. 0, Gooch of 
Calcutta* This theory (J 279) appears at last-to dear up 
the puzzling deviations from Ostwald's dilution law* Debye's 
equation of state for solid bodies has also boon added* This 
contains the explanation of the variation of the specific boat 
with temperature as well os Grtinei son's law for tho thermal 
coefficient of expansion, 

THE AUTHOR 

Birldt, GnuznowALD, . 

JFifenwy, 1021, and July, IMS* 


TRANSLATOR’S NOTE. 

i 

. Tim Second English edition of Prof* Planck’s book was a 
reprint of tho Amt, but in this edition pains have been taken 
to adhere as closely as possible to tho seventh German 
oditdon, with the exception of a few symbols, which have 
been retained as in tho first English edition. 

It has been a great pleasure to work up this edition con¬ 
taining all tho additions and corrections, which ProL Planck 
has found nooossary. Tho value of the book has boon greatly 
anhfuiGod. 

A. OGG, 

Uhtvshsity of Gam Tows, 

Janitory t 1020. 




FROM THE PREFACE TO THE 

FIRST EDITION. 

m 

Thb oft-repeated requests either to publish my oolleoted 
papers on Thermodynamics, or to work them up into a 
comprehensive treatise, first suggested the writing of this 
book. Although the first plan would have been the simpler, 
especially as I found no occasion to make any important 
changes in the line of thought of my original papers, yet I 
decided to rewrite the whole subject-matter, with, the inten¬ 
tion of giving at greater length, and with more detail, certain 
general considerations and demonstrations too concisely 
expressed in these papers. My chief reason, however, was 
that an opportunity was thus offered of presenting the entire 
field of Thermodynamics from a uniform point of view. 
This, to bo sure, deprives tho work of the character of an 
original contribution to science, and stamps it rather as an 
introductory text-book on Thermodynamics for students who 
have taken elementary ooursos in Physios and Chemistry, and 
are family with tho dements of the Differential and Integral 
Calculus. 


The numerical values In the examples, which have been 
worked as applications of the theory, have, almost all of 
them, been taken from the original papers; only a few, that 
have been determined by frequent measurement, have been 
taken from tho tables in Kahirausch’s " Leitfaden dor prak- 
tisohen Phyalk.” It should be emphasised, however, that 
the numbers used, notwithstanding the care taken, have not 

vil 


undergone the same amount of critical sifting as the mdre 

general propositions and deductions. 

■ 

■ 

Three distinct methods of investigation may be dearly 
recognised in the previous development of Thermodynamics. 
The first penetrates deepest into the nature of the processes 
considered, and, were it possible to> carry it out exactly* 
would be characterised as the most perfect. Heat, aooording 
to H, is due to the definite motions of the chemical molecules 

“ m 

and atoms considered as distinct masses, which in the case 
of gases possess comparatively simple properties, but in the 
case of solids and liquids can be only v er y roughly sketched. 

This kinetic theory, founded by Joule, W aters t on , KrGnig 
and Cflaushla, has. been, greatly extended mainly by Maxwell 
and Boltzmann. Obstacles, at present Tin surmountable, 
however, seem to stand in the way of its further progres s . 
These an due not only to the highly complicated mathe¬ 
matical treatment, bat principally to essential difficulties, 
not to be discussed here, in the mechanical int e rpr eta tion of 
the fundamental principles of Thermo dynamics. 

Such difficulties are avoided by the second method, de¬ 
veloped by Hehnholts. It confines itself to the most import¬ 
ant hypothesis .of the meohanical theory of heat, that heat 
is duo to motion, but refuses an principle to specialise as to 
the character of this motion. This is a safer point of view 
than the first, and philosophically quite as satisfactory as 
the mechanical interpretation of nature in general, but it 
does not as yet offer a foundation of sufficient breadth upon 
which to build a detailed theory. Starting from this point 
of view, all that can be obtained is the verification of some 
general laws which have already been deduced in other ways 
direct from experience. 

A third treatment of Thermodynamics has hitherto proved 
the inost fruitful. This method is distinct from the other 
two, in that it does not advance the mechanical theory of 
heat, but, keeping aloof from definite assumptions as to its 
nature, starts direct from a few very general empirical facts, 
mainly the two fundamental principles of Thermodynamics. 


From thorn, by pare logical reasoning, a large number of new 
physical and chemical laws are deduced, which are capable 
of extensive application, apd have hitherto stood the test 
without ex ception* 

This last, more inductive, treatment, which is used ex¬ 
clusively in this book, corresponds best to the present state 
of the science. It cannot be considered as final, however, 
but may have in time to yield to a mechanical, or perhaps an 
electro-magnetlo theory 1 . Although it may be of advantage 
for a time to consider the activities of nature—Heat, Motion, 
Electricity, etc.—as different in quality, and to suppress the 
question as to their common nature, still our aspiration after 
a uniform theory of nature, on a mechanical basis or other¬ 
wise, which has derived such powerful encouragement from 
the dlaoovery of the principle of the conservation of energy, 
can never be permanently repressed. Even at the present 
day, a recession from the assumption that all physical pheno¬ 
mena are of a common nature would be tantamount to 
renouncing the comprehension of a number of recognised 
laws of interaction between different spheres of natural 
phenomena. Of course, oven then, the results we have 
deduced from the two laws of Thermodynamics would not,be 
invalidated; but those two laws would not be introduced as 
independent, but would be deduced from other more general 
propositions. At present, however, no probable limit can 
be set to the time which it will take to reach this goal* 

BnTiUr, 

April, 1807. 


FROM THE PREFACE TO THE 

SECOND EDITION. 

Tun numerous and valuable researches, which have enriched 
the subject of Thermodynamics since the publication of the 
first edition of this book, have added greatly to the abundance 
of known facts without in any way altering the fundamental 



bads of the theory, Sjnoo book is chiefly oonocmed 

with the exposition of these fundamental principles, and the 

applications are given more ae illustrative examples, I have 
not aimed at a now treatment of the-sub jeot, but have limited 
myself to corrections of some numerical data, to a careful 
revision of the general ideas. I have thereby found it advis¬ 
able to make a number of changes and additions. Many of 

those have boon, suggested by scientific acquaintances and 
colleagues. 

With regard to the concluding paragraph of the preface 
to the flat edition, I may he permitted to remark the 
theory of heat has in the interval made, remarkable progress 
along the path thero ind ica t ed. Just as the flat law of 
Thermodynamics forms only one side of the universal principle 
of the conservation of.energy, so also the seoond law, or the 
principle of the increase of the Bnfaopy, possesses no inde¬ 
pendent meaning. The new results of the investigations in 
the subject of heat radiation have made this still clearer. In 
this connection, I may mention the names of W. Wien, 
F, Pasohcn, O. Lummci and E. Pringsheim, H. Habeas, and 
F. Kurlbaum, The full content of the second law can only 
bo understood if wo look for its foundation in tho known 
laws of the theory of probability os they were laid down by 
Clausius and.Maxwell, and further extended by Boltzmann, 
According to this, the entropy of a natural state is in general 
equal to tho logarithm of the probabUtiy of the corresponding 
state multiplied by a universal oonstant of the diTnanalons of 
energy divided by temperature. A closer discussion of this 
relation, which penetrates deeper than hitherto into a know¬ 
ledge of moleonlor processes, as also of the laws of radiation, 
would ov erst ep the limits which have been expressly laid 
down for this work. This discussion will therefore not be 
undertaken here, especially as I propose to deal with this 
subject in a separate book. 


Basra, 

January, 1000 . 
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PREFACE TO THE THIRD EDITION, 


Thm plan of the presentation and the arrangement of iho 
material is maintained in the new edition. Nevertheless, 
there is to be found in thfo edition, apart from a farther 
revision of all the numerical data, a number of explanations 
and additions, which, one way or another, have been sng- 
geeted. These are to be found scattered throughout tho 
whole book. Of such I may mention, for example, the law 
of corresponding states, the definition of molecular weight, 
the proof of the second law, the chara cte ristic thermodynamic 
function, the theory of the J onle-Thomson effect, and the 
evaporation of liquid mi xtures . Farther suggestions will 
always be very thankfully received. 

A. real extension of fnndamantai importance is the heat 
theorem, whloh was introduced by W. Nomst in 1000. Should 
this theorem, as at present appears likely, be found to hold 
good in all directions, then Thermodynamics will be enriched 
by a principle whose nudge, not only from tho practical, but 


also from the theoretical point of view, oannot as yet bo 



In order to present the true import of this new theorem 
in a form suitable for experimental test, it is, in my opinion, 
necessary to leave out 'of account its bearing on the atomic 
theory, which to-day is by no means blear. Tho methods, 
which have otherwise been adopted in this book, also depend 
on this point of view. 

On the other hand, I have made tho theorem, I bolievo, as 
general as possible, in order that its applications may be 
simple and comprehensive. Aooordingly, Nomat’s theorem 
has been extended both in form and in content. I mention 
this here as there is the possibility of the extended theorem 
not being confirmed, while Nerast’a original theorem may 
still be true. 


Behux ( 

November, 1010 . 
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9 ' THERMODYNAMICS . 

■ * 

m 

point, and then all change ceases. The two bodies are then 
said to be in thermal equilibrium* > Experience shows that 
each a state of equilibrium finally sets in, not only when 
two, but also when any number of differently heated bodies 
are brought into mutual contact, From this follows the 
important proposition : If a body, A , be in thermal equili¬ 
brium with two other bodies, B and 0, then B and 0 are in 
thermal equilibrium with one another . If or, if we bring A, 
B r and 0 together so. that eaeh touches the other two, then, 
according to our supposition, there will be equilibrium at 
the points of contact AB and AO, and, therefore, also at the 
contact BO. If it were not so, no general thermal equili¬ 
brium would be possible, which is contrary to experience, 

■ 

f 3. These facts enable us to compare the degree of heat 
of two bodies, B and 0, without bringing them into contact 
with one another; namely, by bringing each body into 
contact with an arbitrarily selected standard body, A (for 
example, .a mass of mercury enclosed in a vessel terminating 
in a fine capillary tube). By observing the volume of A 
in each oase, it is possible to tell whether B and 0 are In 
thermal equilibrium or not. If they are not in thermal 
equilibrium, we can. tell which of the two is the hottar. The 
degree of heat of A, or of any body in thermal equilibrium 
with A, can thus be very simply defined by the volume of 
A, or, ae is usual, by the difference between the volume of 
A end an arbitrarily selected normal volume, namely, the 
volume of A when In thermal equilibrium with molting ice 
under atmospheric pressure. This volumetric difference, 
which, by an appropriate choice of unit, is made to read 100 
when A is in oontact with steam under atmospheric pressure, 
is called the temperature in degrees Centigrade with regard 
to A as thermometiio substance. Two bodies of equal tem¬ 
perature ore, therefore, in thermal equilibrium, and vioe 
vend, 

m 

{ 4. The temperature readings of no two thormomotric 
aubntancoa agree, in general, except at 0° and 100°. The 
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definition of temperature is therefore somewhat' arbitrary. 
This we may remedy to a certain extent by taking gases, in 
particular those hard to oondense, such as hydrogqn, oxygen, 
nitrogen, and carbon monoxide, and all so-called permanent 
gases as thermometrio substances. They agree almost com¬ 
pletely within a considerable range of temperature, and- their 
readings are sufficiently in accordance for most purposes. 
Besides, the coefficient of expansion of theso different gases 
is the same, inasmuch as equal volumes of them expand 
under constant pressure by the same amount—about -rhr of 
their volume—-when heated from 0° 0. to 1° C, Since, also, 
the influence of the external pressure on the volume of thoso 
gases can be represented by a very simple law, we ore led 
to the conclusion that these regularities are based on a re¬ 
markable simplicity in their constitution, and that, therefore, 
it is reasonable to define the common temperature given 
by them simply as temperature. We must consequently 
.reduce the readings of other thermometers to thoso of the 

gas thermometer. 

■ 

§ 6. The definition of temperature remains arbitrary in 
cases where the requirements of accuracy cannot be satisfied 
by the agreement between the readings of the different gas 
thermometers, for there is no sufficient reason for the prefer¬ 
ence of any one of these gases. A ‘ definition of temperature 
completely independent of the properties of any individual 
substance, and applicable to all stages of heat and cold, 
beoomes first possible on the basis of the second law of thermo¬ 
dynamics (§ 160, eta). In the mean time, only such tem¬ 
peratures will be considered as are defined with sufficient 
accuracy by the gas thermometer, 

| 6. In the following we shall deal chiefly with homo¬ 
geneous, isotropic bodies of any form, possessing throughout 
their substance the same temperature and density, and 
subject to a uniform pressure acting everywhere perpen¬ 
dicular to the surface. They, therefore, also exert the same 
pressure outwards. Surface phenomena are thereby die- 
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regarded. The condition of an oh a body is determined by 
its wliflmWl nature; its mass, M; its volume, Y; and its 
temperature, t, • On these most depend, in a definite manner, 
ft.11 other properties of the particular state of the body, 
especially the pressure, whioh is uniform throughout, in¬ 
ternally ftrid externally. The pressure, p, is measured by the 
force acting on the unit, of area—in the o.g.s. system, in 
dynes per square centimeter, a dyne being the force which 
imports 1 to a *" 0 ” of qd& gramme in one second a velocity 
of one ftmtimriar per second. 

■ 

■ 

§ 7. As the proasure is generally given in atmospheres, 
the value of an atmosphere in absolute O.GH. units is here 
calculated. The pressure of an atmosphere is the force which 
a j y^lnmTi of mercury at 0* 0., 76 om. high, and 1 sq. cm* 
in Gross-section exerts on its base in oonsequonoe of its weight, 
when placed in geographical latitude 40°. This latter con¬ 
dition must be added, beotfuso l the weight, +.s. the force 
of the earth’s attraction, varies with the locality. The 
volume of the «nlinnw of mercury is 76 o«o.; and since the 

the mnM is 76 x 

13*506 grxn. Multiplying the mass by the acceleration of 
gravity in latitude 45°, we.find the pressure of one atmosphero 

in absolute units to be 

■ 

4 

70 X 13-006 X 980-6 = 1,013,300 ^2* or 

cm. 0 X 0 ,- 860 . 

If, as was formerly the custom in mechanics, we use os the 
unit of force the weight of a gramme in geographical latitude 
40° instead of the dyne, the pressure of an atmosphere would 

be 76 x 18*606 « 1089*9 grm. per square oontimoter, 

■ 

§ 8. Binoo the pressure in a given substance is evidently 
controlled by its internal physical condition only, and not 
by its form or mass, it follows that p depends only on the 
temperature anA the ratio of the mass M to tho volume V 
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(*.«. the density), or on the reciprocal of the density, the 
volume of unit mum: 

V 

■ 

m 

which ie called the speoiflo volume of the substance. Far 
every substance, then, there exists a oharaoteristdo relation— 

V =■/(?.*). 

■ 

which is- oalled the obaraoteristio equation of the substance. 
For gasea, the function / is invariably positive; fox liquids 
and solids, however, it may have also negative values under 

certain oircomstanoes. 

. ■ 

s 0. Perfect Gr&aos.—The ohar&oteristio equation as¬ 
sumes its simplest form for the substances which we used 
in | 4 for the definition of temperature, and in so fax as they 
yield corresponding temperature data are called ideal or 
perfect gases. If the temperature be kept constant, then, 
aooording to the Boyie-Moriotte law, the product of the 
pressure tmd the specific volume remains constant for gases: 

I 

* pH n $ .(1) 

where 0, for a given gas, depends only on the temperature. 
But if the pressure be kept constant, then, aooording to 

{ 8, the temperature is proportional to the difference between 

the present volume v and the normal volume Uq ; : 

■ u 

(=»(»- Vq)P, .... . (2) 

■ 

where F depends only on the pressure p. Equation (1) 
becomes 

3»b = ®o*.(8) 

where 6 0 is the value of the function 9, when t = 0° 0. 

Finally, as has already been mentioned in f 4, the expan¬ 
sion of all permanent gaaee on heating from 0° 0. to 1° 0. is 
the same fraction a (about -j-fv) °f their volume at 0° (Gay 
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Ltiaau'i law). Patting t = 1, we have v —■= and 

equation (2) becomes 

1 = att^P.(4) 

■ 

B . 

By eliminating f, V& and v from (l) f (3), (8), (4), wo obtain 
tho temperature function of the gas— 

6 = 0q( 1 + oi), 

which is aeon to be a linear function of t. The characteristic 

equation (1) becomes 

■ 

p = J(1 + <ri). 


S 10. The form of this equation is considerably simplified 
by shifting the aero of temperature, arbitrarily fixed in § 3, 

by ^ degrees, and calling the melting point of ioe, not 0° C., 

1 ° 1 

but — 0« (i.e. about 273° 0.). For, putting t + -«T 

ft qc 

(absolute temperature), and tho constant a'h ™ 0, the char¬ 
acteristic equation becomes 



This introduction of afaofote tempera taro is evidently tanta¬ 
mount to measuring temperature no longer, bjb in § 3, by a 
change of volume, but by the volume itself. 

The question naturally arises, What is the physical moan¬ 
ing of tiie sero of absolute temperature ? The xcro of abeoluto 
temperature is that tmpperaturo at which a perfect gas of 
finite volume has no pressure, or imdnr finite pressure hoe no 
volume. This statement, when applied to actual gases, has 
no meaning, since by requisite cooling they show considerable 
deviations from one another and from tho ideal state. How 
far an actual gas by average temperature changes deviates 
from the ideal cannot of course bo tested, until temperature 
has boon defined without reference to any particular substance 
<| 0 ). - 
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§ 11* The constant 0, which is characteristic fox the 
perfect gas under consideration, can be calculated, if the 
specific volume v be known for any pair of values of T and p 

0 ° 0. and 1 atmosphere). For different gases, taken at 
the same temperature and pressure, the constants 0 evidently 
vary directly as the speoifio volumes, or inversely as the 

densities It may be affirmed, then. that, taken at the 


densities It may be affirmed, then, that, taken at the 

4 

temperature and pressure,, the densities of all' perfect 
gases bear a constant ratio to one another. A gas is, there¬ 
fore, often characterized by the constant ratio which its 
density bears to that of a normal gas at the same tempera¬ 
ture and pressure [specific density relative to air or hydrogen). 


At 0° 0. (T 


278°) and under 1 atmosphere pressure, the 


densities of the following gases are : 


0*0014301 
0*0013007 
00013007 


vn 


be 


Atamnhflrie nitoosta...... 00013007 

Mr . 

Argon.00017800 

whence the corresponding values of 0 in absolute units 
readily calculated. 

All questions with regard to the behaviour of a substance 
when subjected to changes of temperature, volume, and pres¬ 
ale completely answered by the characteristic equation 
of the substance. 

j 12. Behaviour under Constant Pressure (Iso- 

barm or Isopiestio Changes ).—Coefficient qf expansion is the 

given to the ratio of the increase of volume for a rise of 
temperature of 1° 0. to the volume at 0° 0., *.*. the quantity 

y _y 

Since as a rule the volume changes compare- 
v o 

tively slowly with temperature we may pub *-®L 

rflr 

For a perfect gas according to equation (6 ) Vt+i — V x *=* — 

P 


vmr 
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and Yj — 



X 273, 

■ 


gas is then = a. 

■ 


The coefficient of expansion of the 


§ 18* Behaviour at Constant Volume (Isoohorio ox 
Isopycnio or Isosterio Changes).—The pressure coefficient is 
the ratio of the inoreaae of pressure for a rise of temperature 


of 1° 0. to the pressure at 0° 0. t the quantity 




For an ideal gas, according to equation (0), 

qm- 

, and pi =■ -w- x 278, The pressure co¬ 


efficient of the gas is *4^-, equal to the coefficient of 
expansion ou 


{ 14. Behaviour at Constant Temperature (Iso¬ 
thermal Changes ).—Coefficient qf daetioity la the ratio of an 
infinitely small increase of pressure to the resulting con¬ 
traction of unit volume of the substanoe, ia the quantity 



- For an ideal gas, according to equation (D) t 



The coefficient of elasticity of the gas is, therefore, 



that is, equal to tho pressure. 

The reciprocal of the coefficient of ela st i ci ty, tho ratio 
of on infinitely gmn.ll contraction of unit volume to the oorre- 



qf compressibility. 



called the coefficient 



TEMP 


9 



115. The three coefficients which characterise the be¬ 
haviour of a substance subject to isobario, isoohoxio, and 
isothermal ohanges are not independent bf one another, but 
are in every case connected by a definite relation. The 

general characteristic equation, on being differentiated, gives 

■ 



where the suffixes indicate the variables to be kept oonstant" 
while performing the differentiation. By putting dp f= 0 we 
impose the condition of an isobaxio change, and obtain the 
relation between dv and dT in isobario processes i— 



For every state of a substance, one of the three coefficients, 
vis. of expansion, of pressure, or of compressibility, may 
therefore be calculated from the other two. 

Take, for example, mercury at 0° O. and under atmo¬ 
spheric pressure. Its coefficient of expansion is (§ 12) 

■ 

SB, • i-°-° 0018 ‘ 

its coefficient of compressibility in atmospheres (§ 14) is 



i *= 0-0000080. 


therefore its pressure coefficient in atmospheres (| 13) is 



m 

This means that on increase of pressure of 46 atmospheres 
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is required to keep the volume of mercury constant when 

heated from 0® 0, to 1° 0. 

1 ■ 


g 16. Mixtures of Perfect Gases—If any quantities 
of the some gas at the same temperatures and pressures be 
at first separated by partitions, and then allowed to come 
suddenly in contact with another by the removal of these 
partitions p it is evident that the volume of the entire system 
will remain the name and be equal to the sum-total of the 
partial volumes. Starting with quantities of different gases, 
expodenoe still shows that, when pressure a-nd temperature 
are maintained uniform and constant, the total volume con¬ 
tinues equal to the sum of the volumes of the constituents, 
notwithstanding the slow process of intermingling—diffusion 
—which takes place in this case. Diffusion goes on until the 
mixture has become at every point of precisely the same 
composition, i.e. physically homogeneous. 


g 17. Two views regarding the constitution of mixtures 
thus farmed present themselves. Either we might assume 
that the individual gases, while mixing, split into a large 
number of small portions, all retaining their original volumes 
and pressures, and that these small portions of the different 
gases, without penetrating each other, distribute themselves 
evenly throughout the entire apace. In the end each gas 
would still retain its original volume (partial volume), and 
all the gases would have the same common p re ss ure. Or, 
we might suppose—and this view will be shown below (§ 32) 
to bo the correct one—that the individual gases change and 
interpenetrate in every infinitesimal portion of the volume, 


and that after diffusion each individual gas, in so far as one 
may speak of such, fills the total volume, and is consequently 
under a lower pressure than before diffusion. This so-called 
partial pressure of a constituent of a gas mixture can easily 
be calculated. * 


118, Denoting the quantities referring to the individual 
gases by suffixes—T and p requiring no special designation, 
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as they are supposed to be the for all the \ 

oharaotoristio equation (0) gives for each gas before 


The total volume, 


CiM,T 




V » Vj_ -f* V* H" ■ • *i 


remains oonstant during di ffusi on. After diffusion we asoribe 
to each gas the total volume, and hence the partial pressures 
become 

CLU/C V, CLM.T V. m 

Pi =* J y l ' = ^P \ P% = ^ P » ■ * • (?) 

# 

and by addition 

M i M i _V 1 + Vf+«»»_ _* /o\ 

Pit At • • • 23 — 1 -y-P "P • ■ W 

This is Dalton's law, that in a homogeneous mixture of 
gases the pressure is equal to the sum of the partial pressures 
of the gases,* It is also evident that 


Pi'A 1 * • ■ ^T 1 :V t :. . . =• : O s M i . . (0) 

i.s, the partial pressures are proportional to the volumes of 
the gases before diffusion, or to the partial volumes which 
the gases would have according to the first view of diffusion 
given above. 


i 10. The oharaotoristio equation of the mixture, according 
to (7) and (8), is 

V = (CtMi + C^M, + .. .)J 



which corresponds to the characteristic equation of a perfect 
gas with the following characteristic constant; 
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Hence the question as to whether a perfect gas is a chemically 
simple one, or a mixture of chemically different gases, cannot 
in any case be settled by the investigation of the characteristic 

equation. 

■ 

| 80. The composition of a gas mixture is defined, either 
by the ratios of the masses, M lt ... or by the ratios 
of the partial pres su re s p lt p*, ... or the partial volumes 
.Vp Y„ ... of the individual gases. Accordingly wo speak 
of per cent. by weight or by volume. Let us take far example 
atmospheric air, which is a mixture of oxygen (1) and 14 atmo¬ 
spheric ” nitrogen (2). 

The ratio of the densities of oxygen, 14 atmosphorio ” 
nitrogen and air is, according to | 11, 

00014291: 0*0012567 : 00012928 = 



Taking into consideration the relation (11) : 


we find the ratio 




03009, 


» 


t>. 23*1 per cent, by weight of oxygon and 78*9 per oent. of 
nitrogen. On the other hand, the ratio 


1 _ 1 

OjMi : Cyi, = p t : ft = Vi : V, — ®— 0-8040, 

c ;~0 

tA 209 peer cent, by volume of oxygen and 79*1 per cent, of 

nitrogen. 

■ 

| 81. Gbar aoteristf o" Squat ion of Other Sub¬ 
stances.—The characteristic equation of perfect gases, oven 
in the case of the substances hitherto discussed, is only an 
approximation, though a dose one, to the actual facta. A still 


further deviation from the behaviour of phrfeqt gases is shown 
by the other gaseous bodies, especially by those easily eon-' 
densod, which for thin reason were formerly planned as vapours. 
For these a modification of the characteristic equation is 
neaessary.. It is worthy of notioe, however, that the more 
Rarefied the state in which we observe these gases, the lees 
does their behaviour deviate from that of perfect gases, so 
that all gaseous substanoea,. when 1 sufficiently rarefied, may 
be said in general to act like perfect gases even at low tem¬ 
peratures. The general oharaoteristio equation of gases and 
vapours, for very large values of v, will pass over, therefore, 
into the special form for perfect gases. 

■ 

{ 22* We may dbtain by various graphical methods ah 
.idea of the character utid magnitude of the. deviations from 
the* ideal gaseous state. An isothermal curve may, &£., be 
drawn, fatViTig v *nd p for some given temperat u re as the 
abscissa «-nd ordinate, reepoctdvely, of • a point in. a plane. 
The ehtire system of Isotherms gives us a complete represen¬ 
tation of the oharaoteristio equation. The more the behaviour 
of the vapour in question approaches that of a perfect gas, 
the closer do the isotherms approach those of equilateral 
hyperbole having the. rectangular co-ordinate axes for asymp¬ 
totes, for pv m const, is the equation of an isotherm of a 
perfect gas. The deviation from the hyperbolic form yields 
at the m-Trift time a measure of the departure from the ideal 

state, 

§ 28. The deviations become still more apparent when 
the isotherms ore drawn tw-hing the product pv (instead of p) 
as the ordinate and say p as the abaousa. Here a perfect gas 
has evidently for its isotherms straight lines parallel to the 
fljiw of abstiase. In the oase of actual gases, however, the 
isotherms slope gently towards a minimum value of pv, 
the position of which depends on the temperature and the 
nature of the gas. For lower pressures (t.e. to the left of the 
minimum), the volume doorcases at a more rapid rate, with 
inniwming pressure, than in the case of perfect gases; for 


*4 ' 
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higher pressures (to the right of the minimum), at a slower 
rate.. At the miniimun point the cxnnpreeaibility ooineideB 
with that of a perfect gas. In the case of hydrogen the 
minimum lies far to the left, and it has hitherto been possible 
to observe it only at "very low temperatures. 


S 24. To van dar Weals is due the first analytical formula 
for the general characteristic equation, applicable also to 
the liquid state. He also explained physically, on the basis 
of the kinetic theory of gases, the deviations from the be¬ 
haviour of perfect gases. As we do not wish to introduce 
here the hypothesis of the kinetic theory, we consider van 
der Waals* equation merely as an approximate expression of 
the foots. His equation is 



where E, a, and b are constants which depend on the nature 
of the substance. For large values of v, the equation, aa 
required, passes into that of a perfect gas; for smiyll values 
of e and corresponding values of T, it represents the 
characteristic equation of a liquid. 

Expressing p in atmospheres and colling the specific 
volume v unity for T«— 273 and p ==* van der Waals* 

constants for carbon dioxide are 


B 000860; a <=0*00874; b = 00023. 

■ 

As the volume of 1 gr. of carbon dioxide at 0° C. and 
atmospheric pressure is 506 ao., the values of v calculated 
from the formula must be multiplied by 506 to obtain the 
specific volumes in absolute units. 

S 25, Van der Waals* equation not being sufficiently 
accurate, Clausius supplemented it by the introduction of 
additional constants. Clausius 1 equation is 

_ _ RT o . 

p = - ffr + i)» •. • • < ia «) 

For large values of v, this too approaches the characteristic 
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■ ■ 

equation of an ided gas. In the same unite ae above, Clausius’ 
constants for carbon dioxide are: 

■ 

■ 

R — 0-003688; a = 0-000848; b <= 0000977; o = 3*0980. 

I 

Observations on the compressibility of gannrmn and liquid 
carbon dioxide at different temperatures ore fairly mil 
satisfied by Qlatigiua 1 formula. 

Many - other fermi of the characteristic equation have 
been deduoed by different scientists, partly on experimental 
and partly on theoretical grounds. A v e r y useful formula 
for gases at not too high pressures was given by D. Berth slot, 

f 8ft. If, with p and v as ordinates, we draw the isotherma 
representing 0 ^ 081 ^’ equation for carbon dioxide, we obtain 
the graphs of Fig. I.* 

For high temperatures the isotherms approach equilateral 
hyperbolas, as may be seen from equation (12a).~ In general, 
however, the isotherm is a curve of the third degree, three 
values of v corresponding to one of p. Hence, in general, & 
straight line parallel to the axis of absoisswi intersects an 
isotherm in three points, of which two, as actually happens 
for Urge values of T, may be imaginary. At high tempera¬ 
tures there is, consequently, only one real volume correspond¬ 
ing to a given pressure, while at lower temperatures, there Hre 
three real values of the volume for a given pressure. Of these 
three values (indicated on the figure by a, p, y, for instance) 
only, the smallest (a) and the largest (y) represent practically 
realisable states, for at the middle point (£) the pressure 
along the isotherm would increase with increasing volume, 
and the compressibility would accordingly bo negative. Such 

a state has, therefore, only a theoretical signification. 

■ 

ft 87. The point « corresponds to liquid oarbon dioxide, 
and y to the ganoous condition at the temperature of the 
isotherm passing through the points and under the pressure 
measured by the ordinates of the line a£y. In general only 

* Tor tbo oalonlMlon mud o onrtm otton of tho ontrvea, I mm bidotted to 
Dr. Richard Aj.fc. 


















tempera ture. 
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one of these states is stable (in the figure, the liquid state 
at a); Far, if we compress gaseous carbon dioxide, enclosed 
in a cylinder with a movable piston, at constant tempera¬ 
ture, e.g. at 20° 0., the gas assumes at first states correspond¬ 
ing to oojuecutiYB points on the 20° isotherm to the extieme 
right. The point representative of the physical state of the 
gas'then moves farther and farther to the left until it reaches 
a certain place O, After this, further compression docs not 
move the point beyond O, but there now takes place a partial 
condensation of the substance—a splitting into a liquid and 
a gaseous portion. Both ports, of course, possess common 
pressure and temperature. The state of the gaseous portion 
continues to be characterised by the point (7, that of the 
liquid portion by the point A of the same isotherm. O is 
called the saturation point of carbon dioxide gas for the 
particular temperature considered. Isothermal compression 
beyond 0 merely results in precipitating more of the vapour 
in liquid form. [During this part of the isothermal compres¬ 
sion no change takes place but the condensation of more 
and more* vapour; the internal conditions (pressure, tem¬ 
perature, specific volume) of both parts of the substance are 
always represented by the two points A and 0. At last, 
when all the vapour has boon condensed, the whole sabstanoe 
is in the liquid condition A , and again behaves as a homo¬ 
geneous substance, so that further compression gives an 
increase of density and pressure along the isotherm. The 
substance will now pass through the point a of the figure. 
On this side, as may be soon from the figure, the isotherm 
is much steeper than on the other, t.c. the compressibility is 
much smaller. 

At times, it is. possible to follow tho isotherm beyond tho 
point O towards the point y, and to proparo a so-called super¬ 
saturated vapour. Then only a more or loss unstable con¬ 
dition of equilibrium is obtained, as may be soon from the 
fact that tho smallest disturbance of tlio equilibrium is 
sufficient to causo an immediate condensation. The substance 
passes by a jump into tho stable condition. Nevertheless, by 
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the study of supersaturated vapours, the theoretical port of 

the curve also receives a direct moaning. 

¥ 

§ 28. On any isotherm, which for certain values of p 
admits of throe real values of v, there are, therefore, two 
definite points, A and 0 , corresponding tq jthe state of satura¬ 
tion. The position of the so points is not ipjpqqd|ately deduciblo 
from the graph of the isotherm. The propositions of thermo- 
dynamics, however, lead to a simple wgy of flpding the&o 
points, as will be seen in g 172. The higher tjie temperature, 
the smaller becomes the region in which lines dxpwn parallel 
to the axis of abscissa) inter Beet the isotherm in throe real 
points, and the closer will those three points approach one 
another. The transition to the hyperbola-like isotherms, 
which any parallel to the axis of abscisses outs in one point 
only, is formed by that particular isotherm on which the 
three points of intersection coalesce into one, giving a point 
of inflection. The tangent to the ourvo at this point is 
parallel to the axis of abscissm. It is called the critical 
point (K of Kg. 1) of the substance, and its position indicates 
tho critical temperature, the critical specific volume, and the 
critical pressure of the substance. At this point there is no 
difference between the saturated vapour and its liquid pro- 
oipitate. Above the critical temperature and critical pressure, 
condensation does not exist, as the diagram plainly shows. 
Hence all attempts to condense hydrogen, oxygon, and. 
nitrogen neoesaarily failed as long as the temperature hod not 
boon reduced below the critical .temperature, which is very 
low lor these gases. 

i 

£,29. It farther appears from tho figure that there i$ no 
deflnito boundary between the gaseous and liquid Iftqtcs* 
since from the region of purely gaseous states, as at {hat 
of purely liquid ones, as at A , may bo reached on a cirouitpps 
path that nowhere passes through a state of saturation-r-qn 
a curve, for instance, drawn around tho critical point. Thus 
a vapour may bo heated at constant volume above the critical 
tomporaturo, then compressed at constant temperature below 


tlio critical volume, and Anally ooolod under constant pressure 
below the critical temperature. Condensation nowhere occurs 
in tliia process, which loads, nevertheless, to a region of purely 
liquid states. Tho earlier fundamental distinction between' 
liquids, vapours, and gasos should therefore be dropped as 
no longer tenable. A more modern proposal to denote as 
gaseous all. states above tlio critical temperature, and as 
vaporous or liquid all others according as they lie to the 
right or left of the theoretical regions (Fig. 1), has also this 
disadvantage, that thoroby a boundary is drawn betwoen 
liquid and gas on tlio one hand, and vapour and. gas on the 
other hand, which hna no physical moaning. The crossing 
of tho critical temperature at a pressure other than tho 
critical pressure differs in no way from the crossing of any 
other temperature. 

§ 80* Tlio position of tho critical point may 'be readily 
calculated from the general characteristic equation. Accord¬ 
ing to § 3S wc liavo 



Tho first of these moans that tho tangent to the isotherm 
at K is parallel to tho axis of abacisseo; and the second, that 
tho isotherm has a point of inflection at K, If wo chooso 
van dor Waals* characteristic equation (13), wo And for tho 
critical point 

m 8 ^ U _ n* 

T * ^ 276B* ~~ 276** Va 

From tho numbers already given, tho critical constants of 
carbon dioxide aro 

T* = 305 « 273° + 32°, p* = 01*2 atmoa., = 0*0000. 

In o.g.s. units tfo = 0*0000 x 500 => 3*49 o.o./grm. Instead 
of tho tliroo constants a , 6, and B, wo may introduce the 
three constants T*, p*, and into tho oquation. Since tho 

units in which tho temperature, tho pressure, and tho volume 
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axe measured ore quite independent of one another, it follows 
that only the ratioa of T and T*, p and p*, v and tw occur in 
the characteristic equation, Jn other words, if we take tho 
ratios. 


T 

9C 


£ 

*• 




v 

Vt 


* 


(reduced temperature, reduced pressure, and reduced volume), 
aa independent variables, the ah&raoteriatio equation contains 
no constant depending on the special nature of tho substance. 
In,fact, we find in this way for van der Waale* equation of 



When Tsa 1 and «* 1, then n « 1. 

This law that the characteristic equation, when expressed 
in terms of reduced values of the temperature, pressure, and 
volume, is the same for all gases, is called the law of oorre- 
tponding stales. It is not only true of van der Weals* equa¬ 
tion, but of every equation of state in which there ore not 
more than throe constants depending on the nature of the 
substance. The law, however, is only approximately truo, 
which from the point of view of the molecular theory is 
llbiminating, since there is no single substance which in a 
chemical sense remains absolutely the same under all tem¬ 
perature and volume changes (see { 83). 

{ 80a, If wo take datums* equation with four constants, 
we obtain for the critical point. 


W 






27(a + &)&' ^ “ 210(0 + 6) 1 ” 


«w 



Obtained u follows i 



BT o 

* - a *P£o fl? * * 

RT So 

- + w “ 

SRT On _ 

+ 4>1 “ 0 


« 8a + 26.* 

. . . (l) 

o . . (») 

■ 

• * - C®) 



The critical (mutants of carbon dioxido an then, 

T. = 304 «= 873° + 31°, p, «= 77 atmoa., a = 3*37 

gr. 

■ 

Those values lie oanaiderably nearer the experimental values 

T« mm 273° + 81°, p 0 » 73 atmoa, v* = 2-22 than those 

gr- 

obtained from van der Wools' equation. 


. } 81. Regarding the transition from tho liquid to the solid 
state, the same considerations hold os for that from the 
gasoona to the liquid state. In this ease also one can draw 
the system of isotherms! and establish " theoretical ” regions 
of the isotherms. In foot there ore certain phenomena, as, 
for example, tho supercooling of liquids, which point to a 
more or less unstable liquid state. 

. In its most complete form the characteristic equation 
would comprise tho gaseous, liquid, and solid states simul~ 
taneously. No formula of such generality, however, has as 
yet boon established for any substance. 


§ SSL Mixtures.—While, as shown in § 19, tho char¬ 
acteristic equation of a mixture of perfect gases reduces in 
a simple manner to that of its components, no such simpli¬ 
fication takes place, in general, when substances of any 
kind are mixed. Only for gases and vapours does Dalton’s 
law hold, at least with groat approximation, that tho total 
pressure of a mixture is the sum of the partial pressures 
which each gas would exert if it alono filled the total volume 
at tho given temperature. This law onablos us to establish 
tho characteristic equation of any gas mixture, provided that 
of the constituent gases bo known. It also doddos tho ques- 


From (S) and (3L 


* — 8a + Si 


Bubatituting (4) In (S) and rodnolng, wo got 

So 




27(« + 


And substituting (4) and {fi) In (1) and rod Doing, wo havo 




oU 

Sltffa + tjft 


(*) 

CO 


. . (fl)—Tm. 







CHAPTER II. 

MOLECULAR WEIGHT, 

§ 88, Ik the preceding chapter only such physical changes 
have been discussed aa concern temperature, pressure, and 
density. The chemioal constitution of die substance or 
mixture in question has been left untouched. Cases are 
frequent, howover (much more so, in fact, than was formerly 
supposed), in which the chemical nature of a substance is 
altered by a change of temperature or pressure. The more 
recent development of thermodynamics has dearly brought 
out the ■ necessity of establishing a fundamental difference 
botwoon physical and chemical changes such as will exclude 
continuous transition from the one kind to tho other (qf. 
§ 42, d *eq, t and § 238). It has, however, as yet not boon 
possible to establish a practical criterion for distinguishing 
them, applicable to all cases. Howover strikingly most 
chemioal prooessos differ from physical ones in their violence, 
suddenness, development of heat, dranges of colour and 
other proportioe, yert there ore, on tho other hand, numerous 
changes of a chemical nature that take place with continuity 
and comparative slowness; for example, dissociation. One 
of tho main tasks of physical ohomistry in tho near future 

will be tho further olucidation of this essential difference, 

■ 

g 84* The peculiar characteristic of all chamical reactions 
is that they«take place according to constant proportions by 
weight. A certain weight (strictly speaking, $ mass) may 
therefore bo used os a characteristic expression for the nature 
of tho reaction of a given chemically homogeneous substance, 
whothor an element or a compound. Such a weight is collod 
an equivalent tr eight. It is arbitrarily fixed for one element— 
for hydrogen at 1 gr.—and then tho equivalent woiglit of 
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any other element oxygen) i a that weight which will 
combine with 1 gr.' of hydrogen. The Weight of the oom- 
ponnd thru formed is, at the same time, its equivalent weight. 
By proceeding in this way, the equivalent weights of all 
chemically homogeneous substaaoee may be found. The 
equivalent weights of elements that do not combine directly 
with hydrogen can easily be determined, smoe in every case 
a number of elements can be found that ooznbine directly 
with the element in question and also with hydrogen. 

The total, weight of a body divided by its equivalent 
-weight is called the number qf etprivaJente Contained in the 
body. Hanoe we may say that, in every ohemioal reaction, 
an equal number of equivalents of the different substances 
react with one another. 


§ 85. There is, however, some ambiguity in the above 
definition, since two elements frequently oombine in more 
ways than one. ?or* suah oases there would exist several 
values' of the equivalent weight Bxpetfence shows, how¬ 
ever, that the various possible values are always simple 
multiples or submultiples of any one of them. The am¬ 
biguity in the equivalent weight, therefore, reduoee itself 
to multiplying or dividing that quantity by a simple integer. 
We must accordingly generalise the foregoing statement* 
that an equal number of equivalents react with one another, 
and say, that the number of equivalents that react with one 
another are in simple numerical proportions,* Thus 10 parts 
by weight of Oxygen combine with 28 parts by weight of 
nitrogen to' form nitrous oxide, or with 14 parts to form 
nitric oxide, or with 9} parts to form nitrous anhydride, or 


* If thn— frhola Humbert ootid bo of may magnitude fliwi Dm equivalent 
weight vaild be » oonUmow Tapping qiuuniiEr. Buh quantity eould than, 
to any approximation, be xepnmitea fay the ratio of two whole xramban. 
The value of the equivalent’weight* oould not be defined from the welghta 
mooting with one another, and the whole above oodtideratiocia would be 
Mtieory. The diaaoutiniilty In the variation af equivalent weight* la 
ahaieotariatto of the ohomtoat naton of a aubatanoe, in oontraat to itawiloal 

proport tea. To aum up ahartty, one may *ay that phytioal ohangee ta£e plaoe 

eosntnuoody, wfaile obemlaal ahangea take plaoe amooatinnonaiy. Phyeiaq 
deal* ohlafn 1 with oontimioua Tudu qaantitlea while ahmnMrr deeb 
ohlefiy with whale numben. 
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with 7 ports to form nitrogen totroxdde, or with 5# parts to 
form nitric anhydride. Any one of those numbers may be 
assigned to nitrogen as its equivalent weight, if 16 be taken 
as that of oxygen. They are, howovor, in simple rational 
proportions, since 

28 : H : : 7 : 5f = 60 : 30 : 20 :16 :12. 

g 86. Tho ambiguity in the definition of the equivalent 
weight of nitrogen, exemplified by the above series of numbers, 
is removed by soleating a particular one of them to denote 
the molecular weight of nitrogen. In the definition of the 
molecular weight os a quite definito quantity depending only 
on the particular state of a substance, and. independent of 
■ possible chemical reactions with other substances, lies one 
of the most important and most fruitful achievements of 
theoretical chemistry. Its exact statement can at present 
bo given only for spocial cases, vis. for perfect gases and 
dilute eolations. We need consider only the former of thoso, 
as we shall see from thermodynamics that tho latter is also 
thereby determined. 

The definition of the molecular weight for a chemically 
homogeneous perfect gas is rendered possible by the further 
empirical law, that gasee combine, not only in simple multiples 
of their equivalents, but also, at the same temperature and 
pressure, in simple volume proportions (Gay Lussao). It 
immediately follows that the number of equivalents, con* 
toined in equal volumes of different gases, must bear simple 
ratios to one another. The values of thoso ratios, however, 
are Bubjoot to tho abovo-monfcioned ambiguity in thq selection 
of the equivalent weight. The ambiguity is, however, re¬ 
moved by putting all these ratios «* I, i.e, by establishing 
the condition that equal volumes of different gases shall 
contain an equal number of equivalents. Thus a definite 
choice is mado from tho different possible values, and a 
definito equivalent weight obtained for tho gas, which is 
henceforth denoted as tho tnoleotdar weight of the gas. At 
the samo time tho number of equivalents in a quantity of 
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the gas, which may bo fonnd by dividing the total weight 
by the molecular weight, is defined as tho number * of mole* 
eules Contained- in that quantity. Hence, equal, volumes qf 
perfect gases at ike same temperature and pressure contain an 
equal number qf molecules (Avogadro’s law). The molecular 
weights of chemically homogeneous gases are, therefore, 
directly proportional to the masses contained in equal volumes, 
t.6. to the densities. Tho ratio of tho densities is equal to 
tho ratio qf the molecular weights. If wo call m x and m 8 
tho molecular weights of two perfect gases, then according 

to$n 

i 1 

m x ; m* = n - : tt . . . '. . (12o) 

■ 

■ 

{ 87. Putting tho molecular weight of hydrogen = tn^, 
that of any. other -chemically homogeneous gas must be 
equal to fn It multiplied by its specific density ’relative to 
hydrogen (g 11). Tho following table gives tho spocifio 
densities of some gases and vapours, relativo to hydrogen, 
in round numbers; and also their molecular weights : 


HydrqgEvn . • 

Oxygon * * 

Nitrogen . . 

Witar Tftpotxr 
Ammonia . 
Khrais oxide . 
Mltrio oxide 


BpaaVto Dnritf, 

. 1 > 
.10 
. 14 
. 0 

B*5 . 

. as 

. IS 


Mohwlat 

. * mu 

. 10 »n 

14 mu 
. D mu 

8*0 mu 
£S mu 

15 mu 


With tho help of this table wo can completely answer tho 
question as to how tho molocular weight of a compound is 
built up otlt of tho molecular weights of its olotnents. 

Water vapour consists of 1 part by weight of hydrogen 
and 8 parts by weight of oxygen, therefore the molecule of 
water vapour, 9 Wn, most consist of w n parts by weight of 
hydrogen and 8 parts by weight of oxygon— i.c. according 
to the above table, of ono mo local a of hydrogen and half a 

* This, of oouno, nood not bo * vholo rvumbor, oluoo wo m oonoemod 
hom. not with tho rewl molooaloa In tho niw of tho ntotnlo thoocy. but with 
tho gr.-molecule*, or mob., u uUtarily doUnod. 
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molecule of oxygen. Furthor, mnea ammonia, according to 
analysis, consisting of 1 port by woight of hydrogen and 
4§ parts by woight of nitrogen, its moloculo 8-6 «? Jt must 
neooaaarily contain 1*0 parts by weight of hydrogen and 
7 % parts by weight of nitrogen—£ 0 . according to the table, 
1} moloculofl of hydrogen and molecule of nitrogen. Further 
since nitrous oxide, according to analysis, contains 10 'parts 
by woight of oxygen and 28 ports by might of nitrogen, the 
molecule of nitrous oxide, 22 win, necessarily contains 8 »n n 
parts by weight of oxygen and 14 m n parts by weight of 
nitrogen, i.e. according to the table, i molooulo of oxygon and 
1 molecule of nitrogen. Thus Avogadro's law enables us to 
give in quite definite numbers tho molecular quantities of 
each constituent present in tho molecule of any chemically 
homogeneous gas, provided we know its density and its 
chemical composition. 

§ 88* The smallest woight of a chemical element entering 
into tbe molecules of its compounds is called on atom. Hence 
half a molecule of hydrogen is called an atom of hydrogen, H; 
similarly, half a molecule of oxygen an atom of oxygon, O; 
and half a molecule of nitrogen on atom of nitrogen, N. 
The diatomio molecules of thoeo substances are represented 
by Hu O t , N g , An atom of mercury, on tho contrary, is 
oquol to a whole molecule, because in tho moloculos of its 
compounds only whole moloculos of mercury vapour occur. 
In order to determine numerical values for tho atomic and 
molecular weights, it is still nocoasary to arbitrarily fix tho 
atomic weight of some element. Formerly it was- usual to 
put H = 1 and O = 10. It has, however, been shown that 
the ratio of tho equivalent weights of oxygen and hydrogen 
is not exactly 10, but about 16*87. Since the oxygon com¬ 
pounds of most elements con bo more accurately analysed 
than the hydrogen compounds, it has become customary to 
start oil from the atomic weight of oxygon, O = 10, as a 
definition. Then tho molecular woight of oxygon, 

O s => 32 ■= 16*87 m u . 
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It follows that the molecular weight of hydrogen, 

on 

Wa “ 16^7 = 3,010 = E *’ 

m 

and the atomic weight of hydrogen, 


H=. 1*008. 


. The mol ocular weights of the above table then become : 


Hydrogen . 
Oxygen 
Nitrogen . 
Water vapour 

Nitrous oxide 
Ntkdo'oxide 


Ualwilif Weight. 

2-016 — H- 
88-00 — O, 
28*08 — N t 
18-02 — H.O 
17*08 NH t 
44*08 — N.O 
804)1 —NX) 


t 


§ 89. In general, then, the molecular weight of a chemically 
homogeneous gas is 2*016 times its spociflo density relative 
to hydrogen, or equal to 32 times Hs specific density relative 
to oxygen. Conversely, if the molecular weight, m, of a 
gas be Iqicrwn, its specific density, and consequently the 
constant O in the characteristic equation (6), can bo cal¬ 
culated. If we denote all quantities referring to oxygen by 
the suffix 0, then, according to equation (12b) in § 36, 

0 = . . . (13) 


How mg bb 32, and the constant Q, can bo calculated from 
the density of oxygon at 0° 0. and under atmospheric pressure* 

According to the table in | 11, 

■ 

— = 00014291 
t’o 

p =■ 1013260 ($ 7) 

T «=• 278 


Therefore, 
and, by (13), 





32 X 1013260 83110000 

m x 273 X 00014391 “ m 
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If wo had started off from the molecular weight of hydrogen, 
we would have obtained a value niot materially greater. 

If, for shortness, we put 


8-316 x 10 T =*R . ■ . . . (13a) 

■ 

then the general equation of a perfect chemically homo- 
goneous gas of molecular weight m becomes 


R T 

m ' if 



where R, being independent of the nature of the individual 
gas, is generally called tho absolute gas constant. The 
molecular weight may bo deduced directly from 'the char¬ 
acteristic equation by tho aid of the constant R, since 



Since v 


V 

ffl 


we have 


V 




RT M 

v * m 


But — is the quantity defined above as 

m 


the number of mole 


oulos in tho gas, and, therefore, if 





which means that at a given temperature and pressure the 
volume of a quantity of gas depends only on tho number of 
the molecules present, and not at all on the nature of the 

gas, as Avogadzo’s law requires. 

■ 

§ 40. In a mixture of chemically homogeneous gases of 
molecular weights m lt m% . . . the relation between tho 
partial pressures is, according to (0), 

■ Pg * ... — CjMj > G| Wg ... 

But in (16) wo have 0, *= —; Ca . 

' ' 1 m 1 ^ 


Pi‘Pt 


m ± * ffia 


. . . 
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t',0, tho ratio of the partial pressures in oIao tho ratio of the 

number oE molecules of each gas present. Equation (10) 
gives for the total volume 
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(CSM, -h c t *r a 

da 
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p \*n 1 ~ r tn 
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1 



Tho volume of the mixture is therefore determined by tho 
total number of tho molecules present, just as in tho case of 
a chemically homogeneous gas. 


§ 41. It is evident that wo cannot speak of tho mol ocular 
weight of a mixture. Its apparent or mean mol ocular weight, 
however, may be defined as the molecular weight whioh a 
chemically homogeneous gas would have if it contained in 
tho same mass tho same number of molecules as tho mixture. 
If we denoto the apparent molecular weight by m, wo have 



The apparent molecular weight of air may thus bo calcu¬ 
lated. Brnco 


m t = O a = 32; 777 , = N a *= 28; M,: M a — 0-30 (§ 20) 
we have m = ^ =« 28*9, 

"32 ^aa 

■ 

which is somewhat larger than tho molecular weight of 
nitrogen. 
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{ 42. Tlio characteristic oquotion of a perfect gas, whether 
chemically homogonooufl or not, gives, according to (10), the 
total number of molecules, bat yields no moans of deciding, 
os has boon pointed out in { 19, whether or not theao mole¬ 
cules are all of the same kind. In order to answer this 
question, other methods must bo resorted to, none of wliich, 
however, is practically applicable to all cases. A decision 
is often reached by an observation of the process of diffusion 
through a porous or, better, a semi-permeable membrane. 
The individual gasoe of a mixture will separate from oaoh 
other by virtue of the differences in their velocities of diffusion, 
which may even sink to soro in the case of somi-penneablo 
membranes, and thus disclose the inhomogeneity of the sub¬ 
stance. The chemical constitution of a gas may often bo 
inferred from the manner in which it originated. It is by 
means of the expressi on for tho entropy (§ 237) that wo first 
arrive at a fundamental definition for a chemically homo¬ 
geneous gas. 


w 

S 48. Should a gas or vapour not obey tho laws of 
gases, or, in other words, should its epooifio density depend 
on tho temperature or the pressure, Avogadro's definition of 
molecular weight is nevertheless applicable. By equation 




we have n 



The number of molecules in this 

I 


ease, instead of being a constant, will be dependent upon 
the momentary physical condition of the substance. Wo 
may, in such cases, either ajumms the number of molecules 
' to bo variable, or refrain from applying Avogadro’s definition 
of the number of molecules. In other words, tho cause for 
the deviation from tho ideal state may bo sought for either 
in tho chemical or physical conditions. The latter view 
preserves tho chemical nature of the gas. Tho molecules 
remain intact under changes of temperature and pressure, 
but the characteristic equation is more complicated, than 
that of Boyle and Gay Lussoc—like that, for example, of van 
dcr Waals or of Clan m us. Tho other view differs essentially 
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from this, in that it represents any gas, not obeying the laws 
of porfeot gases, as a mixture of various kinds of molecules 
(in nitrogen peroxide N a 0 4 and NOi, in phosphorus penta- 
ohloride PClg, P01 $l and Gig). The volume of these is supposed 
to have at every moment the exact value theoretically required 
for the total number of molecules of the mixture of these gases. 
The volume, however, does not vary with temperature and. 
pleasure in the same way as that of a perfoot gas, because 
chemical reactions take place between the different kinds of 
molecules, continuously altering the number of each kind 
present, and thereby also the. total number of molecules in 
the mixture. This hypothesis has proved fruitful in cases of 
great differences of density—so-caDod abnormal vapour 
densities—especially where, beyond a certain range of tem¬ 
perature or pressure, the specific density once more beoomos 
constant. When this is the case, the chemical reaction has 
been completed, and for this reason the molecules henceforth 
remain on changed. Amylene hydrobromide, for instance, 
acts like a perfect gas below 100° and above 360°, but shows 
only half its former density at the latter temperature. Tho 
doubling of the number of molecules corresponds to the 

equation 

OjHjjBr ® Ogfi^ -J- H H r. 

Mere insignificant deviations from the laws of porfeot gases 
are generally attributed to physical causes—as, e.^., in water 
vapour and carbon dioxide—and are regarded as tho foro- 
runners of condensation. The separation of chemical from 
physical actions by a principle which would lead to a more 
perfoot definition of mnlmailftr weight for variable vapour 
densities, cannot be accomplished at the present time. Tho 
increase in the specific density which many vapours exhibit 
near their point of non^aiwation might just as well bo attri¬ 
buted to such chemical phenomena as the formation of double 
or multiple molecules.* In fact, differences of opinion exist 

* W. Nanus (" VarhuufluDg&n dar dmtnhen Phya, Go*..'' IT, S. 818,1000) 
™ T P ftfl a tho flwfflwtolrito equation of water venom* depend upon the 
forme tfoa of molecules (E,0]|. 




MOLECULAR WEIGHT . 33 

in a number of Booh, oases. The molecular weight of sulphur 
vapour below 800°, for instance, is generally assumed to, be 
s # a 102; bnt some assume a mixture of mo Icon lea S, «= 266 
and S, a 04, and others still different mixtures. In doubtful 
oases it is safest, in general, to leave thin question open, and 
to admit both chemical ami physical changes as causes for 
the deviations from the laws of perfect gases. This much, 
however, may be affirmed, that for small densities the physical 
influences will be of far leas moment than the nhaminul ones, 
for, according to experience, all gases approach the ideal 
condition as their densities decrease (§ 21). This is an 
important point, which we wQl make use of later. 


CHAPTER HI. 

■ . 

QUANTITY OF HEAT. 

S 44. It m plunge a pieoe of iron and a pieoe of load, both 
of equal weight and at the temperature (100° C,), into 
two precisely similar vessels oontaining equal quantities of 
water at 0° 0., we find that, after thermal equilibrium has 
been established in each ease, the vessel oontaining the iron 
has increased in temperature much more than that contain¬ 
ing the lead. Conversely, a quantity of water at 100° is 
cooled to a much lower temperature by a pioce of iron at 0°, 
than by an equal weight of lead at the same temperature. 
This phenomenon leads to a distinction between temperature 
and quantity qf heat . As a measure of the hoat given out 
or received by a body, wo take the increase or decrease of 
temperature which some normal substance (e*g, water) under¬ 
goes when it alone is in contact with the body, provided all 
other causes of change of temperature (as compression, etc.) 
are excluded. The quantity of lieat given out by tho body 
is assumed to be oqual to that received by the normal sub¬ 
stance,. and vice vend, Tho experiment do scribed above 
proves, then, that a piece of iron in cooling through a given 
interval of temperature gives out more heat than on equal 
weight of lead (about four times as much), and conversely, 
that, in order to bring about a certain increase of tempera¬ 
ture, iron requires a correspondingly larger supply of heat 
than load. 

■ 

$ 46. It was, in general, customary to toko as tho unit of 
hoat that quantify which must be added to 1 gr. of water 

to raise its temporature from 0° C. to 1° 0. (wro ealorio). 

■ 

This is almost oqual to the quantity of heat which will raiso 
1 gr. of water 1° C. at any temperature. Tho re fine men t 
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of calorimetric measurements has' since made it necessary 
to take account of the initial‘temperature of the water, and 
is often found convenient to define the calorie aa that 

quantity of heat which will raise 1 gr. of water from 14*6° C. 

■ 

of a jeoto calorie, Knally, 


to 1B'0° C. This is about = 


1 


1*008 


a mean calorie has been introduced! namely, the hundredth 
part of the heat required to raise 1 gr, of water from 0° 0, 
to 100° 0. The mean calorie is about equal to the aero.calorie. 
Besides those so-called smaU calories, there are a corresponding 
number of large or kilogram calorics, which contain 1000 small 
calories. 


§ 46. The ratio of the quantity of heat Q absorbed by a 
body to the corresponding rise of temperature T* — T = A T 
is called the mean heal oapaoity of the body between the 
tomporatures T and T': 

ZT u " i 

The heat capacity per grm. is called.the epec\fio heal of the 
substance: 

tt " = M = STT/PF = Jr' 

m 

■ 

Hence the mean specific heat of water between 0° C. and 1° C. 
is equal to the zero calorie. If we take infinitely small inter¬ 
vals of temperature, we obtain, for the heat capacity of a 
body, and for the specific heat at temperature T, 

j? ~ C and «, = f • 

The specific heat, in. general, varies with the temperature, 
but, mostly, very slowly. It is usually permissible to put 
the specific heat at a certain temperature equal to the mean 
specific heat of on adjoining interval of moderate Biro. 

S 47. Heat capacity and specific heat require, however, 
more exact definition. Since the thermodynamic state of 
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a body dopends not only on the temperature but also on a 
second variable, for example the pressure, changes of state, 
which accompany changes of temperature, are not determined, 
unless the behaviour of the aooond variable is also given. 
Now it is true that the heat capacity of solids and liquids is 
nearly independent of any variations of external pressure 
that may take place during the process of heating. Hence 
the definition of the heat capacity is not, usually, encumbered 
with a ocmdition regarding pressure* Tho speoiflo heat of 
gases, however, is influenced considerably by the condition^ 
of the heating process. In this case the definition of 
speoiflo heat would, therefore, be incomplete without some 
statement as to -the accompanying conditions. Neverthe¬ 
less, we speak of the spooiflo heat of a gas, without further 
specification, when we mean its speoiflo heat at constant 
(atmospheric) pressure, as this is the value most readily 
determined. 

■ 

g 46* That the heat capacities of different substances 
should be referred to unit mass is quite arbitrary* It arises 
from the foot that quantities of matter can bo most easily 
compared by weighing them. Heat capacity might, quite 
as well, be referred to unit volume. It is more rational to 
compare masses which are proportional to the molecular 
and atqmio weights of substances, for then certain regu¬ 
larities at onoe become manifest. The corresponding heat 
capacities are obtained by multiplying the spooiflo heats 
by the molecular or atomic weights. The values thus 
obtained are known as the molecular or alomic heals* 

g 40. The chemical elements, especially those of high 
atomic weight, are found to have nearly the constant atomic 
heat of 6*3 (Dulong and Petit). It cannot be claimed that 
this law is rigorously true, since the heat capacity depends 
on the molecular constitution, as in tho case of carbon, as 
well as on the temperature. The effect of tomporaturo is 
especially marked in the elements, carbon, boron, and 
silicon which show the largest deviations from Dulong 
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and Petit's law. The conclusion is* however, justified, that 
Dulbng and Petite law is founded on some more general 
law of nature. The derivation of this .law would, however, 
take us beyond the region of general thermodynamics. 

5 60. Similar regularities, as appear in the atomic heats of 
elements, are also found in the molecular heats of compounds, 
especially with compounds of similar chemical. constitution. 
According to P. Neumann’s law, subsequently confirmed by 
Regnault and particularly by von Kopp, the molecular heat 
of a solid compound is simply equal to the sum of the atomic 
heats of the elements contained In it* each element maintaining 
its particular atomio heat, whether it ho 6*3, according to 
Dulong and Petit’s law, or not. This relation also is only 
approximately true, 

S 61. Since all calorimetno measurements, according to 
§ 44, extend only to quantities of heat imparted to bodies or 
given out by them, they do not lead to any conclusion as 
to the total amount of heat contained in a body of given 
temperature. It would bo absurd to define the heat con¬ 
tained in a body of given temperature, density, etc., aa. the 
number of calorics absorbed by the body in its passage from 
some normal state into .its present state, for the quantity 
thus defined would ywnmn different values according to the 
way in which! the change was effected. A gas at 0° and 
atmospheric pressure can be' brought to a state where its 
temperature is 100° and its pressure 10 atmospheres, either 
by heating to 100° under constant pressure, and then com¬ 
pressing at constant temperature; or by compressing 
iso thermally to 10 atmospheres, and then heating iso- 
barically to 100°; or, finally, by compressing and heating 
simultaneously or alternately in a variety of ways. The 
total number of calories absorbed would in each case bo 
different (J 77). It is seen, then, that it is useless to speak 
of a certain quantity of heat which must be applied to a 
body in a given state to bring it to some other state. If 
the " total heat contained in a body ” is to be expressed 
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numerically, as is done in the kinetlo theory of heat, whoro 
the heat of a body is defined as the total energy of its internal 
motions, it most not be interpreted as the sum-total of tho 
quantities of heat applied to the body. As wo shall make 
no use of this quantify in our present work, no definition of 
it need be attempted. 


§ 52, In contrast to the above representation of tho facts, 
the older (CAmot’s) theory of heat, which started from the 
hypothesis that heat is an indestructible substance, neces¬ 
sarily reached the conclusion that tho “ heat contained in a 
body ” depends solely on tho number of calories absorbed 
or given out by it. The beating of a body by other moans 
than direct application of heat, by compression or by friction 
for instance, according to that theory produces no change in 


the 11 total heat,” , To explain the rise of temperature which 
takes place notwithstanding, it was necessary to make the 
assumption that compression and friction so diminish tho 
body's heat capacity, that tho same amount of heat now 
produces a higher temperature, just as, for oxamplo, a 
moist sponge appears more moist if compressed, although 
the quantity of liquid in the sponge remains tho same. In 
the meantime, Romford and Davy'proved by direct experi¬ 
ment that 1 bodios, in which any amount of heat can bo 
generated by an. adequate expenditure of work, do not in 
the least alter their lie&t capacities with friction. Rognnult, 
likewise, showed, by accurate measurements, that tho heat 
capacity of gases is independent of or only very slightly 
dependent on volume; that it cannot, thereforo, diminish, 
in consequence of compression, as much as Carnot's theory 
would require. Finally, W. Thomson and Joule hnvo 
demonstrated by careful experiments that a gas, whan 
expanding without overcoming external pressuro, undergoes 
no change of temperature, or on exceedingly small ono 
{tf, g 70), so that the cooling of gases generally observed 
when they expand is not duo to the increase of volume per 
m, but to the work done in the expansion. Each one of 
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those experimental results would by itself bo sufficient to 
disprove the hypothesis of the indestructibility of heat, and 
to overthrow the older theory. 

■ 

■ 

$ 58* "While, in general, the heat capacity varies con¬ 
tinuously with temperature, every substance possesses, 
under certain external pressures, so-called stngtUar values 
of temperature, for which the heat capacity, together 
with other properties, is discontinuous. At such tempera¬ 
tures the heat abaorbod no longer affects the entire body, 
but only one of the parts into which it has split; and it no 
longer serves to increase the temperature, but simply to 
alter the state of aggregation, i.e, to melts evaporate, or 
sublime. Only when the entire substance has again become 
homogeneous will the heat imparted produce a rise in tem¬ 
perature, and then the heat capacity becomes oned more 
capable of definition. The quantity of heat neoessary to 
change 1 gram of a substance from one state of aggregation 
to another is called the latent Aettt, in particular, the heat qf 
fusion, qf vaporisation, or of sublimation. The same amount 
of heat is set free when the substance returns to its former 
state of aggregation. Latent heat, as in the case of specific 
hoat, is best referred, not to unit mass, but to molecular or 
atomic weight. Its amount largely depends on the external 
conditions under which the process is carried oat ($ 47), 
constant prosauro being the most important condition. 

$ 54, Like the changes of the state of aggregation, all 
processes involving mixture, or solution, and all chemical 
reactions arc accompanied by a development of heat of greater 
or less amount, which varies according to the external con¬ 
ditions. This we shall henceforth name the heat of reaction 
of the process under consideration, in particular as the heat - 
of mixture, of solution, of combination, of dissociation, etc. 
It is reckoned positive when hoat is set free or developed, i.s. 
given out by the body (exothermal processes); negative, 
when heat is absorbed, or rendered latent, i.e . taken up by 
the body (endothermal processes). 


PART II. 


The First Fundamental Principle op 

Thermodynamics. 


CHAPTER I. 

ft 

GENERAL EXPOSITION. 

■ 

§86* Tra first law of thermodynamics is nothing more 
than the- principle of the conservation of energy applied 
to phenomena involving the production or absorption of 
heat. Two ways lead to a deductive proof of this principle. 
We may take for granted the correctness of the meohanioal 
view of nature, and assume that all changes In nature can 
be reduced to motions of material points betweon which 
there act forces which have a potential. Then the principle 
of energy is simply the well-known mechanical theorem of 
kinetic energy, generalized to include all natural proocssos. 
Or we may, as is done in this work, leave open the question 
concerning the possibility of reducing all natural processes 
to those of motion, and start from the fact whioh has boon 
tested by centuries of human experience, and repeatedly 
verified, viz. that it « in no my possible, either by mechanical) 
thermal) chemical , or otter devices, to obtain perpetual motion , 
is. it is impossible to construct an engine whioh will work 
in a oyolo and produce continuous work, or kinetic energy, 
from nothing. We shall not attempt to show how this single 
fact of experience, quite independent of the mechanical 
view of nature, serves to prove the principle of energy in 
its generality, mainly for the reason that the validity of 
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the energy principle is nowadays no longer disputed* It 
will be different, however, in the. case of the second low of 
thermodynamics, the proof of which, at the present stage 
of the development of our subject, cannot be too carefully 
presented. The general validity of this law is still con¬ 
tested from time to time, and its significance variously 
interpreted, even by the adherents of the principle. 

$ 56. The energy of a body, or system of bodies, is 
a magnitude depending on tho momentary condition of 
the sy s tem. In order to arrive at a definite numerical 
expression for tho energy of the system in a given state, 
it is necessary to fix upon a certain normal arbitrarily 
selected state [e*g. 0° O. and atmospheric pressure). The 
energy of the s y s tem in a given state, referred to the 
arbitrarily selected normal state, is then equal to the algo* 
braio sum of the mechanical equivalents qf aU the qffeots 
produced outside the system when it passes in any way from 
‘the given to the normal state* The energy of a system is, 
therefore, somotimes briefly denoted as the faculty to 
produce external effects. Whether or not the energy of a 
s ystem assumes different values according os the transition 
from the - given to the normal state is accomplished in 
different ways is not implied in the above definition. It 
will be neoessary, however, for the sake of oompleteneas, 
to explain the term " mechanical equivalent of an external 

_ 1 U 

eneott 

3 57. Should the external effect bo mechanical in nature 
—should it consist, e.g, t in lifting & weight which loads tho 
system, overcoming atmospheric pr es sure, or producing 
kinetio energy—then its mechanical equivalent is simply 
equal to the mechanical work done by tho system on the 
external body (weight, atmosphere, projectile). It is positive 
if . the displacement take place in the direction of the force 
exercised by the system—when tho weight is lifted, the' 
atmosphere pushed back, the proj ectil e discharged,—negative 
ip the opposite sense. 
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But if the external effect be thermal in nature—if it 
oozudet, e,g. t in boating surrounding bodies (the atmosphere, 
a calorimetric liquid, eta)—then its menhanioal equivalent is 
equal to the number of calories which will produce the same 
rise of temperature in the surrounding bodies multiplied 
by an absolute constant, which depends only on the units 

of heat and mechanical work, the so-called mechanioal 

■ 

equivalent qf heat. This proposition, which appears here 
only as a definition, receives through the principle of the 
oonaervation of energy a physical meaning, which may. be 
put to experimental test. 

g B8. The Principle of the Goneervation of Energy 
a ssarts , generally and exclusively, that the energy of a 
system in a given state, r efer r e d to a fixed normal state, 
has a quite definite value; in other words—substituting 
the definition given in g fid—that the algebraic eum qf the 
mechanical .equivalents qf ike external effects produced out¬ 
side the system, when it passes from the given to the normal 
state, is independent of the manner qf the transformation. On 
passing into the normal state the s y st em thus produces a 
definite total of effects, as measured in mechanical units, 
and it is this sum—the “ work-value ” of the external effects 
—that represents the energy of the system in the given state. 

g 59* The validity of the principle of the conservation 
of anoigy may bo experimentally verified by transferring a 
system in various ways from a given state to o certain other 
state, which may here be called the normal state, and then 
testing whether the mechanical equivalents of the external 
offsets, calculated as laid down in g 07, give the same sum 
in each case. Special care must be taken that the initial 
and final states of the system are the some each time and 
that none of the external effects is overlooked or taken into 
account more than once. 


g 60. As a first application wo shall discuss Joule's famous 
experiments, in which the external effects produced by weights 
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ailing from a certain height were compared, first, when 
performing only meolionicol work (e.g. lifting a load), 
second, when by suitable .contrivances generating heat by 
Eriotion. The initial and final position of the weights may 
be taken as the two states of the system, the work or heat 
produced, as the external effects. The first case, where the 
weights produce only mechanical work, is simple, and requires 
no experiment. Its mechanical equivalent is the product of 
the sum of the freights, and the height through which they fall, 
quite independent of tho nature of the apparatus used to 
perform the mechanical work (lever, pulley,'etc.) and of tho 
load raised. This independence is a condition of the prin¬ 
ciple of the conservation of energy (§ 03). Tho second caso 
requires accurate measurement of the increase of temperature, 
Which the surrounding substances (water, mercury) undergo 
in consequence of the friction, as well as of tlioir heat capacities, 
for the determination of tho number of calories which will 
produce in them the' same riso of temperature. It is, of 
course, entirely immaterial what our views may be with 
regard to the details of the frictional generation of heat, or 
with regard to the ultimate form of tho heat thus generated. 
The only point of importance is that tho state produced 
in tho liquid by friction is identical with a state produced 
by tho absorption of a definite number of calories. 

Joule, according to tho principle of the conservation of 
energy, equated tho mechanical work, corresp ondin g to the 
fall of tho weights, to tho mechanical equivalent of the heat 
produced by friction, and found that tho mechanical equiva¬ 
lent of a gram-calorie is, under all circumstances, equal to 
the work done in lifting a weight of a gram through a height 
of 428*66 meters. That all his experiments with different 
weights, different calorimetric substances, and different tem¬ 
peratures, led to the same value, goes to prove the correctness 
of the principle of tho conservation of energy. 

§ 61* In order to determine the mechanical equivalent 
of heat in absolute units, wo must bear in mind that Joule*s 
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measurements wero mode by a mercury thermometer and 
expressed in laboratory calories (§ 45). At room temperature, 

1 

1° on Joule's mercury thermometer represents about iTqq~ 

of 1° on the gas thermometer, A calorie on the gas ther¬ 
mometer scale has, therefore, a mechanical equivalent of 
435*55 X 1*007 * 427 gnu, meters. 

The acceleration of gravity must also be considered, 
since raising a gram to a certain height represents, in general, 

different amounts of work in different latitudes. The absolute 

■ 

value of the work done is obtained by multiplying the weight, 
i. 0 . the product of the mass and the acceleration of gravity, 
by tho height of falL The following table gives the moohanioal 
equivalent of heat in the different calories: 


VUt *t koal rtfarrtd to 
thaou 




la Um <h£*s. mrttom 


4*10 x 10* 
449 X 10* 


Tho numbers of the lost column are derived from those 
of the preceding one by multiplying by 98,100, to reduce 
grams to dynoe, and meters to centimeters. Joule’s results 
havo been substantially confirmed by recent careful 
meats by Howland and others. 




{ 62. Tho determination of the mechanical equivalent 

of heat onablos us to. express quantities of heat in ergs directly, 
instead of in calories, Tho advantage of this is, that a 
quantity of hoat is not only proportional to, but directly 
equal to itB mechanical equivalent, whereby tho mathe¬ 
matical expression for tho onergy is greatly simplified. 
This unit of heat will be used in all subsequent equations, 
Tho return to calorics is, at any time, readily accomplished 
by dividing by 4*19 X 10*. 

■ 

{ 08. Some* further propositions immediately follow from 
the above exposition of the principle of energy. Tho energy, 
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as stated, depends on the momentary condition of the system. 
To find the change of energy, U x — TJ* accompanying the 
transition of the system from a state 1 to a state 2, we should, 
according to the definition of the energy in § 58, have to 
measure TJ X as well as U| by the mechanical equivalent of 
the external effects produced in r—ring from the given states 
to the normal state. But, supposing wo so arrange matters 
that the system pa ss e s from state 1, through state 2, into 
the normal state, it is evident then that U A — U B is simply 
the mechanical equivalent of the external effects produced 
in passing from 1 to 2. The decrease of the energy of a system 
subjected to any change is, then, the equivalent 

of the external effects resulting from that change; or, in 
other words, the increase qf ike energy of a system which 
undergoes any change, fa equal to the mechanical equivalent 
of the heat absorbed and the work expended in producing 
the change: 

U. - U, = Q + W .... (17)' 

Q is the mechanical equivalent of the heat absorbed by the 
system, e.g. by conduction, and W is the amount of work 
expended on the system. W is positive if the change ta ke s 
place in the direction of the external forces. The sum 
Q + W represents the mechanical equivalent of all the 
thermal and manhunTr-p:! operations of the surrounding 
bodies on the system. We shall use Q arid W always in 
this sense. 

The value of Q + W ia independent of the m min at of 
the transition from 1 to 2, and evidently also of the selec¬ 
tion of the normal state. When differences of energy of 
. one and the same system are considered, it is, therefore, not 
even necessary to fix upon a normal state. In the expres¬ 
sion for the energy, of jhe system there remains then an 
arbitrary additive constant undetermined. 

§ 64. The difference U a — TJt may also be regarded as 
the energy of the system in state 2, referred to state 1 as 
the normal state. For, if the latter be thus selected, then 
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Uj = 0, ainco it taken no energy to change the system from 
1 to the normal state, and U a — Uj = U|, Tho normal 
atato is, therefore, sometimes called the koto atato. 


§ 66. States 1 and 2 may bo identical, in which case tho 
system changing from 1 to 2 passes through a so-called 
oyde of operations. In this case. 


U t ■= U 1 and Q + W =* 0 . . . (18) 

■ 

The mechanical equivalent of the external effects ia zero, or 
the external heat effect is equal in magnitado and opposite 
in sign to the external work This proposition shows the 
impracticability of perpetual motion, 'which necessarily 
presu pposes engines working in complete cycles. 

g 66. If no external effects (Q = 0, W = 0) be prodncod 
by a change of state of the system, its energy remains 
constant (conservation of tho energy). Tho quantities, on 
which the state of the system depends, may undergo con¬ 
siderable changes in this ease, but they must obey tho 
condition U =» const. 

■ 

A system which changes without being acted on by 
external agents is called a perfect or isolated system. Strictly 
speaking, no perfect system can bo found in nature, since there 
- is constant interaction between all material bodies of tho 
universe, and tho law of the conservation of energy cannot 
be rigorously applied to any real system. It is, however, of 
importance to observe that by an adequate choice of tho 
system which ia to undergo the contemplated change, wo 
have it in our power to make the external effect os small ns 
we please, in comparison with tho changes of energy of por¬ 
tions of tho system itself. Any particular external effect 
may be eliminated by making the body which produces this 
effect, as well as the recipient, a part of tho system under 
consideration. In tho cose 6f a gas which is being com¬ 
pressed by a weight sinking to a lower level, if the gas by 
itself be the system considered, the external effect on it ia 
equal to tho work done by tho weight. Tho energy of tho 
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CHAPTER H. 

■ 

APPUCATIONS TO HOMOGENEOUS SYSTEMS 

§ 67. Wi shall now apply the first law of thermodynamics 
os expressed in equation (17), 

to a homogeneous substance, whose state is doterminod, 
besides by its chemical nature and mass M, by two vari¬ 
ables, the temperature T and the volume Y, for instance. 

■ The term homogeneous is used here in the sense of pkgsioaMy 
homogeneous, and is applied to any system whioh appears 
of completely uniform structure throughout. The sub¬ 
stance may be chemioaUy homogeneous, u it may consist 
entirely of the same kind of molecules. An explosive gas 
mixture (2H* + OJ, or a partially dissociated vapour, both 
of which arc chemically heterogeneous, may very well bo 
physically homogeneous. What we specify here is that the 
state of the homogeneous substance is a single valued function 
of the temperature and the volume. Chemical transforma¬ 
tions may take place during fho processes. As long as the 
system is at rest, the total energy consists of the so-called 
internal energy U, which depends only on the internal state 
of the substance as determined by its density and temperature, 
and on its mass, to which it is evidently proportional. In 
other oases the total energy contains, besides the internal 
energy TJ, another term, namely, the kinetic energy, whioh is 
known from the principles of moohanies. 

In order to determine the functional relation between U, 
T, and V, the state of the system must he changed,'and the 
external effects of thla change calculated. Equation (17) 
then gives the corresponding change of energy. 
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§ 68, If a gas, initially at root and at uniform temperature, 
be allowed to suddenly expand by the opening of a stopcock, 
whiob. makes communication with a previously exhausted 
vessel, a number of infadoate mechanical and thermal changes 
will at first take place. The portion of the gas flowing 
into the vacuum is thrown into violent motion, then heated 
by impact against the sides of the vessel and by compression 
of the particles crowding behind, while the portion refraining 
in the first vessel is oooled down by expansion, etc. Assum¬ 
ing the walls of the vessels to be absolutely rigid and non¬ 
conducting, and denoting by 2 any particular state after 
communication between the vessels has been established, 
then, according to equation (17), the total energy of the 
gas in state 2 is precisely equal to that in state 1, for neither 
thermal nor mechanical forces have acted on the gas from 
without. The reaction of the walls does not perform any 
work. The energy in state 2 is, in general, oomposed of 
many parts, vis. the kinetic and internal energies of the gas 
particles, each one of which, if taken sufficiently small, may 
be considered as homogeneous and uniform in temperature 
and density. If we wait until complete rest and thermal 
equilibrium have been re-established, and denote this state 
by 2, then in 2, as in 1, the total energy consists only of the 
internal energy U, and we have U a TJ t . But the variables 
T and V, on which U depends, have passed from Tx, V lt to 
Tg, V t , where V t > Y x . By measuring the temperatures 
and the volumes, the relation between the temperature and 
the volume in processes where the internal energy remains 

constant may be established. 

■ 

ft 

§ 60* Joule* performed such an experiment as described, 
and found that for perfect gases T s «= T x . He put the two 
communicating vessels, one filled with air at high pressure, 
the other exhausted, into a common water-bath at the 
same temperature, and found that, after the air hod 
expanded and equilibrium hyl been eetablislied, the change 

1 

* 0*7 Te —n had aboady performed the hu ezperinS&t 
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■ 

of temperature of the water-bath was inappreciable. It 
immediately follows that, if the walls of the vessels were 
nan-oondnoting, the final temperature of the total mass of 
the gas would be equal to the initial temperature; for other¬ 
wise the change in temperature would have conununioatod 
itself to the water-bath in the above experiment. 

Henoe, if the iptema], energy of ft nearly perfect gas 
remains vn nlwngiM^ gfter ft considerably change of volume, 
then its temperatufg also remains almost ggastant. In other 
words, ike infernal energy qf a perfect go* fappnda only on the 
femperafem, an£ wof on the volume. 

| 70. For ft ppnolusive proof of this lippq^wt deduc¬ 
tion, much YBtipe accurate measurenfenti) pro required. In 
Joule’s expef^pat described above, tjie fuat capacity of 
the gas is so Sfftajl oompared with that of the and the 

water-bath, $hftf ft considerable ohangp o| temperature in 
the gas would ^ave been neoessary to produoe an appreciable 
change of ten^perature in the water. More reliable results 
ore obtained by ft purification of the above method devised 
by Bir 'William fjihppuon (Lord Kelvin), and U*ed by him, 
along with Joule* for accurate measunepientB. Heoro the 
outflow of the gas iq artificially retarded, so that the gas 
passes immediately intq its second ptate of equilibrium. 
The temperature T a is then directly measured in the stream 
of outfl owing gas. A limited quantity of gas does not rush 
tumultuously into a vacuum, but a gas is slowly transferred 
in a steady flow from a place of high pressure, p l9 to one of 
lo^ pressure, (the atmosphere), by forcing it through a 
boxwood tube stopped at one part of its length by a porous 
plug pf ootton wool or filaments of silk. The results of the 
experiment show that when the flow has become steady there 
is, fox a v ary small change of temperature, and, for hydro¬ 
gen, a 0(^11 smaller, hardly appreciable change. Hence the 
oonolufliqn appears justified, that, for a perfect gas, the 
change pf temperature vanishes entirely. 

This leads to an inference with regard to the internal 
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energy of a perfect gas. When, after the steady state, of 
the process has been established, a certain mass of the gas 
has been completely pushed through the plug, it him been 
operated upon by externa] agents daring its change from the 
volume, V lf at high pressure, to the larger volume, V*, at 
atmospheric pressure. The mechanical equivalent of these 
operations, Q + W, is to be calculated from the external 
changes. No change of temperature occurs outside the tube, 
as the material of which it is made is practically non-con- 
ducting; hence Q = 0. The mechanical work done by a 
piston in pressing the gas through the plug at the constant 
pressure p t is evidently PjV lt and this for a perfect gas at 
constant temperature is, according to Boyle’s law, equal to 
the work which is gained by the escaping gas pushing 

a second piston at pressure p^ through a volume V B . Hence 
the sum of tho external work W is alap zero, and therefore, 
according to equation (17), the system, consisting of the 
gas and the plug, has the same toted energy at the end as at 
the beginning, i.e. the difference of both total energies is soro. 
In this difference all terms vanish except those which depend 
on tho volume of the gas. Also the state of the porous plug 
remains unaltered, and the processes which take place in it' 
do not enter into the energy equation. There remains 
— U, = 0, where Uj and U B denote the internal energies 
of the gas volumes V x and V B . As the experimental results 
'showed tho temperature to be practically unchanged while 
the volume increased very considerably, tho internal energy 
of a perfect gas can depend only on the temperature and not 
an the volume, i.e*. 



For nearly perfect gases, as hydrogen, air, etc., the 
actual small change of temperature observed shows how far 
the internal energy depends on tho volume. It must, how¬ 
ever, be borne in mind that for such gases tho external work. 

w = 7>iV, — ft V., 
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doM not vanish; hence the internal energy does not remain. 
Constant. For further discussion, see $ 158, 

| 71, Special theoretical importance must be attached to 
those tharmn d yimminnl processes which progress infinitely 
slowly, and which, therefore, consist of a succession of 
states of equilibrium. Strictly speaking, this expression is 
vague, sinoe a process presupposes changes, and, therefore, 
disturbances of equilibrium. But whore the time taken is 
immaterial, and the result of the process alone of con- 
sequence, these disturbances may be made as small as wo 
please, certainly very small in comparison with the other 
quantities which characterise the state of the system under 
observation. Thus, a gas may be compressed very slowly to 
any fraction of its original volume, by making the external 
pressure, at each moment, just a trifle greater than the 
Internal pressure of the gas, 'Wherever external pressure 
enters—as, for instance, 1 in the calculation of the work of 
compression—a very small error will then be committed, if 
the pressure of the gas be sub sti t ute d for the external pressure. 
On passing to the limit, even that error vanishes. In other 
words, the result obtained becomes rigorously exact for 
imftnitdy slow compression. 

This holds for compression at constant as well as at 
variable pressure. The latter may be given thn required 
value at each moment by the addition or removal of small 
weights. This may be done either by hand (by pushing the 
weights a sid e in a horizontal direction), or by mwana of somo 
automatic device which, acta merely as a release, awd therefore 
does not contribute towards; the work done. 

§ 72. The conduction of heat to «md from the system may 
be treated in the same way. When it is not a question of 
time, but only of the amount of heat received or given out 
by the system, it is sufficient, aooording as heat is to be 
added to or taken from the system, to connect it with a heat- 
reservoir of slightly higher or lower temperature thmi that 
of tiie system. This an nil difference serves, merely, to 
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determine the direction of the flow of the heat) while, ite 
magnitude ia negligible compared with the changes of the 
system, which result from the process. Wo, therefore, speak 
of the conduction of heat between bodies of equal tempera¬ 
ture, just as we speak of the compression of a gas by on 
external pressure equal to that of the gas. This is merely 
anticipating the result of passing to the limit from a small 
finite difference to an infinitesimal difference of temperature 

between the two bodies. 

■ 

This applies not only to strictly isothermal processes, 
bnt also to those of varying temperature. One heat-reser¬ 
voir Of constant temperature will not suffice for carrying 
out the latter processes. These will require either an 
auxiliary body, the temperature of whioh may be arbitrarily 
changed, e*g. a gas that can be heated or cooled at pleasure 
by compression or expansion; or a set of constant-tempera¬ 
ture reservoirs, each of different temperature. In tho latter 
case, at each stage of the process we apply that particular 
heat-reservoir whose temperature lies nearest to that of the 
system at that moment. 

§ 73. The value of this method of viewing tho process 

lies in the fact that wo may imagine each infinitely slow 

process to be carried out also in the opposite direction. If 

a process consist of a succession of states of equilibrium 

with the exception of very small changes, then evidently a 

suitable change, quite as small, is sufficient to roverso the 

proooss. This small change will vanish when we pass over 

to the limiting case of the infinitely slow process, for a definite 

result always contains a quite definite error, and if this error 

be than any quantity, however small, it must bo aero. 

■ 

g 74. We pass now to tho application of the first law to 
a process of the kind indicated, and, therefore, reversible in 
its various parts. Taking the volume V (abscissa) and 
tho pressure p (ordinate) as the independent variables, wo 
may graphically illustrate our process by plotting its suc¬ 
cessive states of equilibrium in tho form of a curve in the 
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piano of the oo-oTdinates. Sach point in this piano oow* 
aponde to a certain state of our system, the chemical 
nature arid mass of which are supposed to he given, and 
eaoh curve corresponds to a series of continuous changes 
of state. Let the curve a from 1 to 2 represent a reversible 
proooss which takes the substance from a state 1 to a state 2 
(Fig. 2). Along a, according to equation (17), the increase 
of the energy is 

U a — Ui W + Q, 



Fn. 9. 


V 


where W is the mechanical work expended on the substance, 
and Q the toted heat absorbed by it. 

i 

§ 75. The value of W con be readily determined. W is 
made up of the elementary quantities of work done on the 
system during the infinitesimal changes corresponding to 
the elements of arc of the curve a. The external pressure 
is at any moment equal to that of the snbstonoo, since the 
process is supposed to he reversible. Consequently, by the 
laws of hydrodynamics, the work done by the external 
forces in the infinitely small change is equal to the product 
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of the pl e asure p, and the decrease of the volume, — dV, no 
matter what the geometrical form of the surface of the 
body may be. Hence the external 'work done during the 
whole process is 

W =■ — j pdV , .... (20) 

m 

in which the integration extends from 1 to 2 along the 
curve <x» If p be positive, as in the case of gases, and 
V t > V a as in Kg. 2, W it negative, i.e. work is not done on 
the system, but by the system. 

In order to per fo rm the integration, the curve at, t.e. the 
relation between p and V, must be known. As long as only 
the points I and 2 ore given, the integral has no definite 
value. In foot, it assumes an entirely different value along 
a different curve, p, joining 1 fttid 2. Therefore pdV is 
not a perfect differential. Mathematically this depends on 
the fact that p is in general not only a function of V, but 
also of another variable, the temperature T, which also changes 
along the path of integration. As long as a is not given, 
no statement can be made with regard to the relation between 
T and V, and the integration gives no definite result. 

The external work, W, is evidently represented by the 
area (taken negative) of the plane figure bounded by the 
curve oc, the ordinates at 1 and 2, and the axis of abscissae. 
This, too, shows that W depends on the path of the curve 
a. Only for infinitesimal changes, %.e. when 1 and 2 are 
infinitely near one another and a shrinks to a curve element, 
is W determined by the initial and final points of the curve 
alone. 

§ 76* The second. measurable quantity is Q, the heat 
absorbed. It may be determined by calorimetric methods 
in calories, and then expressed in mechanical units by mul¬ 
tiplying by the mechanical equivalent of heat. We ahull 
now consider the theoretical determination of Q. It is, like 

W, the algebraical sum of the infinitely amaJl quantities of 
heat added to the body during the elementary processes 
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corresponding to the elements of the curve a. Such an 
increment of heat cannot, however, be immediately calculated, 
from the position of the curve element in the co-ordinate 
plane, in a manner similar to that of the increment of work. 
To establish an analogy between the two, one might, in 
imitation of the expression — jkZV, put the increment of 
heat = CdT, where <?T is the increment of temperature, and 
0 the heat capacity, which is usually a finite quantity. 
But 0 has not, in general, a definite value. It does not 
depend, as the factor p in the expression for the increment 
of work, alone on the momentary state of the substance, %.e. 
on the position of the point of the curve considered, but 
also on the direction of the curve element. In isothermal 
changes 0 is evidently *=± 00 , because <ET •= 0, and the 
heat- added or withdrawn is a finite quantity. In adiabatic 
changes C = 0, for here the temperature may change in 
any way, while no heat is added or withdrawn. Bor a given 
point, 0 may, theref o re, in contradistinction to p, assume 
all values between + 00 h.t>H — 00 . (Of. § 47.) Henoe the 
analogy is incomplete in one essential, gnd does not, in the 
general case, simplify the problem in hand. The splitting 
up of the external work into two factors p n-nd dV is, of course, 
limited to the special case of reversible processes, wiinw other* 
wise the external pre ssu re is not equal to p. 

_ 1 

S 77« Although the value of Q cannot, in general, be 
directly determined, equation (17) enables us to draw some 
important inferences regarding it. Substituting the value 
' of W from equation (20) in equation (17), we obtain' 

Q = U, — U x + jpdV, . . . (31) 

■ 

winch shows that the value of Q depends not only on the 
position of the points 1 and 2, but also, like W, an the con¬ 
necting path (a or (3). Carnot’s theo^ of heat cannot be 
reconciled with this proposition, as wo have shown at length 
in Sf 51 and 02, 


1 
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s 78, The complete evaluation of Q in possible in iho 

case whore the substance returns to its initial state, having 
gone through a cycle of operations. This might be done by 
first bringing the sys tem from 1 to 2 along a, then back 
from 2 to 1 along p. Then, as in all cycles (J 66), 

Q =» — W. 

The external work is 

w—frv. 


the integral to be taken along the dosed curve lo2§l.. 
W evidently represents the area bounded by the curve, 
and is positive if the process follows the direction of' the 
arrow in Vig. 2. 

s 79. We shall now consider the special case where the 
curve oc, which characterises the nhangn of state, shrinks 
into an element, so that the points 1 and 2 He infinitely 
near one another. W here becomes the increment of work, 
— pdV, and the change of the internal energy is dU; Hence, 
according to (21), the heat absorbed assumes the value: * 


+ It U usual bo follow the of OUastus, and denote quoattbr 

by dQ to InrHo a tn that It la Infinitely small. This notation, howBrprj hu 
frequently given rise to mtsonriaretenriliiu. for cfQ has been repeatedly 
regarded aa the differential of a known llnlta quantily Q, This faulty 
rna arm big may be Oheatmted by the following w«Ty»npb*i llwa 3? aadv 

aa Independent variables, we nave 


rfQ — d\j + jrfV 


On the cither hand. 


(f®)* -1+ [(IvX + 


dQ 


G»,« 


+ m."- 


Aooording^y, alnoo fT and dV are independent of one anothor. 


OQ 


eo ,dQ 
8S mitd 3V 


BTJ , 

ev + p 


Oifierentfatlng the first with respect to V and tho eooond with roa p o o t to T, 
we have 


*Q 
5T9V 


irfg? 


8TJ 

9TBV 




therefore 



— 0, which la oertainly not tree. Suoh ottos are exoludod If 

wo Btiok to the notation in fiho text, keeping In mind that every infinitely 
small quantity Is not the dlfiorenoe of two (nearly equal) finite quantitlee. 
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Qa SU + pdV. 

■ 

Per unit maw, thiw equation becomes 

qr=du- f- pdo, .... (22) 

where the small letters denote the corresponding capitals 
divided by M. In subsequent calculations it will often be 
advisable to use T as an independent variable, either in 
conjunction with p, or with t>. We shall, in each case, select 
as independent variables those which are most conducive to a 
dmptiflwtJfm of the problem in hand* The meaning of the 
differentiation will be indicated whenever a TnimnilOT rian Hing 
is possible. 

We «hflJL now apply our last equation (22) to the most 

important reversible processes. 

■ 

■ 

| 80. It has been repeatedly mentioned that the specific 
heat of a substance may .be defined in very .different ways 
according to the manner in which the heating is carried out. 
But, according to | 46 and equation (22), we have, for any 
heating process, 

0 “ & = ST + ^ ■ ■•■<”> 

m 

In order to give a definite meaning to the differential 
coefficients, some arbitrary condition is required, which will 
pr es c ribe the direction of the change. A single condition 
is sufficient, since the state of the substance depends on two 
variables only. 

| 81. Heatipg at Constant Volume.—Here do — 0, 
o =i 09 , the specific heat at constant volume. Bence, accord¬ 
ing to equation (28), 

* = (It),. 




APPLICATIONS TO HOMOGENEOUS SYSTEMS . 30 


dp = 0 , 0 =■ Op, tho specific heat at constant pressure. 
According to equation (38), 


^ = (§?),+ p (sr\ • • • • (26) 

ot °* = [(^), + ^Klr), • • • t 27 ) 

By the substitution of 



in (36), Op may bo written in the form 





whence, differentiating the former equation with reepoot to 
v, keeping p constant, and the latter with respect to p, 
kooping v constant, and equating, wo have 




d( 9T\ d/ d T \ 

3v\°'5p) = Sp^'Si ~ p ) 

, ,3*T . dc r 0T -So, 3T 

(Cj,_ 0,) ^ + ^ ‘ "5? “ 57 ‘ ^ “ 1 



This equation contains only quantities which may be experi¬ 
mentally determined, and therefore furnishes a means for 
testing tho first law of thermodynamics by observations 
on any homogeneous substance. 
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| 84. Perfect Gkuwi.—The above equation* undergo 
considerable BunpHfications for perfect gnnrvi Wo have, 
from (U), 

3 > = - ■ .(SO) 

.m v ' ' 

■ 

p 

where & •=* 8*310 x 10 r and in ifi the (roal or apparent) 
molecular weight. Hence 

and equation (30) becomee 

, Bom 00* B 
0 ,_ 0 , +? ^_ 1v = _. 

■ 

Aflauming that only the laws of Boyle, .Gay Linaao, and 
Avogadro holdj no further conclusions can be drawn from 
the first law of tharmodynamioe with regard to perfect gases. 

( 86. We shall now make use of the additional property 
of perfect gases, established by Thomson and Joule (§ 70), 
that the internal energy of a . perfect gas depends only on 
the temperature, and not on the volume, and that hence 
per unit mass, according to (10), 



The general equation, 

du =dp)® + df)^ 1 

■ 

than becomes, for perfect gases, 

du = 

and, according to (24), 

du = 0 *. dT . . . . . (32) 

It follows from (28) that 
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or, considering the relation (30), 



the difference between the specific heat at constant 
proasnre and the spocifio heat at oonat-ant volume is constant. 
We have, therefore, » 

i 

mop — mot = B.(33) 

__ # 

The difference between the moleetilar heats at constant 
pressure and constant volume is, therefore, independent oven 

of the nature of the gas, 

■ 

■ 

5 80. Only the specifio boat at constant pressure, c*,' lends 
itself to simple experimental determination, * because a 
quantity of gas enclosed in a vessel of constant volume bos 
too small a heat capacity to produce considerable thermal 
effects on the surrounding bodies. Since according to 
(24), like- u, depends on the temperature only, fl-nd not on 
the volume, the same follows for Op, according to (33). This 
conclusion^ was first confirmed by Begnault's eaperiments. 
He found Cp constant within a considerable range of tem¬ 
perature. By (33), Op is constant within the some range. We 
shall, therefore, extend the definition of ideal gases so that 
Op and Op are completely independent of temperature and 
volume. 

If -the moledilnr heats be expressed in calories, B must 
be divided by.Joule's mechanical equivalent of heat J. The 
difference between the molecular heats at constant pressure 
and at oonstant volume is then 


mop 



8*316 x 10 7 
4*19 X 10 7 


1*086 . 



S 87. The following table contains the specifio heats 
and molecular heats of several gases at constant pressure, 
measured by 1 direct experiment; also the' molecular heats 

* By *n Improved form of oaktrlmoter Joly was ablo to 

dlreot experimental dotannlnattow of the apeoUlo hernia of ouee at 
oonstant voltmie,—T r, 
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at constant volume found by subtracting 1*986 therefrom, and 
also the ratio — y : 

Op 


■ 

“ 

BPnHdM 

•tOMl 

| ■ 

Might. 

bMtaSTmwt. 

UoUoolu 

Iwrirtwmt 

2"^ 

Hydragpo . 

S-410 1 •■016 

6-87 

4*88 

1-41 

Oxygen 


St-0 

■7-04 

fl'Ofl 

1-40 

Nltrogan 


18-0 

6*88 

4-86 . 

1*41 

Air . . . • . 

■ 


S8-0 

6*06 

4-06 

140 


The specific heats Of all these gases increase slowly if the 
temperature be considerably increased. Within the range of 
temperature In which the specific heat is constant, equation 
(32) con be integrated, giving 


t1 = OpT -f- const.(36) 

■ 

The constant of integration depends on tho selection of the 
sero point of energy. For perfect gases, os we have laid down 
in f 86, Cf and o* apo constant throughout, hence tho last 

equation holds good in general. 

■ 

J 88* Adiabatfo Frooess.—The characteristic feature 
of tiie adiabat\o process is that q = 0, and, according to 

equation (22), 

0 = du pdv. 

Assuming, again, a perfect gas, and substituting the 
values of du from (92) and of p from (30), we have 


0 


wfT -f- 


or, on integrating, 




m v 



. (36) 


B 


0 p log T+- log v 

T 7 V 


const. 


B 


Boplacing — according to (33) by o* — Cp» and dividing by 
a* wo get 


log T 



(y 


1) log v const. . 


• (37) 


(m. during adiabatio oxpamdon -the temperature falla). 
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Remembering that according to the characteristic equation 
(80) 

log p + log v — lpg T =* const., 

W6 have, on ftHmlTiatlng v, 

— y log T -f- (y — 1) log p =■ oonst. 

(♦.a, daxing adiabatic compression the temperature rises), 
or, on eliminating T, 

log p + y log e — oonst. 

The values of the constants of integration are givan by the 
initial state of the process. 

If we compare our last equation in the form 

pe y «const. . . . -. . (88) 

with Boyle’s law pv = const., it is seen that during 
compreasion the volume decreases more slowly for an increase 
of pressure than during isothermal compression, because 
during adiabatic com pre ssion the temperature rises. The 
adiabatic curves in the pv — plane (§ 22) are, therefore, 
steeper than the hyperbolic jsothanns. 


S 88* Adiabatic processes may be used in various ways 
for the determination of y, the ratio of the specific heats. 
The agreement of the results with the value calculated from 
the mechanical equivalent of heat f or m a an important 
confirmation of the theory. 

Thus, the measurement of the velocity of sound in a gas 
may be used for determining the value of y. It is proved 
in hydrodynamics that the velocity of sound, in a fluid is 




where p 


m 

1 

v 


the density of the fluid. Hinrw gases 


are bad conductors of heat, the compressions ami expansions 
which accompany sound-vibrations must be considered os 
ad i abatic , a nd not isothermal, processes. The relation 
between the pressure and the density is, therefore, in the 
case of perfect gases, not that expressed by Boyle’s law 




const., 


but that given by equation (38), 


vis. : 



const. 
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Hence, by differentiation, 

dp 


or, according to . (30), 


yp 

p 


ypv- 


d P ~ 

d'p Xt_. 

-f- = y- T, 
dp ' m 

m dp 

7 ~ RT * tp 


In air at 0°, the velocity of sound is 


ia n/S— 


33170 


cm. 


dp sec. 

hence, according to our last equation, taking the values of 
m from § 41, and ol R from § 84, and T = 273, 


V = 


28-9 


33170 2 


8*315 x 10 7 273 


1*40. 


This agrees with the value calculated in § 87.' 

Conversely, the value of y, calculated from the velocity 
of sound, may be used in the calculation of e» in calories, 
for the determination of the mechanical equivalent of heat 
from (33). This method of evaluating the mechanical 
equivalent of heat was first proposed by Robert Meyer in 
1842. It is true that the assumption expressed in equation 
(31), that the internal energy of air depends only on the 
temperature, is essential to this method, or in other words, 
that the difference of the specific heats at constant pressure 
and constant volume depends only on the external work. 
The direct proof of this fact, however, must be considered 
as being first given by the experiments of Thomson and Joule, 
described in § 70. 

§ 90 . We shall now consider a more complex process, 
a reversible cycle of a special kind, which has played an 
important part in the development of thermodynamics, 
known as Carnot’s cycle, and shall apply the first law to it 
in detail. 

Let a substance of unit mass, starting from an initial 
state characterized by the values T x , v x , first be compressed 
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adidbatically until its temperature rises to and its 

volume is reduced to v z (v 2 <Zv 1 ) (Fig. 3). Second, suppose it 
be now allowed to expand isothermally to volume / v 2 {v 2 >v^), 
in constant connection with, a heat-reservoir of constant 
temperature, T 2 , which gives out the heat of expansion Q 2 . 
Third, let it be further expanded adiabatically until its tem¬ 
perature falls to T x> and the volume is thereby increased to 


T 



Fourth, let it be compressed isothermally to the original 
volume v 1} while a heat-reservoir maintains the temperature 
at T x , by absorbing the heat of compression. All these 
operations are to be carried out in the reversible manner 
described in § 71. The sum of the heat absorbed by the 
system, and the work done on the system during this cycle 

is, by the first law, 

Q + W = 0.(39) 

The heat Q, that has been absorbed by the substance, is 

Q — Q x -j- Q 2 .(40) 
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(Q x is here negative). The external work W may be calcu¬ 
lated from the adiabatic and the isothermal compressibility 
of the substance. According to (20), 



These integrals are to be taken along the curves 1, 2, 3, 4 
respectively; 1 and 3 being adiabatic, 2 and 4 isothermal. 

Assuming the substance to be a perfect gas, the above 
integrals can readily be found. If we bear in mind the 
relations (30) and (36), we have 


/T, "R /VT yT, 

W = / c„cZT — — ±*dv -h / CvdT 

J t , mj Vt v Jt, 


RpT 
mi Vl ' v 


(41) 


The work of the adiabatic compression in the first part of 
the process is equal in value and opposite in sign to that 
of the adiabatic expansion in the third part of the process. 
There remains, therefore, the sum of the work in the 
isothermal portions : 



Now, the state (v 2 , T 2 ) was developed from (v 1} T x ) bj- an 
adiabatic process; therefore, by (37), 

log Tjs + (y — 1) log v 2 = log T x + (y — 1) log v x . 

Similarly, for the adiabatic process, which leads from (v 2 , T 2 ) 
to ( v x ‘', T x ), 

log T 2 + (y — 1) log v 2 ' = log T x (y — 1) log v x . 

From these equations, it follows that 

v a V 

and W = — -(T 2 - T x ) log - 1 -. 

m * 1 & v i 

0 } r V ' 

Since, in the case considered, T 2 >T 1 , and - 1 = -2- > 1, 
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the total external work W is negative, i.e. mechanical work 
has been gained by the process. But, from (39) and (40), 


Q = Q x -f- Q 2 = — W; . . . (42) 

therefore Q is positive, i.e. the heat-reservoir at temperature 
T 2 has lost more heat than the heat-reservoir at tempera¬ 
ture T x has gained. 

The value of W, substituted in the last equation, 
gives 

Q = Qi + Q 2 = ~(T 2 T x ) log . . (43) 

The correctness of this equation is evident from the direct 
calculation of the values of Q x and Q 2 . The gas expands 
isothermally while the heat-reservoir at temperature T a is 
in action. The internal energy of the gas therefore remains 
constant, and the heat absorbed is equal in magnitude and 
opposite in sign to the external work. Hence, by equating 
Q a to the second integral in (41), 



and, similarly, by equating Q x to the fourth integral in (41), 


Q 


i 




which agrees with equation (43). 

There exists, then, between the quantities Q x , Q 2 , W, 
besides the relation given in (42), this new relation : 

Q 1 :Q a :W=(-T 1 ):T 2 :(T 1 -T 2 ) . (44) 


§ 91. The Carnot cycle just described, if sufficiently 
often repeated, forms a type of cyclic machine by which heat 
may be continuously converted into work. In order to survey 
this in detail, we shall now examine more closely the result 
of all the interreactions which take place on carrying out such 
a cyclic process. To this end we shall compare the initial and 
final states of all the bodies concerned. The gas operated 
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upon has not been changed in any way by the process, and 
may be left out of account. It has done service only as a trans¬ 
mitting agent, in order to bring about changes in the sur¬ 
roundings. The two reservoirs, however, have undergone 
a change, and, besides, a positive amount of external work, 
W' = — W, has been gained; i.e. at the close of the process 
certain weights, which were in action during the compression 
and the expansion, are found to be at a higher level than at 
the beginning, or a spring, serving a similar purpose, is at a 
greater tension. On the other hand, the heat-reservoir at 
T a has given out heat to the amount Q 2 , and the cooler 
reservoir at T x has received the smaller amount Q x ' = — Q x . 
The heat that has vanished is equivalent to the work gained. 
This result may be briefly expressed as follows: The 
quantity of heat Q 2 , at temperature T 2 , has passed in part 
(Q/) to a lower temperature (T a ), and has in part (Q 2 — Q x ' 
= Q x -J- Q 2 ) been transformed into mechanical work. Carnot’s 
cycle, performed with a perfect gas, thus affords a means of 
drawing heat from a body and of gaining work in its stead, 
without introducing any changes in nature except the 
transference of a certain quantity of heat from a body of 
higher temperature to one of lower temperature. 

But, since the process described is reversible in all its 
parts, it may be put into effect in such a way that all the 
quantities, Q x , Q 2 , W, change sign, Q x and W becoming 
positive, Q 2 — — Q 2 ' negative. In this case the hotter 
reservoir at T 2 receives heat to the amount Q 2 ', partly from 
the colder reservoir (at T x ), and partly from the mechanical 
work expended (W). By reversing Carnot’s cycle, we have, 
then, a means of transferring heat from a colder to a hotter 
body without introducing any other changes in nature than 
the transformation of a certain amount of mechanical work 
into heat. We shall see, later, that, for the success of 
Carnot’s reversible cycle, the nature of the transmitting 
agent or working substance is immaterial, and that perfect 
gases are, in this respect, neither superior nor inferior to 
other substances (cf. § 137). 



CHAPTER III. 

APPLICATIONS TO NON-HOMOGENEOUS SYSTEMS. 

§ 92. The propositions discussed in the preceding chapter 
are, in a large part, also applicable to substances which are 
not perfectly homogeneous in structure. We shall, there¬ 
fore, in this chapter consider mainly' such phenomena as 
characterize the inhomogeneity of a system. 

Let us consider a system composed of a number of 
homogeneous bodies in juxtaposition, separated by given 
bounding surfaces. Such a system may, or may not, be 
chemically homogeneous. A liquid in contact with its 
vapour is an example of the first case, if the molecules of 
the latter be identical with those of the former. A substance 
in contact with another of different chemical constitution, 
is an example of the second. Whether a system is physi¬ 
cally homogeneous or not, can, in most cases, be ascertained 
beyond doubt, by finding surfaces of contact within the 
system, optically or by other means—in the case of emulsions, 
for example, by determining the vapour pressure or the freezing 
point. The question as to the chemical homogeneity, i.e. 
the presence of one kind of molecule only, is much more 
difficult, and has hitherto been answered only in special 
cases. For this reason we classify substances according 
to their physical and not according to their chemical 
homogeneity. 

§ 93. One characteristic of processes in non-homogeneous 
systems consists in their being generally accompanied by 
considerable changes of temperature, e.g. in evaporation or 
in oxidation. To maintain the initial temperature and 
pressure consequently requires considerable exchange of 
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heat with the surroundings and corresponding external 
work. The latter, however, is generally small compared 
with the external heat, and may he neglected in most 
chemical processes. In thermochemistry, therefore, the 
external effects, 

Q + W = U 2 — Uj, . . . . (45) 

are generally measured in calories (the heat equivalent of 
the external effects). The external work, W, is small com¬ 
pared with Q. Furthermore, most chemical processes are 
accompanied by a rise in temperature, or, if the initial 
temperature be re-established, by an external yield of heat 
(exothermal processes). Therefore, in thermochemistry, the 
heat given out to the surroundings in order to restore the 
initial temperature is denoted as the “ positive heat of 
reaction ” of the process. In our equations we shall therefore 
use Q (the heat absorbed) with the negative sign, in processes 
with positive heat of reaction {e.g. combustion); with the 
positive sign, in those with negative heat of reaction {e.g. 
evaporation, fusion, dissociation). 

§ 94. To make equation (45) suitable for thermochemistry 
it is expedient to denote the internal energy U of a system 
in a given state, by a symbol denoting its chemical con¬ 
stitution. J. Thomsen introduced a symbol of this kind. 
He denoted by the formulae for the atomic or molecular 
weight of the substances enclosed in brackets, the internal 
energy of a corresponding weight referred to an arbitrary 
zero of energy. Through W. Ostwald this notation has come 
into general use. Thus [Pb], [S], [PbS] denote the energies 
of an atom of lead, an atom of sulphur, and a molecule of 
lead sulphide respectively. In order to express the fact that 
the formation of a molecule of lead sulphide from its atoms 
is accompanied by an evolution of heat of 18,400 cal., the 
external work of the process being negligible, we put 

U* = [Pb] -b [S]; U 2 = [PbS]; 

W = 0; Q = — 18,400 cal.. 
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and equation (45) becomes 

— 18,400 cal. = [PbS] — [Pb] — [S], ' 

or, as usually written, 

[Pb] + [S] — [PbS] = 18,400 cal. 

This means that the internal energy of lead and sulphur, 
when separate, is 18,400 calories greater than that of their 
combination at the same temperature. The use of the 
molecular formulas is a check that the, energies, which .are 
being compared, refer to the same material system. The 
equation could be simplified by selecting the uncombined 
state of the elements Pb and S as the zero of energy. Then 
(§ 64), [Pb] = 0 and [S] = 0, and 

[PbS] = — 18,400 cal. 

§ 95. To define accurately the state of a substance, and 
thereby its energy, besides its chemical nature and mass, its 
temperature and pressure must be given. If no special 
statement is made, as in the above example, mean laboratory 
temperature, i.e. about 18° C., is generally assumed, and the 
pressure is supposed to be atmospheric pressure. The 
pressure has, however, very little influence on the internal 
energy; in fact, none at all in the case of perfect gases 
[equation (35)]. 

The state of aggregation should also be indicated. This 
may be done, where necessary, by using brackets for the 
solids, parentheses for liquids, and braces for gases. Thus 
[H 2 0], (H a O), {H a O} denote the energies of a molecule of 
ice, water, and water vapour respectively. Hence, for the 
fusion of ice at 0° C., 

(H a O) — [H a O] = 80 X 18 = 1440 cal. 

It is often desirable, as in the case of solid carbon, sulphur, 
arsenic, or isomeric compounds, to denote by some means 
the special modification of the substance. 

These symbols may be treated like algebraic quantities, 
whereby considerations, which would otherwise present 
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considerable complications, may be materially shortened. 
Examples of this are given below. 

§ 96. To denote the energy of a solution or mixture of 
several compounds, we may write the formulae for the mole¬ 
cular weights with the requisite number of molecules. 
Thus, 

(H 2 S0 4 ) + 5(13*0) — (H 2 S0 4 .5H a 0) = 13,100 cal. 

means that the solution of 1 molecule of -sulphuric acid in 
5 molecules of water gives out 13,100 calories of heat. 
Similarly, the equation 

(H 2 S0 4 ) + 10(H a O) — (H 2 S0 4 .1013*0) = 15,100 cal. 

gives the heat of the solution of the same in 10 molecules 
of water. By subtracting the first equation from the second, 
we get 

(H 2 S0 4 .5H 2 0) + 5(H 2 0) — (H 2 S0 4 .10H 2 O) = 2000 cal’., 

i.e. on diluting a solution of 1 molecule of sulphuric acid 
dissolved in 5 molecules of water, by the addition of another 
5 molecules of water, 2000 calories are given out. 

§ 97. As a matter of experience, in very dilute solutions 
further dilution no longer yields any appreciable amount of 
heat. Thus, in indicating the internal energy of a dilute 
solution it is often unnecessary to give the number of mole¬ 
cules of the solvent. We write briefly 

(H 2 S0 4 ) + (aq.) — (H 2 S0 4 aq.) = 17,900 cal. 

to express the heat of reaction of infinite dilution of a molecule 
of sulphuric acid. Here (aq.) denotes any amount of water 
sufficient for the practical production of an infinitely dilute 
solution. 

§ 98. Volumetric changes being very slight in chemical 
processes which involve only solids and liquids, the heat 
equivalent of the external work W (§ 93) is a negligible 
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quantity compared with, the heat of reaction. The latter alone, 
then, represents the change of energy of the system: 

U a — U x = Q. 

It, therefore, depends on the initial and final states only, 
and not on the intermediate steps of the process. These 
considerations do not apply, in general, when gaseous sub¬ 
stances enter into the reaction. It is only in the combustions 
in the “ calorimetric bomb,” extensively used by Berthelot 
and Stohmann in their investigations, that the volume remains 
constant and the external work is zero. In these reactions 
the heat of reaction observed represents the total change 
of energy. In other cases, however, the amount of external 
work W may assume a considerable value, and it is materially 
influenced by the process itself. Thus, a gas may be allowed 
to expand, at the same time performing work, which may 
have any value within certain limits, from zero upwards. 
But since its change of energy U 2 — TJ 1 depends on the 
initial and final states only, a greater amount of work done 
against the external forces necessitates a smaller heat of re¬ 
action for the process, and vice versd. To find the latter, not 
only the change of the internal energy, but also the amount of 
the external work must be known. This renders necessary 
an account of the external conditions under which the process 
takes place. 

§ 99. Of all the external conditions that may accompany 
a chemical process, constant (atmospheric) pressure is the 
one which is of the most practical importance : p = p 0 . The 
external work is then, according to equation (20), 

W - /” p a 6CV = p 0 {V x - V 2 ); . . (46) 

that is, equal to the product of the pressure and the decrease 
of volume. This, according to (45), gives 

U 2 — U x = Q + p 0 (V x — V 2 ). . - (47) 

Now, the total decrease of volume, — V 2 , may generally 
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be put equal to the decrease of volume of the gaseous portions 
of the system, neglecting that of the solids and liquids. 
Since, by (16), 

V, - V, = lA» t - »,), 

Po 

where n x , n z are the number of gas molecules present before 
and after the reaction, the heat equivalent of the external 
work at constant pressure is, by (46) and (34), 

W = = ®:T(n a — n a ) = I^ST^h — n 2 ) cal. 

The heat of reaction of a process at constant pressure is 
therefore 

_ Q = JJ 1 — XJ 2 + 1.985T(Wi — n*) cal. . (48) 

If, for instance, one gram molecule of hydrogen and 
half a gram molecule of oxygen, both at 18° C., combine 
at constant pressure to form water at 18° C., we put 

U a = {H 2 } -j- £{O a }; U a = (H 2 0); n x =' -f; n 2 = 0; T = 291. 

The heat of combustion is, therefore, by (48), 

— Q = {BLj} -f- 4(O a } — (H a O) -f- 860 cal., 

i.e. 860 cal. more than wotdd correspond to the decrease of 
the internal energy, or to the combustion without the 
simultaneous performance of external work. 

§ 100. If we write equation (47) in the form 

(U + 2>o v )a — (U + PqV)i = Q, • • (49) 

it will be seen that, in processes under constant pressure p 0 , 
the heat of reaction depends only on the initial and final states, 
just as in the case when there is no external work. The heat 
of reaction, however, is not equal to the difference of the 
internal energies U, but to the difference of the values of 
the quantity 

U + pV — H 

at the beginning and end of the process. Gibbs has called 
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the quantity. H the heat function at constant 'pressure. This 
function plays exactly the same part with respect to the heat 
of reaction of isobaric processes as the energy does with respect 
to the heat of reaction of isochoric processes. 

If, then, only processes at constant pressure be considered, 
it will be expedient to regard the symbols {H 2 }, {H 2 0}, etc., 
as representing the heat function H instead of simply the 
energy U. Thus the difference in the two values of the 
function will, in all cases, directly represent the heat of the 
reaction. This notation is therefore adopted in the following. 

§ 101. To determine the heat of the reaction, of a chemical 
reaction at constant pressure, the initial and final values of 
the heat function, H, of the system suffice. The general 
solution of this problem, therefore, amounts to finding the 
heat functions of all imaginable material systems in all 
possible states. Frequently, different ways of transition 
from one state of a system to another may be devised, which 
may serve either as a test of the theory, or as a check upon 
the accuracy of the observations. Thus J. Thomsen found 
the heat of neutralization of a solution of sodium bicarbonate 
with caustic soda to be : 

(NaHC0 3 aq.) -f- (NaHO aq.) — (Na 2 C0 3 aq.) = 9200 cal. 

He also found the heat of neutralization of carbon dioxide 
to be : 

(CO a aq.) -f- 2(NaHO aq.) — (Na 2 C0 3 aq.) — 20,200 cal. 

By subtraction 

(CO a aq.) + (NaHO aq.) — (NaHC0 3 aq.) = 11,000 cal. 

This is the heat of reaction corresponding to the direct com¬ 
bination of carbon dioxide and caustic soda to form sodium 
bicarbonate. Berthelot verified this by direct measurement. 

§ 102. Frequently, of two ways of transition, one is 
better adapted for calorimetric measurements than the 
other. Thus, the heat developed by the decomposition of 
hydrogen peroxide into water and oxygen cannot readily 
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be measured directly. Thomsen therefore oxidized a solution 
of stannous chloride in hydrochloric acid first by mpunq of 
hydrogen peroxide : 

(SnCla. 2HC1 aq.) + (H^0 2 aq.) - (SnCl 4 aq.) = 88,800 cal., 
then by means of oxygen gas : 

(SnOla. 2HC1 aq.) + £{0 2 } — (SnCl 4 aq.) = 65,700 cal. 
Subtraction gives 

(H 2 0 2 aq.) — £{0«J — (aq.) = 23,100 cal. 

for the heat of reaction on the decomposition of dissolved 
hydrogen peroxide into oxygen and water. 

§ 103. The heat of formation of carbon monoxide from 
solid carbon and oxygen cannot be directly determined, 
because carbon never bums completely to carbon monoxide, 
but always, in part, to carbon dioxide as well. Therefore 
Tavre and Silbermann determined the heat of reaction on the 
complete combustion of carbon to carbon dioxide: 

[C] + {0 2 > — {C0 2 > = 97,000 cal., 

and then determined the heat of reaction on the combustion 
of carbon monoxide to carbon dioxide : 

{CO} + i(0 2 ) — {C0 2 } = 68,000 cal. 

By subtraction we get 

[0] + 4{^a} — {CO} = 29,000 cal., 
the required heat of formation of carbon monoxide. 

§ 104. According to the above, theory enables us to 
calculate the heat of reaction of processes which cannot be 
directly realized, for as soon as the heat function of a system 
has been found in any way, it may be compared with other 
heat functions. 

Let the problem be, e.g., to find the heat of formation 
of liquid carbon bisulphide from solid carbon and solid 
sulphur, which do not combine directly. The' following 
represent the reactions :— 
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The combustion of solid, sulphur to sulphur dioxide gas : 

[S] -|- {O a } — {SOJ = 71,100 cal. 

The combustion of solid carbon to carbon dioxide : 

[C] -J- {OJ — {COj} = 97,000 cal. 

The combustion of carbon bisulphide vapour to carbon 
dioxide and sulphur dioxide : 

{CS 2 } -|- 3{OJ — {COJ — 2{SOg} = 265,100 cal. 

The condensation of carbon bisulphide vapour : 

{CSJ — (CSJ =• 6400 cal. 

E l im ina tion by purely arithmetical processes furnishes the 
required heat of formation : 

[0] + 2£S] — (CSJ = — 19,500 cal., 
hence negative. 

In organic thermochemistry the most important method 
of determining the heat of formation of a compound consists 
in determining the heat of combustion, first of the compound, 
and then of its constituents. 

Methane (marsh gas) gives by the complete combustion 
to carbon dioxide and "water (liquid) : 

{CHJ + 2{OJ - {COJ — 2(H 2 0) = 211,900 cal., 
kut {HJ “b "HQJ ~ (H a O) = 68,400 cal., (50) 

and [C] + {0 2 > — {COJ = 97,000 cal.; 

therefore, by elimination, we obtain the heat of formation 
of methane from solid carbon and hydrogen gas : 

[C] -f- 2{HJ — {CHJ = 21,900 cal. 

§ 105. The external heat, Q, of a given change at constant 
pressure will depend on the temperature at which the pro¬ 
cess is carried out. In this respect the first law of thermo¬ 
dynamics leads to the following relation : 

From equation (49) it follows that, for any temperature T, 

H a — H x = Q, 
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for another temperature T', 

H 2 ' — H x ' = Q', 

and by subtraction 

Q' - Q = (H 2 ' - H a ) - (H/ - Hj), 

i.e. the difference of the heats of reaction (Q —- Q') is equal 
to the difference in the quantities of heat, which before and 
after the reaction would be required to raise the temperature 
of the system from T to T\ 

If we take T' — T infinitely small, we have 



where C x and C 2 are the heat capacities before and after the 
transformation. 

Thus the influence of the temperature on the combustion 
of hydrogen to water (liquid) may be found by comparing 
the heat capacity of the mixture (H 2 + £0 2 ) with that of 
the water (H 2 0). The former is equal to the molecular 
heat of hydrogen plus half the molecular heat of oxygen. 
According to the table in § 87, this is 


and 

Hence, by (50a), 


C x = 6-87 + 3-52 = 10*39 
C 2 = 1 X 18 r= 18. 



Since Q is negative, the heat of combustion of a gram molecule 
of hydrogen decreases with rising temperature by 7*6 cal. 
per degree Centigrade. 
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PART III. 

The Second Fundamental Principle of 

Thermodynamics. 

CHAPTER I. 

INTRODUCTION. 

§ 106. The second law of thermodynamics is essentially 
different from the first law, since it deals with a question in 
. no way touched upon by the first law, viz. the direction in 
which a process takes place in nature. Not every change 
which is consistent with the principle of the conservation of 
energy satisfies also the additional conditions which the 
second law imposes upon the processes, which actually take 
place in nature. In other words, the principle of the con¬ 
servation of energy does not suffice for a unique determina¬ 
tion of natural processes. 

If, for instance, an exchange of heat by conduction takes 
place between two bodies of different temperature, the first 
law, or the principle of the conservation of energy, merely 
demands that the quantity of heat given out by the one body 
shall be equal to that taken up by the other. Whether the 
flow of heat, however, takes place from the colder to the 
hotter body, or vice versd, cannot be answered by the energy 
principle alone. The very notion of temperature is alien to 
that principle, as can be seen from the fact that it yields no 
exact definition of temperature. Neither does the general 
equation (17) of the first law contain any statement with 
regard to the direction of the particular process. The special 
equation (60), for instance, 

{Ha} + i(0 2 } ~ (H a O) = 68,400 cal., 
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means only that, if hydrogen and oxygen combine under 
constant pressure to form water, the re-establishment of the 
initial temperature requires a certain amount of heat to be 
given up to surrounding bodies; and vice versd, that this 
amount of heat is absorbed when water is decomposed into 
hydrogen and oxygen. It offers no information, however, 
as to whether hydrogen and oxygen actually combine to 
form water, or water decomposes into hydrogen and oxygen, 
or whether such a process can take place at all in either 
direction. From the point of view of the first law, the 
initial and final states of any process are completely equivalent.' 

§ 107. In one particular case, however, does the principle 
of the conservation of energy prescribe a certain direction 
to a process. This occurs when, in a system, one of the 
various forms of energy is at an absolute maximum, or • 
absolute minimum. It is evident that, in this case, the 
direction of the change must be such that the particular form 
of energy will decrease, or increase. This particular case is 
realized in mechanics by a system of particles at rest. Here 
the kinetic energy is at an absolute minimum, and, therefore, 
any change of the system is accompanied by an increase of 
the kinetic energy, and, if it be an isolated system, by a 
decrease of the potential energy. This gives rise to an 
important proposition in mechanics, 'which characterizes the 
direction of possible motion, and lays down, in consequence, 
the general condition of mechanical equilibrium. It is 
evident that, if both the kinetic and potential energies be 
at a minimu m, no change can possibly take place, since 
none of these can increase at the expense of the other. The 
system must, therefore, remain at rest. 

If a heavy liquid be initially at rest at different levels in 
two communicating tubes, then motion will set in, so as to 
equalize the levels, for the centre of gravity of the system 
is thereby lowered, and the potential energy diminished. 
Equilibrium exists when the centre of gravity is at its lowest, 
and therefore the potential energy at a minimum, i.e. when 
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the liquid stands at the same level in both tubes. If no 
special assumption be made with regard to the initial velocity 
of the liquid, the above proposition no longer holds. The 
potential energy need not decrease, and the higher level 
might rise or sink according to circumstances. 

If our knowledge of thermal phenomena led us to recognize 
a state of minimum energy, a similar proposition would hold 
for this, but only for this, particular state. In reality no 
such minimum has been detected. It is, therefore, hopeless 
to seek to reduce the general laws regarding the direction of 
thermodynamical changes, as well as those of thermo¬ 
dynamical equilibrium, to the corresponding propositions in 
mechanics which hold good only for systems at rest. 

§ 108. Although these considerations make it evident 
that the principle of the conservation of energy cannot 
serve to determine the direction of a thermodynamical 
process, and therewith the conditions of thermodynamical 
equilibrium, unceasing attempts have been made to make 
the principle of the conservation of energy in some' way or 
other serve this purpose. These attempts have, in many 
cases, stood in the way of a clear presentation of the second 
law. That attempts are still made to represent this law as 
contained in the principle of energy may be seen from the 
fact that the too restricted term “ Energetics ” is sometimes 
applied to all investigations on these questions. The con¬ 
ception of energy is not sufficient for the second law. It 
cannot' be exhaustively treated by breaking up a natural 
process into a series of changes of energy, and then investi¬ 
gating the direction of each change. We can always tell, it is 
true, what are the different kinds of energy exchanged for one 
another; for there is no doubt that the principle of energy 
must be fulfilled, but the expression of the conditions of these 
changes remains arbitrary, and this ambiguity cannot be 
completely removed by any general assumption. 

We often find the second law stated as follows : The 

change of mechanical work into heat may be complete, but, 

a 
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on the contrary, that of heat into work must needs be incom¬ 
plete, since, whenever a certain quantity of heat is trans¬ 
formed into work, another quantity of heat must undergo a 
corresponding and compensating change; e.g. transference 
from higher to lower temperature. This is quite correct in 
certain very special cases, but it by no means expresses the 
essential feature of the process, as a simple example will show. 
An achievement which is closely associated with the discovery 
of the principle of energy, and which is one of the most im¬ 
portant for the theory of heat, is the proposition expressed in 
equation (19), § 70, that the total internal energy of a gas 
depends only on the temperature, and not on the volume. If a 
perfect gas be allowed to expand, doing external work, and' be 
prevented from cooling by connecting it with a heat-reservoir 
of higher temperature, the temperature of the gas, and at the 
same time its internal energy, remains unchanged, and it 
may be said that the amount of heat given out by the reservoir 
is completely changed into work without an exchange of 
energy taking place anywhere. Not the least objection can 
be made to this. The proposition of the “ incomplete trans- 
formability of heat into work ” cannot be applied to this case, 
except by a different way of viewing the process, which, how¬ 
ever, changes nothing in the physical facts, and cannot, there¬ 
fore, be confirmed or refuted by them, namely, by the 
introduction of new kinds of energy, only invented ad hoc. 
This consists in dividing the energy of the gas into several 
parts, which may then individually depend also on the volume. 
This division hi, however, to be sailed out differently for 
different cases {e.g. in one way for isothermal, in another for 
adiabatic processes), and necessitates complicated considera¬ 
tions even in cases of physical simplicity. But when we pass 
from the consideration of the first law of thermodynamics to 
that of the second, we have to deal with a new fact, and it is 
evident that no definition, however ingenious, although it 
contain no contradiction in itself, will ever permit of the 
deduction of a new fact. 

§ 109. There is but one way of clearly showing the 
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significance of tlie second law, and that is to base it on facts 
by formulating propositions which, may be proved or disproved ' 
by experiment. The following proposition is of this character : 
It is in no way possible to completely reverse any process in 
which heat has been produced by friction. For the sake of 
example we shall refer to Joule’s experiments on friction, 
described in § 60, for the determination of the mechanical 
equivalent of heat. Applied to these, our proposition says 
that, when the falling weights have generated heat in water 
or mercury by the friction of the paddles, no process can bo 
invented which will completely restore everywhere the initial 
state of that experiment, i.e. which will raise the weights to 
their original height, cool the liquid, and otherwise leave no 
change. The appliances used may be of any kind whatsoever, 
mechanical, thermal, chemical, electrical* etc., but the con¬ 
dition of complete restoration of the initial state renders it 
necessary that .all materials and machines used must ultimately 
be left exactly in the condition in which they were before their 
application. Such a proposition. cannot be proved a priori, 
neither does it amount to a definition, but it contains a definite, 
assertion, to be stated precisely in each case, which may be 
verified by actual experiment. The proposition is therefore 
correct or incorrect. 

§ 110. Another proposition of this kind, and closely 
connected with the former, is the following : It is in no way 
possible to completely reverse any process in which a gas 
expands without performing work or absorbing heat, i.e. 
with constant total energy (as described in § 68). The word 
“ completely ” again refers to the accurate reproduction of 
the initial conditions. To test this, the gas, after it had 
assumed its new state of equilibri um , might first be com¬ 
pressed to its former volume by a weight falling to a lower 
level. External work is done on the gas, and it is thereby 
heated. The problem is now to bring the gas to its initial 
condition, and to raise the weight. The gas kept at constant 
volume might be reduced to its original temperature by 
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conducting the heat of compression into a colder heat- 
reservoir. In order that the process may be completely 
reversed, the reservoir must be deprived of the heat gained 
thereby, and the weight raised to its original position. This is, 
however, exactly what was asserted in the preceding para¬ 
graph to be impracticable. 

§ 111. A third proposition in point refers to the con¬ 
duction of heat. Supposing that a body receives a certain 
quantity of heat from another of higher temperature, the 
problem is to completely reverse this process, i.e. to convey 
back the heat without leaving any change whatsoever. In 
the description of Carnot’s reversible cycle it has been pointed 
out, that heat can at any time be drawn from a heat-reservoir 
and transferred to a hotter reservoir without leaving any 
change except the expenditure of a certain amount of work, 
and the transference of an equivalent amount of heat from 
one reservoir to the other. If this heat could be removed, 
and the corresponding work recovered without other changes, 
the process of heat-conduction would be completely reversed. 
Here, again, we have the problem which was declared in § 109 
to be impracticable. 

Further examples of processes to which the same con¬ 
siderations apply are, diffusion, the freezing of an overcooled 
liquid, the condensation of a supersaturated vapour, all 
explosive reactions, and, in fact, every transformation of a 
system into a state of greater stability. 

§ 112. Definition. —A process which can in no way be 
completely reversed is termed irreversible, all other processes 
reversible. That a process may be irreversible, it is not 
sufficient that it cannot be directly reversed. This is the 
case with many mechanical processes which are not irre¬ 
versible (c/. § 113). The full requirement is, that it be im¬ 
possible, even with the assistance of dll agents in nature, to 
restore everywhere the exact initial state when the process 
has once taken place. The propositions of the three preceding 
paragraphs, therefore, declare, that the generation of heat by 
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friction, tlxe expansion* of a gas without the performance of 
external work and the absorption of external heat, the con¬ 
duction of heat, etc., are irreversible processes.* 

§ 113. We now turn to the question of the actual existence 
of reversible and irreversible processes. Numerous reversible 
processes can at least be imagined, as, for instance, those 
consisting of a succession of states of equilibrium, as fully 
explained in § 71, and, therefore, directly reversible in all 
their-parts. Further, all perfectly periodic processes, e.g. 
an ideal pendulum or planetary motion, are reversible, for, 
at the end of every period, the initial state is completely 
restored.. Also, all mechanical processes with absolutely 
rigid bodies and absolutely incompressible liquids, as far as 
friction can. be avoided, are reversible. By the introduction 
of suitable machines with absolutely unyielding connecting 
rods, frictionless joints and bearings, inextensible belts, etc., 
it is always possible to work the machines in such a way as 
to bring the system completely into its initial state without 
leaving any change in the machines, for the machines of 
themselves do not perform work. 

If, for instance, a heavy liquid, originally at rest at different 
levels in two communicating tubes (§ 107), be set in motion by 
gravity, it will, in consequence of its kinetic energy, go beyond 
its position of equilibrium, and, since the tubes are supposed 
frictionless, again swing back to its exact original position. 
The process at this point has been completely reversed, and 
therefore belongs to the class of reversible processes. 

As soon as friction is admitted, however, its reversibility 
is at least questionable. Whether reversible processes exist 

* The principle that the conduction of heat is an irreversible process 
coincides exactly with the fundamental principle, which R. Clausius put in 
the forefront of his argument. The principle of Clausius states that heat 
cannot of itself pass from a cold to a hot body . As Clausius repeatedly and 
expressly pointed out, this principle does not merely say that heat does not 
flow directly from a oold to a hot body—that is self-evident, and is a con¬ 
dition of the definition of temperature—but it expressly states that heat 
can in no way and by no process be transported from a colder to a warmer 
body without leaving further changes, t.e. without compensation. Only in 
virtue of this wider meaning of the principle is it possible to draw con¬ 
clusions about other natural processes. 
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in nature or not, is not a priori evident or demonstrable. 
There is, however, no purely logical objection to imagining 
that a means may some day be found of completely reversing 
some process hitherto considered irreversible : one, for 
example, in which friction or heat-conduction plays a part. 
But it can be demonstrated—and this will be done in the follow¬ 
ing chapter—-that if, in a single instance, one of the processes 
declared to be irreversible in §§ 109, etc., should be found to be 
reversible, then all of these processes must be reversible in all 
cases. Consequently, either all or none of these processes are 
irreversible. There is no third possibility. If those processes 
are not irreversible, the entire edifice of the second law will 
crumble. None of the numerous relations deduced from it, 
however many may have been verified by experience, could 
then be considered as universally proved, and theoretical 
work would have to start from the beginning. (The so-called 
proofs of “ energetics ” *are not a substitute, for a closer test 
shows all of them to be more or less imperfect paraphrases of 
the propositions to - be proved. This is not the place, however, 
to demonstrate this point.) * It is this foundation on the 
physical fact of irreversibility which forms the strength of 
the second law. If, therefore, it must be admitted that a 
single experience contradicting that fact would render the law 
untenable, on the other hand, any confirmation of' part 
supports the whole structure, and gives to deductions, even in 
seemingly remote regions, the full significance possessed by 
the law itself. 

§ 114. The significance of the second law of thermo- 

* In many statements one finds the process of heat-conduction compared 
with the fall of a heavy liquid from a higher to a lower level. The law that 
in one case the heat falls from a higher to a lower temperature, and in the 
other the liquid from a higher to a lower level, is denoted as the second funda¬ 
mental principle of energetics . This comparison shows very clearly the 
error of the case. Here no account is taken of the fact that the mechanical 
state of a body depends, not only on its position, but also on its velocity, 
while the thermal state depends only on the temperature. A heavy liquid 
may rise just as well as fall, while heat can only fall. In general, the second 
law of energetics is untrue. If the law is expressly limited to bodies at rest, 
it can be deduced, as has been shown in § 107 , from the principle of energy, 
and it is therefore impossible to deduce anything new therefrom. 
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dynamics depends on the fact that it supplies a necessary and 
far-reaching criterion as to whether a definite process which 
occurs in nature is reversible or irreversible. Since the decision 
as to whether a particular process is irreversible or reversible 
depends only on whether the process can in any manner 
whatsoever be completely reversed or not, the nature of the 
initial and final states, and not the intermediate steps of the 
process, entirely settle it. The question is, whether or not it 
is possible, starting from the final state, to reach the initial 
one in any way without any other change. The second law, 
therefore, furnishes a relation between the quantities con¬ 
nected with the initial and final states of any natural process. 
The final state of an irreversible process is evidently in some, 
way discriminate from the initial state, while in reversible 
processes the two states are in certain respects equivalent. 
The second law points out this characteristic property of 
both states, and also shows, when the two states are given, 
whether a transformation is possible in nature from the first 
to the second, or from the second to the first, without leaving 
changes in other bodies. For this purpose, of course, the two 
states must be fully characterized. Besides the chemical 
constitution of the systems in question, the physical conditions 
—viz. the state of aggregation, temperature, and pressure in 
both states—must be known, as is necessary for the application 
of the first law. 

The relation furnished by the second law will evidently 
be simpler the nearer the two states are to one another. On 
this depends the great fertility of the second law in its treat¬ 
ment of cyclic processes, which, however complicated they 
may be, give rise to a final state only slightly different from the 
initial state. Since the system, which goes through the cyclic 
process, returns at the end to exactly the same state as at the 
beginning, we can leave it entirely out of account on comparing 
the two states (§ 91). 

If we regard the second law from the mathematical point of 
view, the distinction between the final and initial states of a 
process can consist only in an inequality. This means that a 
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certain quantity, which depends on the momentary state of the 
system, possesses in the final state a greater or smaller value, 
according to the definition of the sign of that quantity, than 
in the initial state. 

The second law of thermodynamics states that there exists 
in nature for each system of bodies a quantity, which by all 
changes of the system either remains constant (in reversible 
processes) or increases in value (in irreversible processes). 
This quantity is called, following Clausius, the entropy of the 
system. The exposition in the following chapter aims at 
obtaining a mathematical expression for the entropy of a 
system, and proving its properties. First of all the entropy 
of ideal gases is obtained, since for these alone is an exact 
characteristic equation known, and therefrom also the entropies 
of all other substances. 

§ 115* Since there exists in nature no process entirely 
free from friction or heat-conduction, all processes which 
actually take place in nature, if the second law be correct, 
are in reality irreversible. Beversible processes form only an 
ideal limiting case. They are, however, of considerable 
importance for theoretical demonstration and for application 
to states of equilibrium. 



CHAPTER II. 

PROOF. 

* 

§ 116. Since the second fundamental principle of thermo¬ 
dynamics is, like the first, an empirical law, we can speak of its 
proof only in so far as its total purport may be deduced from a 
single simple law of experience about which there is no doubt 
We, therefore, put forward the following proposition as being 
given directly by experience : It is impossible to construct an 
engine which will work in a complete cycle , and produce no effect 
except the raising of a weight and the cooling of a heat-reservoir .* 
Such an engine could be used simultaneously as a motor 
and a refrigerator without any waste of energy or material, 
and would in any case be the most profitable engine ever 
made. It would, it is true, not be equivalent to perpetual 
motion, for it does not produce work from nothing, but from 
the heat, which it draws from the reservoir. It would not, 
therefore, like perpetual motion, contradict the principle of 
energy, but would, nevertheless, possess for man the essential 
advantage of perpetual motion, the supply of work without 
cost; for the inexhaustible supply of heat in the earth, in 
the atmosphere, and in the sea, would, like the oxygen of 
the atmosphere, be at everybody’s immediate disposal. For 
this reason we take the above proposition as our starting point. 
Since we are to deduce the second law from it, we expect, at 
the same time, to make a most serviceable application of any 
natural phenomenon which may be discovered to deviate from 
the second law. As soon as a phenomenon is found to con¬ 
tradict any legitimate conclusions from the second law, this 

* The temperature of the reservoir does not enter into the question. 
If suoh a machine is possible with a reservoir at 1000° C. it is also possible 
with a reservoir at 0° C. To see this one has only to use a suitably devised 
Carnot oycle (§91). 
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contradiction must arise from an inaccuracy in our first 
assumption, and the phenomenon could be used for the con¬ 
struction of the above-described engine. We shall in the 
following, according to the proposal of Ostwald, speak of 
perpetual motion of the second kind, since it stands in the 
same relation to the second law. as perpetual motion of the 
first kind does to the first law. In connection with all objec¬ 
tions to the second law, it must be borne in mind that, if no 
errors are to be found in the line of proof, they are ultimately 
directed against the impossibility of perpetual motion of the 
second kind (§ 136).* 

§ 117. From the impossibility of perpetual motion of the 

second kind, it follows, in the first place, that the generation 
of heat by friction is irreversible (cf ’ def. § 112). For supposing 
it were not so, i.e. supposing a method could be found by 
which a process involving generation of heat by friction could 
be completely reversed, this very method would produce what 
is identically perpetual motion of the second kind : viz. a 
change which consists of nothing but the production of work, 
and the absorption of an equivalent amount of heat. 

§ 118. It follows, further, that the expansion of a gas 
without the performance of external work, or the absorption 
of heat, is irreversible. For, suppose a method were known 
of completely reversing this process, i.e. of reducing the 
volume of a gas, without leaving any other change whatso¬ 
ever, this method could be utilized for the production of 
perpetual motion of the second kind in the following manner. 
Allow the gas to do work by expansion, supplying the energy 

* The starting point selected by me for the proof of the second law 
coincides fundamentally with that which R. Clausius, or which Sir W. 
Thomson, or which J. Clerk Maxwell used for the same purpose. The 
fundamental proposition which each of these investigators placed at the 
beginning of Ids deductions asserts each time, only in different form, the 
impossibility of the realization of perpetual motion of the second kind. I 
have selected the above form of expression, because of its evident technical 
significance. Not a single really rational proof of the second law has thus 
far been advanced which does not require this fundamental principle, 
however numerous the attempts in this oirection may have been, nor. do I 
believe that such an attempt will ever meet with success. 
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lost thereby by the conduction, of heat from a reservoir at 
the same or higher temperature, and then, by the assumed 
method, reduce the volume of the gas to its initial value 
, without leaving any other change. This process might be 
repeated as often as we please, and would therefore represent 
an engine working in a complete cycle, and producing no effect 
except the performance of work, and the withdrawal of heat 
from a reservoir, i.e. perpetual motion of the second kind. 

On the basis of the proposition we have just proved, that 
the expansion of a gas without the performance of work 
and the absorption of heat is irreversible, we shall now carry 
through the proof of the second law for those bodies whose 
thermodynamical properties are most completely known, viz. 
for perfect gases. 

§ 119. If a perfect gas be subjected to infinitely slow 
compression or expansion, and if,'at the same time, heat be 
applied or withdraw!!* we have, by equation (22), in each 
i nfinit ely small portion of the process, per unit mass. 


q = du -J- pdv 
or, since for a perfect gas, 


and 


du — CvdT, 

R T 
^ m v 



= c«dT -}— 


R 

m 


T 

-dv. 

v 


If the process be adiabatic, then q == 0, and the integra¬ 
tion of the above equation gives (as in § 88) the function 

R 

Cv log T H-log v 

0 m 

equal to a constant. We shall now put 


4> = Cv log T + 


R 

m 


log v + const., 


(51) 


and call this function, after Clausius, the entropy of unit mass 
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of the gas. The constant, which has to be added, can be 
determined by arbitrarily fix in g the zero state. Accordingly 

<E> = M.*f> — M.(cv log T ^ log v -f- const.) . (52) 

is the entropy of mass M of the gas. The entropy of the gas, 
therefore, remains constant during the described adiabatic 
change of state. 

§ 120. On the application of heat, the entropy of the gas 
changes, in the case considered, by 

= vU S + 5 • g) = M fr . (53) 

\ T m v / T 

<!<!>= ..(63a) 

It increases or decreases according as heat is absorbed or 
evolved. 

The absorbed heat Q has here been broken up into two 
factors, T and dM>. According to a view which has recently 
been brought forward, this breaking up of heat into factors is 
regarded as a general property of heat. It should, however, 
be emphasized that equation (53a) is by no means generally 
true. It holds only in the particular case where the external, 
work performed by the gas is expressed by pdV. The relation 
(53) holds, quite generally, for any process in which the temper¬ 
ature of the gas is increased by dT, and the volume by dV. It 
is, in fact, only a different mathematical form for the definition 
of the entropy given in (52). It holds, for example, also when 
a gas, as in the process described in § 68, passes, without the 
performance of external work, into a new state of equilibrium 
at the same temperature with greater volume. On the other 
hand, the equation 

Q = dU -f- pdV 

holds by no means in all cases, but should, in general, be 
replaced by 


Q -}- W = dU, 
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where W, the work done on the substance, may have any value 
within certain limits. For instance, W = 0, if the gas 
expands without performing external work. In this case, 
Q = dU, and the equation Q = Td<t> no longer holds. 

§ 121. We shall now consider two gases which can com¬ 
municate heat to one another by conduction, but may, in 
general, be under different pressures. If the volume of one, or 
both, of the gases be changed by some reversible process, care 
being taken that the temperatures of the gases equalize at 
each moment, and that no exchange of heat takes place with 
surrounding bodies, we have, according to equation (53), 
during any element of time, for the first gas, 

and, for the second gas, 

d<£>»'= — 

According to the conditions of the process, 

T x = T a and Qi —|— Q 2 === 0, 
whence, d<$> x + d<J> 2 = 0 

or, for a finite change, 

' -{- <I> 2 = const.(54) 

The sum of the entropies of the two gases remains constant 
during; the described process. 

§ 122. Any such process with two gases is evidently 
reversible in all its parts, for it may be directly reversed 
without leaving changes in the surroundings. From this 
follows the proposition that it is always possible to bring 
two gases, by a reversible process, without leaving'changes 
in other bodies, from any given state to any other given state, 
if the sum of the entropies in the two states be equal.* 

* Sine© the states of both gases are arbitrary, the gas will in general not 
have the same total energy in the one state as in the other. The passage of 
the gas from one state to another is accompanied by a loss or gain of energy. 
This, however, introduces no difficulty, for we can always regard the energy 
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Let an initial state of the gases be given by the tempera¬ 
tures T 1? T a , and the specific volumes v x , ; a second state 
by the corresponding values T x ', T 2 '; v 2 . We now suppose 

that 

<J>! + ^2 = + ^ 2 ' .... (55) 

Bring the first gas to the temperature T 2 by a reversible 
adiabatic compression or expansion; then place the two gases 
in thermal contact with one another, and continue to compress 
or expand the first infinitely slowly. Heat will now pass 
between the two gases, and the entropy of the first one will 
change, and it will be possible to make this entropy assume 
the value <£>]_'. But, according to (54), during the above 
process the sum of the two entropies remains constant, and 
= <!>!+ <I> a ; therefore the entropy of the second gas is 
(<£>]_.-{- <E> 2 ) — <£>i', which is, according to (55), equal to <I> 2 '. If 
we now separate the two gases, and compress or expand each 
one adiabatically and reversibly until they have the required 
temperatures T/ and T 2 ', the specific volumes must then be 
v x and v 2 ', and the required final state has been reached. 

, This process is reversible in all its parts, and no changes 
remain in other bodies; * in particular, the surroundings have 
neither gained nor lost heat.j" The conditions of the problem 
have therefore been fulfilled, and the proposition proved. 

§ 123. A similar proposition can readily be proved for any 
number of gases. It is always possible to bring a system of 
n gases from any one state to any other by a reversible process 
without leaving changes in other bodies, if the sum of the 
entropies of all the gases is the same in both states, i.e. if 

< $ > 1 H— < J ) 2 H- ^ 2 ' . . • -j- <£>»/. (56) 

By the process described in the preceding paragraph we may, 

" . . 1 4 .■ ■ ■ ■ ■ — . ■ ■ ■ 1 1 I . " 1 . . .. . . ■ —. . 

as mechanical work, produced by the raising or lowering of weights. Since 
the weights change only their position and not their internal state, no 
changes are left in them, since in general all purely mechanical processes are 
essentially reversible (§ 113 ). 

* The necessary work can be performed by the raising or lowering of 
unchangeable ^eights involving no internal changes. 

f Also there have been no density changes,, for we can imagine the gas 
holder in a vacuum. 
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by the successive combination of pairs of gases of the system 
ring the first, then the second, then the third, and so on to 
the (m l)th gas, to the required entropy. Now, in each of 
the successive processes the sum of the entropies of all the 
gases remains constant, and, since the entropies of the first 

| 1) § ases are j • • •’ the entropy of the nth 

gas is necessarily 

(<*>! + <E> 2 -h . . . -j- <E> n ) _ (<£/ -f- H- • - - + 

This is, according to (56), the required value <£»'. Each gas 
can now be brought by an adiabatic reversible process into the 
required state, and the problem is solved. 

If we call the sum of the entropies of all the gases the 
entropy of the whole system, we may then say : If a system of 
gases has the same entropy in two different states , it may he 
transformed from the one to the other by a reversible process , 
without leaving changes in other bodies. 

§ 124. We now introduce the. proposition proved in § 118, 
that the expansion of a perfect gas, without performing 
external work or absorbing heat, is irreversible; or, what is 
the same thing, that the transition of a perfect gas to a state 
of greater volume and equal temperature, without external 
effects, as described in § 68, is. irreversible. Such a process 
corresponds to an increase of the entropy, according to the 
definition (52). It immediately follows that it is altogether 
impossible to decrease the entropy of a gas without producing 
cha/nges in other bodies. If this were possible, the irreversible 
expansion of a gas could be completely reversed. After the 
gas had expanded without external effects, and had assumed 
its new state of equilibrium* the entropy of the gas could be 
reduced to its initial value, without leaving changes in other 
bodies, by the supposed method, and then, by an adiabatic 
reversible process, during which the entropy of the gas remains 
constant, brought to its initial temperature, and thereby also 
to its original volume. This would completely reverse * the 

* That no mechanical work remains over follows from the first law of 
thermodynamics, since with the original state of the gas also the original 
energy is restored. 
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first expansion, and furnish, according to § 1 18, perpetual 
motion of the second kind. 

§ 125. A system of two or more gases behaves in the same 
way. There exists, in nature, no means of diminishing the 
entropy of a system of perfect,gases, without leaving changes 
in bodies outside the system. A contrivance which would 
accomplish this, be it mechanical, thermal, chemical, or 
electrical in nature, might be used to reduce the entropy of a 
single gas without leaving changes in other bodies. 

Suppose a system of gases to have passed in any manner 
from one state in which their entropies are <!>*, < S > 2 • • • <£*»», 
to a state where they are 3> x ', and that no change 

has been produced in any body outside the system, and let 

3>x' + <*>#' +. • • • + <£»' <<I>i H- 4- • • • + (57) 

then it is possible, according to the proposition proved in 
§ 123, to bring the system by a reversible process, without 
leaving changes in other bodies, into any other state in which 
the sum of the entropies is 

<&1 + <&2 + • • • + 

and accordingly into a state in which the first gas has the 
entropy <E> 1} the second the entropy < S> 2 • ■ the (n — l)th 
the entropy <J> n -i, and the nth in consequence the entropy 

(3> x ' + - • • + <£>«') — «>i — <>2 — • • - — On—j (58) 

The first (n — 1) gases may now be reduced to their 
original state by reversible adiabatic processes. The nth gas 
possesses the entropy (58), which is, according to the supposi¬ 
tion (57), smaller than the original entropy O n . The entropy 
of the nth gas has, therefore, been diminished without leaving 
changes in other bodies.* This we have already proved in 
the preceding paragraph to be impossible. 

The general proposition has, therefore, been proved, and 
we may immediately add the following. 

* Raising or lowering of weights are not internal changes; see the note 
to § 122. 
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§ 126. If a system of 'perfect gases pass in any .way from one 
state to another, and no changes remain in surrounding bodies, 
the entropy of the bystem is certainly not smaller, but either 
greater tha/n, or, in the limit, equal to that of the initial state ; in 
other words, the total change of the entropy >0. The sign of 
inequality corresponds to an irreversible process, the sign of 
equality to a reversible one. The equality of the entropies in 
both states is, therefore, not only a sufficient, as described in 
§ 123, but also a necessary condition of the complete reversi¬ 
bility of the transformation from the one state to the other, 
provided no changes are to remain in other bodies. 

§ 127. The scope of this proposition is considerable, since 
there have designedly been imposed no restrictions regarding 
the way in which the system passes from its initial to its 
final state. The proposition, therefore, holds not. only for 
slow and simple processes, but also for physical and chemical 
ones of any degree of complication, provided that at the end 
of the process no changes remain in any body outside the 
system. It must not be supposed that the entropy of a gas 
has a meaning only for states of equilibrium,. We may assume 
each sufficiently small particle, even of a gas in turmoil, to be 
homogeneous and at a definite temperature, and must, there¬ 
fore, according to (52), assign to it a definite value of the 
entropy. M, v, and T are then the mass, specific volume, and 
temperature of the particle under consideration. A summa¬ 
tion extending over all the particles of the mass—within which 
the values of v and T may vary from particle to particle—gives 
the entropy of the whole mass of the gas in the particular state. 
The proposition still holds, that the entropy of the whole 
gas must continually increase during any process which does 
not give rise to changes in other bodies, e.g. when a gas flows 
from a vessel into a vacuum (§ 68). It will be seen that the 
velocity of the gas particles does not influence the value of the 
entropy * ; neither does their height above a certain horizontal 
plane, although they are considered to have weight. 

* If the motion of the gas is so tumultuous that neither the temperature 
nor the density can be defined, naturally the definition of entropy loses its 
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§ 128. The laws which we have deduced for perfect gases 
may be transferred tq any substance in exactly the same way. 
The main difference is, that the expression for the entropy of 
any body cannot, in general, be written down in finite quantities, 
since the characteristic equation is not generally known. But 
it dan be demonstrated—and this is the deciding point—that, 
for any other body, there exists a function with the charac¬ 
teristic properties of the entropy. 

Imagine any homogeneous body to pass through a certain 
reversible or irreversible cycle and to be brought back to its 
exact original state, and let the external effects of this process 
consist in the performance of work and in the addition or 
withdrawal of heat. The latter may be brought about by 
means of any required number of suitable heat-reservoirs. 
After the process, no changes remain.in the substance itself; 
the heat-reservoirs alone have suffered change. We shall now 
assume all the heat-reservoirs to be perfect gases, kept either 
at constant volume or at constant pressure, but, at any rate, 
subject only to reversible changes of volume.* According to 
our last proposition, the sum of the entropies of all these gases 
cannot have decreased, since after the process no change 
remains in any other body. 

If Q denote the amount of heat given to the substance 
during an infinitely small element of time by one of the 
reservoirs; T, the temperature of the reservoir at that 
moment; f then, according to equation (53a), the reservoir’s 
change of entropy during that element of time is 

_ Q 

,T* 

The change of the entropy of all the reservoirs, during all the 
elements of time considered, is 

me ani ng. For this case, as Xj. Boltzmann has shown, another definition 
can be given from the standpoint of the kinetic theory of gases. This 
definition possesses a still more general meaning, and passes into the usual 
one, when the states are stationary or nearly stationary. 

* The supposition that the gases are ideal is not dependent on any limit 
of temperature. For, also at the lowest temperatures, each gas behaves 
sensibly as a perfect gas, if the density is taken sufficiently small. 

t The simultaneous temperature of the body is here of no importance. 
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Now, according to § 126, we have the following condition : 



This is the form in which the second law was first enunciated 
by Clausius. 

A further condition is given by the first law; for, according 
to (17) in § 63, we have,;during every element of time of the 
process, 

Q + W = dU, 

where U is the energy of the body, and W the work done on 
the body during the element of time. 

§•129. If we now make the special assumption that the 
external pressure is, at any moment, equal to the pressure 
p of the substance, the work of compression becomes, accord¬ 
ing to (20), 

W = — pdV, 

whence Q = dU -j- pdV. 

If, further, each heat-reservoir be exactly at the tempera¬ 
ture of the substance at the moment when brought into 
operation, the cyclic process is reversible, and the inequality 
of the second law becomes an equality: 



or, on substituting the value of Q, 



dU —J— pdV 
T 



All the quantities in this equation refer to the state of 
the substance itself. It admits of interpretation without 
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reference to tlie heat-reservoirs, and amounts to the following 
proposition. 

§ 180. If a homogeneous body, be taken through a series'of 
slates of equilibrium (§ 71), that follow continuously from one 
another , back to its initial state , then the summation of the 
differential 

<ZU + pdV 

T 

extending over all the states of that process gives the value zero . 
It follows that, if the process he not continued until the initial 
state, 1, is again reached, but be Btopped at a certain state, 2, 
the value of the summation 


l*dU + pdV 

h T 



depends only on the' stateB 1 and 2, not on the manner of the 
transformation from state 1 to state 2. If two series of changes 
leading from 1 to 2 be considered (e.g. curves a and (3 in Fig. 2, 
§ 75), these can be combined into an infinitely slow cyclic 
process. We may, for example, go from 1 to 2 along a, and 
return to 1 along (3. 

It has been demonstrated that over the entire cycle : 


} dXJ -f- pdV , 

J C4 T ■*" 

1 
4 

whence 


} dU+pdV 
loo T 

I 

? <CTJ + pZV f dU + pdV 

loo T T 


The integral (59) with the above-proved properties has 
been called by Clausius the entropy of the body in state 2, 
referred to state 1 as the zero state. The entropy of a body in 
a given state, like the internal energy, is -completely determined 
except for an additive constant, whose value depends on the 
zero state. ‘ 
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Denoting the entropy, as formerly, by' <f>, we have : 


and 

or per unit mass : 


(f) - 



_ J T 

<2<T> — 

au-hpdv 

UUkr —— 

T 

d<f> = 

du + pdv 

T 


• (60) 
v ( 61 ) 


This, again, leads to the value (51) for a perfect gas.. The 
expression for the entropy of any body may be found by 
immediate integration (§ 254), provided its energy, U = Mm, 
and its volume, V = Mv, are known as functions, say, of T 
and p. Since, however; these are not completely known 
except for perfect gases, we have to content ourselves in general 
with the differential equation. For the proof, and for many 
applications of the second law, it is, however, sufficient to 
know that this differential equation contains in reality a 
unique definition of the entropy. 

§ 131. We may, therefore, just as in the case of perfect 
gases, speak of the entropy of any substance as of a finite 
quantity determined by the momentary values of temperature 
and volume, even when the substance undergoes reversible 
or irreversible changes. The differential equation (61) holds, 
as was stated in § 120 in the case of perfect gases, for any 
change of state, including irreversible changes. This more 
general application of the conception of the entropy in no wise 
contradicts the manner of its deduction. The entropy of a 
body in any given state is measured by means of a reversible 
process which brings the body from that state to the zero state. 
This ideal process, however, has nothing to do with any actual 
reversible or irreversible changes which the body may have 

undergone or be about to undergo. 

On the other hand, it should be stated that the differential 

equation (60), while it holds for changes of volume and tempera¬ 
ture, does not apply to changes of mass, for this kin o c ange 
was in no way referred to in the definition of the entropy. 
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Finally, we shall call the sum of the entropies of a number 
of bodies briefly the entropy of the system composed of those 
bodies. Thus the entropy of a body whose particles are not at 
uniform temperature, and have different velocities, may be 
found, as in the case of gases (§ 127), by a summation extending, 
over all its elements of mass, provided the temperature anql 
density within each infinitely small element of mass may be 
considered uniform. Neither the velocity nor the weight of 
the particles .enter into the expression for the entropy. 

§ 132 , The existence and the value of the entropy having 
been established for all states of a body, there is no difficulty 
in transferring the proof, which was given for perfect gases 
(beginning in § 119), to any system of bodies. Just as in 
§ 119 we find that, during reversible adiabatic expansion or 
compression of a body, its entropy remains constant, while 
by the absorption of heat the change of the entropy is 

.(62) 

This relation holds billy for reversible changes of volume, as 
was shown for perfect gaSes in § 120. Besides, it is found, as 
in § 121, that during rdVersible expansion or compression of 
two bodies at a common temperature, if they be allowed to 
exchange heat by conduction with one another, but not with 
surrounding bodies, thb slim of their entropies remains con¬ 
stant. A lin e of argument Corresponding fully to that advanced 
for perfect gases then leads to the following general result: * 
It is impossible in cmy wdij to diminish the entropy 6f a system 
of bodies without thereby leaving behind changes in other bodies. 
If, therefore, a system Of bodies has changed its state in a 
physical or chemical Way, without leaving any change in 
bodies not belonging to the system, then the entropy in the 

i 

* The generalization of the theorem, which wap proved in § 124 for a perfect 
gw, presents a certain difficulty when the body is incompressible. The 
volume c ann ot be altered, and, accordingly, no irreversible expansion is 
possible. The proof oan, however, be easily extended with the help of a 

P erfect gas, which oan be brought into heat communication with the body, 
'he entropy of the body can thereby be suitably altered. 
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final state is greater than, ox, in the limit, equal to the entropy 
in the initial state. The limiting case corresponds to rever¬ 
sible, all others to irreversible, processes. 


§ 188. The restriction, hitherto indispensable, that no 
changes must remain in bodies outside the system is easily 
dispensed with by including in the system all bodies that may 
be afiected in any way by the process considered. The 
proposition then* becomes : Every physical or chemical 'process 
in nature takes place in such a way as to increase the sum of the 
entropies of all the bodies taking any part in the process. In the 
limit , i.e./or reversible processes , the sum of the entropies remains 
unchanged. This is the most general statement of the second 
law of Thermodynamics. 


§ 184. As the impossibility of perpetual motion of the 
first kind leads to the first law of Thermodynamics, ot the 
principle of the conservation of energy; ■ so the impossibility 
of perpetual motion of the second kind has led to the second 
law, properly designated as the principle of the increase of the 
entropy .* This principle may be presented undeT other 
forms, which possess certain practical advantages, especially 
for isothermal or isobaric processes. They will be mentioned 
in our next chapter.. It should be emphasized, however, that 
the form here given is the only one of unrestricted applicability 
to any finite process, and that no other universal measure of 
the irreversibility of processes exists than the amount of the 
increase of the entropy to which they lead. All other forms 
of the second law are either applicable to infini tesimal changes 
only, or presuppose, when extended to finite chan g es, the 
existence of some special condition imposed upon the process 

(§§ 140, etc.). 

The real meaning of the second law has frequently been 


* That the first law is expressed by an equality, but the second by an 
inequality naturally depends on the fact that the law of the impossibility 
of perpetual motion of the first kind is also reversible, *. e. work ^n neither 
be absolutely created nor absolutely destroyed, while, on the other ban . 
the law of the impossibility of perpetual motion of the second kind 
no reversibility, since it is quite possible to construct a machine which does 
nothing but use up work and warm a.reservoir correspondingly. 
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looked for in a “ dissipation of energy.” This view, proceed¬ 
ing, as it does, from the irreversible phenomena of conduction 
and radiation of heat, presents only one side of the question. 
There are irreversible processes in which the final and initial 
states show.exactly the same form of energy, e.g. the diffusion 
of two perfect gases (§ 238), or further dilution of a dilute 
solution. Such processes are accompanied by no perceptible 
transference of heat, nor by external work, nor by any notice¬ 
able transformation of energy.* They occur only for the 
reason that they lead to an appreciable increase of the 
entropy, f . The amount of “ lost work ” yields a no more 
definite general measure of irreversibility than does that of 
“ dissipated energy.” This is possible only in the case of 
isothermal processes (§ 143). 

§ 135. Clausius Bummed up the first law by saying that 
the, energy of the world remains constant; the second by 
saying that the entropy of the world tends towards a maximum. 
Objection has justly been raised to this form of expression. 
The energy and the entropy of the world have no meaning, 
because such quantities admit of no accurate definition. 
Nevertheless, it is not difficult to express the characteristic 
feature of those propositions of Clausius in such a way as to 
give them a meaning, and to bring out more clearly what 
Clausius evidently wished to express by them. 

The energy of any system of bodies changes according to 
thei measure of the effects produced by external agents. It 
remains constant, only, if the system be isolated. Since, 
strictly speaking, every system is acted on by external agents— 
for complete isolation cannot be realized in nature—the energy 
of a finite system may be approximately, but never absolutely, 
constant. Nevertheless, the more extended the system, the 
more negligible, in general, will the external effects become, 
in comparison with the magnitude of the energy of the system, 
and the changes of energy of its parts (§ 66); for, while the 

* At any rate, if we atiok to the definition given in § 56 and not introduce 
new ad hoc kindB of energy. 

t In this case it would be more to the point to speak of a dissipation of 
matter than of a dissipation of energy. 
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external effects are of the order of magnitude of tlie surface 
of tlie system, tlie internal energy is of the order of magnitude 
of the volume. In very small systems (elements of volume) 
the opposite is the case for the same reason, since here the 
energy of the system may be neglected in comparison with 
any one of the external effects. Frequent use is made of this 
proposition, e.g. in establishing the limiting conditions in the 
theory of the conduction of heat. 

In the case here considered, it may, therefore, be said that 
the more widely extended a system we assume, the more 
approximately, in general, will its energy remain constant.* 
A comparatively small error will be committed in assuming 
% the energy of out solar system to be constant, a proportionately 
smaller one if'the system of all known fixed stars be included. 
In this sense an actual significance belongs to the proposition, 
that the energy of an infinite system, or the energy of the world, 
remains constant.f 

The proposition regarding the increase of the entropy 
should be similarly understood. If we say that the entropy 
of a system increases quite regardless of all outside changes, 
an error will, in general, be committed, but the more com¬ 
prehensive the system, the smaller does the . proportional error 
become. 

§ 186. In conclusion, we shall briefly discuss the question 
of the possible limitations to the second law. j; If there exist 
any such limitations—a view still held by many scientists and 
philosophers-—this much may he asserted, that their existence 

, * This preposition holds quite generally for all physical processes, if 
action at a distance be excluded. 

f This may be expressed analytically as follows. Let E denote the total 
energy contained in a very large opeoe A then we have the equation : 
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The change in the quantity log E with the time is smaller the greater S 
becomes, and approaches indefinitely near to the constant. 

X The following discussion, of course, deals with the meaning of the 
second law only in so far as it can be surveyed from the points of view 
contained in tins work avoiding all atomic hypotheses. 
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presupposes an error in our starting-point, viz. the impossi¬ 
bility of perpetual motion of the second kind, or a fault in our 
method of proof. From the beginning we have recognized the 
legitimacy of the first of these objections,, and it cannot be 
removed by any line of argument. The second objection 
generally amounts to the following. The impracticability of 
perpetual motion of the second kind is granted, yet its absolute 
impossibility is contested, since our limited experimental 
appliances, aupposing it were possible, would be insufficient for 
the realization of the ideal processes which the line of proof 
presupposes. This position, however, proves untenable. It 
would be absurd to assume that the validity of the second 
law depends in any way on the skill of the physicist or chemist 
in observing or experimenting. The gist of the second law 
has nothing to do with experiment; the law asserts briefly 
that there exists in nature a quantity which changes always in 
the same sense in all natural processes. The proposition stated 
in this general form may be correct or incorrect; but which¬ 
ever it may be, it will remain so, irrespective of whether 
thinking and measuring beings exist on the earth or not, and 
whether or not, assuming they do exist, they are able to 
measure the details of physical or chemical processes more 
accurately by one, two, or a hundred decimal places than we 
can. The limitations to the law, if any, must lie in the same 
province as its essential idea, in the observed Nature, and not 
in the Observer. That man’s experience is called upon in the 
deduction of the law is of no consequence; for that is, in fact, 
our only way of arriving at a knowledge of natural law. But 
the law once discovered must receive recognition of its inde¬ 
pendence, at least in so far as Natural Law can be said to exist 
independent of Mind. Whoever denies this must deny the 
possibility of natural science. 

The case of the first law is quite similar. To most un¬ 
prejudiced scientists the impossibility of perpetual motion 
of ‘the first kind is certainly the most direct of the general 
proofs of the principle of energy. Nevertheless, hardly any 
one would now think of making the validity of that principle 
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CHAPTER m. 

GENERAL DEDUCTIONS. 

§ 137. Otnt first application of the principle of the entropy 
which was expressed in its most general form in the preceding 
chapter, mil be to Carnot’s cycle, described in detail for 
perfect gases in § 90. This time, the system operated upon 
may be of any character whatsoever, and chemical reactions, 
too, may take place, provided they are reversible. Resuming 
the notation used in § 90, we may at once state the result. 

In a cyclic process, according to the first law, the heat, 
Q a , given out by the hotter reservoir is equivalent to the sum 
of the work done by the system, W' = — W, and the heat 
received by the colder reservoir, Q/ = — Q x : 


Qa = W' + Qi' 

or Q x + Qa "1" W = 0 . . • . (03) 

According to the second law, since the process is reversible, 
all bodies which show any change of state after the process, 
i.e. the two heat-reservoirs only, possess the same total 
entropy as before the process. The change of the entropy of 
the two reservoirs is, according to (62): 


Ti “ T x 
their sum: 


for the first, and 


whence, by (63), 


Qi | Qa 

Ti + T a 


= 0 


for the second, 


(64) 

(65) 


Qi • Qa • — (— Tj); T a *. (Tj — T a ) 

as in (44), but without any assumption as to the nature* of 

the substance passing through the cycle of operations. 

In order, therefore, to gain the mechanical work, W', 
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by means of a reversible Carnot cycle of operations with, 
any substance between two heat-reservoirs at the tempera¬ 
tures Tjl and T 2 (T a > T 2 ), the quantity of heat 

Q ' _ _ X 1 w/ 

Ql - 

must pass from the hotter to the colder reservoir. In other 
words, the passage of the quantity of heat Q/ from T a 1<p T x 
may be taken advantage of to gain the mechanical work 





. ( 66 ) 


§ 138. For an irreversible cycle, i.e. one involving any 
irreversible physical or chemical- changes of the substance 
operated upon, the equation of energy (63) still holds, but 
the equation for the change of the entropy (65) is replaced by 
the inequality: 



Observe, however, that the expressions (64) for the change 
of the entropy of the reservoirs are still correct, provided we 
assume that T x and T 2 denote the temperatures of the 
reservoirs, and that any changes of volume of the substances 
used as reservoirs are reversible. Thus, 

^+§N<° .(67) 

or Qa<^Q/. 

hence, from (67) and (63), 

W' = — W= Q 1 + Qa < Qi+ |sQi' 

or W' < Ta - ^ ^ 1 Qx , > 

This means that the amount of work, W', to be gained by 
means of a cyclic process from the transference of the heat. 
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Qi', from a hotter to a colder reservoir, is always smaller for 
an irreversible process than for a reversible one. Conse¬ 
quently the equation (66) represents the maximum amount 
of work to be gained from a cyclic process with any system by 
the passage of heat Q x ' from a higher temperature T 2 to a. 
lower temperature T x . 

In particular, if W' *=» 0, it follows from the equation of 
energy (63) that 

Q 2 = Qi = Qi 7 

and the inequality (67) becomes 

t) <0 - 

i 

In this case the cyclic process results in the transference of 
heat (Q 2 ) from the reservoir of temperature T 2 to that of 
temperature T l3 and the inequality means that this flow of 
heat is always directed from the hotter to the colder ^reservoir. 

Again, a special case of this type of process is the direct 
passage of heat by conduction between heat-reservoirs* with¬ 
out any actual participation of the system supposed tb pass 
through the cycle of operations. It is seen to be an irreversible 
change, since it brings about an increase of the sum of the 
entropies of the two heat-reservoirs. 

§ 139. We shall now apply the principle of the entropy 
to any reversible or irreversible cycle with any system of 
bodies, in tbe course of which only one heat-reservoir of 
constant temperature T is used. Whatever may be the 
nature of the process in detail, there remains at its close no 
change of the entropy except that undergone by the heat- 
reservoir. According to the first law, we have 

W+Q = 0. 

W is the work done on the system, and Q the heat absorbed 
by the system from the reservoir. 

According to the second law, the change of the entropy 
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of the reservoir, within which only* reversible changes of 
volume are supposed to take place, is 



or Q < 0, 

whence W > 0. 

Work has been expended on the system, and heat adde<| to 
the reservoir. This inequality formulates analytically the 
impossibility of perpetual motion of the second kind. 

If, in the limit, the process be reversible, the signs of 
inequality disappear, and both the work W and the heat Q are 
zero. On this proposition rests the great fertility of the 
second law in its application to isothermal reversible cycles. 

§ 140. We shall no longer deal with cycles, but shall 
consider the general question of the direction in which a 
change -will set in, when any system in nature is given. For 
chemical reactions in particular is this question of importance. 
It is completely answered by the second law in conjunction 
with the first, for the second law contains a condition necessary 
for all natural processes. Let us imagine any homogeneous or 
heterogeneous system of bodies at the common temperature 
T, and investigate the conditions for the starting of any 
physical or chemical change. 

According to the first law, we have for any infinitesimal 
change: 

dU = Q + W,.(68) 

where U is the total internal energy of the system, Q the heat 
absorbed by the system during the process, and W the work 
done on the system. 

According to the second law, the change of the total 
entropy of all the bodies taking part in the process is 

^ 0 

where is the entropy of the system, <I> 0 the entropy of the 
surrounding medium (air, calorimetric liquid, walls of vessels, 
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etc,). Here the sign, of equality holds for reversible cases, 
which, it is true, should be considered as an ideal limiting case 
of actual processes (§ 115). 

If we assume that all changes of volume in the surrounding 
medium are reversible, we have, according to (62), 

— rp, 

also <Z<E> — >0 

^ttt _w 

or, by (68), d<& — > 0 .... (69) 

or ' dU — Tda> < W.' . . . (70) 

All conclusions with regard to thermodynamic chemical 
changes, hitherto drawn by different authors in different 
ways, culminate in this relation (70). It cannot in general 
be integrated, since the left-hand side is not, in general, a 
perfect differential. The second law, then, does not lead to 
a general statement with regard to finite changes of a system 
taken by itself unless something be known of the external 
conditions to which it is subject. This was to be expected, 
and holds for the first law as well. To arrive at a law govern¬ 
ing finite changes of the system, the knowledge of such external 
conditions as will permit the integration of the differential is 
indispensable. 41 Among these the following are singled out as 
worthy of note. 

§ 141. Case I. Adiabatic Process.— No exchange of 
heat with the surroundings being permitted, we have Q = 0, 
and, by (68), 

dU = W. 

Consequently, by (70), d<P > 0. 

* One often speaks of an isolated system, tut this, of course, is not to 
be taken as if in certain oases definite changes can take place in the system 
without prescribing any external conditions. In nature, there can be no 
finite isolated system. Some surface conditions are always present. It 
may be that the system is contained in a vessel with solid or elastic walls, or 
that it is bounded by the free atmosphere, or that it is contained in a 
vacuum, etc. 
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Tlie entropy of the system increases or remains constant a 
case which lias already been sufficiently discussed. 

§ 142. Gas© II. Isothermal Process. —The tem¬ 
perature T being kept constant, (70) passes into 

d(U—T3>)< W . . . . (70a) 

f e * the increment of the quantity (U— T3>) is smaller than, or, 
m the limit, equal to, the work done on the system. Since 
in thermochemistry the final state is always reduced to the 
temperature of the initial state, this theorem is well adapted 
for application to chemical processes. 

Putting TJ — T<£> == F, . . . (71) 

we have, for reversible isothermal changes : 

dF = W 

and, on integrating, 

F 2 -P 1= =SW . . . (72) 

For finite reversible isothermal changes the total work done 
on the system is equal to the increase of F; or, the total work 
performed by the system is equal to the decrease of F, and, 
therefore, depends only on the initial and final states of the 
system. "When P 2 = F a , as in cyclic processes, the external 
work is zero (cf. § 139). 

The function P, thus bearing the same relation to the 
external work that the energy U does to the sum of the 
external heat and work, has been called by H. v. Helmholtz 
the free energy (freie Ehergie) of the system. (It should 
rather be called “ free energy for isothermal processes.”) 
Corresponding to this, he calls TJ the toted energy (Gesa inm t- 
energie), and the difference 

<JJ — F == T3> = G 

the latent energy (gebundene Energie) of the system. The 
change of the latter in reversible isothermal processes gives 

i 
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the heat absorbed. By reversible isothermal processes the 
principle of the conservation of energy 

U, — U x = 2W + 2Q 

1 

breaks up into two parts, the law of the free energy : 

F a — = 2W, 

I 

and the law of the latent energy : 

G 2 — G* == 2Q. 

]ft should be observed, however, that this division is applicable 
only to isothermal changes. 

In irreversible processes, by (70a), dF < W, and on inte¬ 
grating we have 

F 2 — Fj. < 2W.(73) 

The free energy increases by a less amount than what corre¬ 
sponds to the work done on the system. The results for 
reversible and irreversible processes may be stated thus. In 
irreversible isothermal processes the work done on the system 
is more, or the work done by the system is less, than it would 
be if the same change were brought about by a reversible 
process, for in that case it would be the difference of the free 
energies at the beginning and end of the process (72)'. 

Hence, any reversible transformation of the system from 
one state to another yields the maximum amount of work 
that can be gained by any isothermal process between those 
two states. In all irreversible processes a certain amount of 
work is lost, viz. the difference between the maximum work to 
be gained (the decrease of the free energy) and the work 
actually gained. 

The fact that, in the above, irreversible as well as reversible 
processes between the same initial and final states were 
considered, does not contradict the proposition that between 
two states of a system either only reversible or only irreversible 
processes are possible, if no external changes are to remain in 
other bodies. In fact, the process here discussed involves 
such changes in the surrounding medium; for, in order to keep 
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the system at constant temperature, an exchange of heat 
between it and the surrounding medium must take place in one 
direction or the other. 

§ 143. If the work done during an isothermal process 
vanish, as is practically the case in most chemical reactions, we 
have 

2W = 0, 

•and, by (73), F a — F x < 0, 

i.e. the free energy decreases. The amount of this decrease 
may be used as a measure of the work done by the forces 
(chemical affinity) causing the process, for the same is not 
available for external work. 

For instance, let an aqueous solution of some non-volatile 
salt be diluted isothermally, the heat of dilution being furnished 
or received by a heat-reservoir according as the energy, U 2 , of 
the diluted solution (final state) is greater or less than the sum, 
U l3 of the energies of the undiluted solution and the water 
added (initial state). The free energy, F a , of the diluted 
solution, on the other hand, is necessarily smaller than the 
sum, F 1( of the free energies of the undiluted solution and the 
water added. The amount of the decrease of the free energy, 
or the work done by the te affinity of the solution for water ” 
during the process of dilution may be measured. For this 
purpose, the dilution should be performed in some reversible 
isothermal manner, when, according to (72), the quantity to 
be measured is actually gained in the form of external work. 
For instance, evaporate the water, which is to be added, 
infinitely slowly under the pressure of its saturated vapour. 
When it has all been changed to water vapour, allow the latter 
to expand isothermally and reversibly until its density equals 
that which saturated water vapour would possess at that 
temperature when in contact with the solution. Now establish 
lasting contact between the water vapour and the solution, 
whereby the equilibrium will not be disturbed. Finally, by 
isothermal compression, condense the water vapour infinitely 
slowly when in direct contact with the solution. It will 
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then be uniformly distributed throughout the latter. Such 
a process, as here described, is composed only of states of 
equilibrium. Hence it is reversible, and the external work 
thereby gained represents at the same time the decrease of 
the free energy, F 2 — F lf which takes place on directly mixing 
the solution and the water. Each method of bringing the 
water, isothermally and reversibly, into the solution must, of 
course, give the same value for this difference. In this way 
Helmholtz calculated the electromotive force of a concentra- 
tion cell from the vapour pressure of the solution. 

As a further example, we shall take a mixture of hydrogen 
and oxygen which has been exploded by means of an electric 
spark. The spark acts only the secondary part of a release, 
its energy being negligible in comparison with the energies 
obtained by the reaction. The work of the chemical affinities 
in this process is equal to the mechanical work that might be 
gained by chemically combining the oxygen and hydrogen in 
some reversible and isothermal way. Divi din g this quantity 
by the number of oxidized molecules of hydrogen, we obtain a 
measure of the force with which a molecule of hydrogen tends 
to become oxidized. This definition of chemical force, how¬ 
ever, has only a meaning in so far as it is connected with that 
work. 

§ 144. In chemical processes the changes of the first term, 
U, of the expression for the free energy (71), frequently far 
surpass those of the second, T<I>. Under such circumstances, 
instead of the decrease of E, that of U, i.e . the heat of reaction, 
may be considered as a measure of the chemical work. This 
leads to the proposition that chemical reactions, in which there 
is no external work, take place in such a manner as to give the 
' greatest evolution of heat (Berthelot’s principle). For high 
temperatures, where T is large, and for gases and dilute 
solutions, where <S> is large, the term T<3> can no longer be 
neglected without considerable error. In these cases, there¬ 
fore, chemical changes often do take place in such a way as to 
increase the total energy, i.e. with the absorption of heat. 
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§ 145. It should be borne in mind that all these pro¬ 
positions refer only to isothermal processes. To answer the 
question as to how the free energy acts ip. other processes, 
it is only necessary to form the differential of (71) viz. : 

dF = dU — Td4> — <E>dT 

and to substitute in the general relation (70). We have then 

dF < W — 3>dT 

for any physical or chemical process. Tins shows that, with 
change of temperature, the relation between the external work 
and the free energy is far more complicated. This relation 
cannot, in general, be used with advantage. 

§ 146. We shall now compute the value of the free energy 
of a perfect gas. Here, according to (35), 

U = Mu = M(ct/T + 6) (6 constant), 

and, by (62), 

<I> = M<f> = M(ct> log T H- 7 log v + a) (a constant). 


Substituting in (71), we obtain 

F = M{T(co — a — c v log T) 


~ log V 4- 6> (74) 

771 


which contains an arbitrary linear function of T. 

The constant 6 cannot be determined.from thermodynamics; 
on the other hand, a method of calculating the constant a 
is given by Nernst’s heat theorem (§ 287). 

For isothermal changes o l the gas, we have, by § 142, 

, dF < W, 

or, by (74), since T is const., 

MTR dv jrr - w 

— — paV < W. 


dF 


m 


v 


If the change be reversible, the external work on the gas is 
W == — pdV, but if it be irreversible, then the sign of in¬ 
equality shows that the work of compression is greater, or that 
of expansion smaller, than in a reversible process. 
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§ 147. Case III. Isotbermal-isobaric Process.— 

If, besides the temperature T, the external pressure p be also 
kept constant, then the external work is given by the formula, 

W = — pdV, 

and the left-hand side of (69) becomes a complete differential: 

i/ v ) i 


In this case, it may be stated that for finite changes the 
function. 


* _ u + & 

T 




(75) 


must increase, and will remain constant only in the limit when 
the change is reversible.* 


§ 148. Conditions of Equilibrium. —The most 
general condition of equilibrium for any system of bodies is 
derived from the proposition that no change can take place 
in the system if it be impossible to satisfy the condition 
necessary for a change. 

Now, by (69), for any actual change of the system. 



The sign of equality is omitted, because it refers to ideal 
changes which do not actually occur in nature. Equilibrium 
is, therefore, maintained if the fixed conditions imposed on 
the system be such that they will permit only changes in 
which 





* Multiplying (76) by — X, we get the thermodynamic potential at constant 

u + pV — T<f>, 

for which, so long as T remains constant, the same propositions hold as for 
the function "V. However, the important equation 163 in § 211, which shows 
how the equilibrium depends on temperature, pressure and the masses of the 
independent constituents of the system, can be more conveniently deduoed 
from the function w than from the thermodynamic potential. 
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Here <5 is used to signify a virtual infinitely small change, in 
contrast to d } which corresponds to an actual change. 

§ 149. In most of the cases subsequently discussed, if any 
given virtual change be compatible with the fixed conditions 
of the system, its exact opposite is also, and is represented by 
changing the sign of all variations involved. This is true if 
the fixed conditions be expressed by equations, not by in¬ 
equalities. Assuming this to be the case, if we should have, 
for any particular virtual change, 



which, by (69), would make its occurrence in nature impossible, 
its opposite would conform to the condition for actual changes 
(69), and could therefore take place in nature. To ensure 
equilibrium in such cases, it is necessary, therefore, that, for 
any virtual change compatible with the fixed conditions. 






. . 


This‘equation contains a condition always sufficient but as 
we have seen, not always necessary to its full extent, for e 
maintenance of equilibrium. As a matter ofe^enence, 
equilibrium will occasionally, subsist wben e quation (76) t. 
not fulfilled, even though the fixed conditions permit of 
change of sign of all variations. This is to say, that occasionally 
a certain chSige will not take place in nature though it ^tofy 
the fixed conditions as well as the demands of the . ' 

Such cases lead to the conclusion that m some way the setting 
in of a change meets with -a certain resistance, ’ 

account of the direction in which it acts, has been termed 
STStance, or passive resistance S^ o 

»< “ '.1* quantities’ 

to produce the change, which under these 
the system, P grea t violence . We have examples 

rST liquide, supersaturated vapour, eup.r- 
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saturated solutions, explosive substances, etc. We shall 
henceforth discuss mainly the conditions of stable equilibrium 
deducible from (76). 

This equation may, under certain circumstances, be ex¬ 
pressed in the form of a condition for a maximum or minimum: 
This can be done when, and only when, the conditions imposed 
upon the system are such that the left-hand side of (76) repre¬ 
sents the variation of a definite finite function. The most 
important of these cases are. dealt with separately in the 
following paragraphs. They correspond exactly to the pro¬ 
positions which we have already deduced for special cases. 
[From these propositions it may at once be seen whether it is a 
case of a maximum or a minimum. 

§ 150. First Case (§ 141).—If no exchange of heat take 
place with the surrounding medium, the first law gives 

$U = W, 

hence, by (76), = 0.(77) 

Among all the states of the system which can proceed from 
one another by adiabatic processes, the state of equilibrium 
is distinguished by a maximum of the entropy. Should there 
be several states in which the entropy has a maximum value, 
each one of them is a state of equilibrium ; but if the entropy 
be greater in one than in all the others, then that state repre¬ 
sents absolutely stable equilibrium, for it could no longer be 
the starting-point of any change whatsoever. 

§ 151. Second Case (§ 142).—If the temperature be 
kept constant, equation (76) passes into 

•(*-?)+?-* 

and, by (71), — 3F = — W. 

Among all the states which the system may assume at a given 
temperature, a state of equilibrium is characterized by the 
fact that the free energy of the system cannot decrease without 
performing an equivalent amount of work. 

If the external work be a negligible quantity, as it is when 
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the volume is kept constant or in numerous chemical processes, 
then W =& 0, and the condition of equilibrium becomes 

SF = O, 

i.e. among the states which can proceed from one another by 
isothermal processes, without the performance of external 
work, the state of most stable equilibrium is distinguished by 
an absolute minimum of the free energy. 

§ 152. Third. Case (§ 147).—Keeping the temperature 
T and the pressure jp constant and uniform, we have 

W = — jpdY,.(78) 

and the condition of equilibrium (76) becomes 

or, by (75), S'? = 0.(79) 

■* ■ 

i.e. at constant temperature and constant pressure, the state 
of most stable equilibrium is characterized by an absolute 
maximum of the function 

We shall in the next part consider states of equilibrium 
of various systems by means of the theorems we have just 
deduced, going from simpler to more complicated cases. 

152 a. In the mathematical treatment of thermodynamical 
problems of equilibrium the choice of the independent variable 
is of first importance. When this choice has been made, 
characteristic functions come into prominence. Herein lies 
the difference in the form of the presentation by different 
authors. In each case there exists, as Massieu pointed out, a 
characteristic function, from which, by simple differentiation, 
all thermodynamical properties of the system can be deter¬ 
mined uniquely. In fact, on keeping certain independent 
variables constant, the function is always .that one whose 
maximum or minimum characterizes the thermodynamical 
equilibrium according to the laws of the preceding paragraphs. 

If, for example, the energy U and the volume V are the 
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independent variables, then the entropy is the characteristic 
function. We find directly from the equation : 


that 


dOE> 
(d&) 

\0U/ V 


dU + pdV __ 

i and (avX 


^^dU -4- dV 
0U u + 0Y V ’ 

T 


If 3> is a known function of U and V, then 

0OE> 

T== §^’ P = 

atj au 


and hence and U can be found as functions of T and p. 

If, on the other hand, Y and T are chosen as independent 
variables, then the free energy, 1?, is the characteristic function. 
From (71), it follows that 


or 

hence 



If F is a kqown function of Y and T, then we have the following 
expressions: 



U = F + T0> = F — 



(79a) 


If, lastly, p and T are chosen as independent variables, then 
the characteristic function is 


¥ = <3> 


U + pV 
T 


It follows that 


dV = dOE> 


dU + pdv + Vdp U + pY d 

rp t" ’ rp 2 


or 




V 

T 


dp + 


U + pV 
T 2 


dT, 
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hence 




u + pv 

T a 



If M* is a known function of p and T, then we have 


and 


T — tfji- D “ < t It + »ij). 


(796) 


(79c) 


From these, all thermodynamical properties of the system in 
question axe determined uniquely. 


§ 152b. Although the derivation of all thermodynamical 
properties from the characteristic functions <E>, F, and yfr is so 
important in principle, yet in practice these functions are of 
direct use only when it is really possible to find the expression 
for the particular characteristic function in terms of the inde¬ 
pendent variables. It is of particular importance then to 
find out how far this expression can be obtained by direct heat 
measurements. 

We shall take T and p as independent variables, since heats 
of reaction are usually determined under the external con¬ 
ditions of temperature and pressure constant. The change 
in Gibbs’ heat function (§ 100) 


H = U + p V 

gives the heat of reaction of a physical chemical process. H is 
uniquely determined from the characteristic function -\jr. 

By equation (796), 

H = T 2 !^ . . . . (79d) 


If, on the other hand, yjr is to be determined from li, after H 
has been experimentally measured, then the last equation has 
to be integrated at constant pressure : 



* • 



In this integral two additive terms remain undetermined : 
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first, the constant of integration; second, a term which, depends 
on the fact that in the expression for H, as in that for U, an 

additive constant is undetermined. The first term is of the 

» * 

form a 3 the second of the form i&. Accordingly there remains 


in the expression for the entropy <I> (79c) an additive constant 
a, and in the expression for the free energy F ==; U — T<£> an 
additive term of the form 6 — aT undetermined. This we 
have already seen in the special case of a perfect gas [§ 146, 
equation (74)]. In general, a and b are independent of the 
pressure. For further information about the determination 
of yfr from heat measurements see § 210. 

§ 152o. If we differentiate the equation (79 d) with respect 
to p keeping the temperature constant, we obtain with the 
help of (796) 

i—• w 


This equation gives a quite general relation between heat of 
reaction and thermal changes of' volume, which could be used 
as an experimental test of the second law. In any isothermal 
isobaric reaction the heat added is, by § 105, 



where 1 and 2 denote the initial and final states of the system. 
If, further, we call the change of volume that takes place on 
the reaction : 



then it follows, from (79/), that 


0Q 

dp 



ma 3 /A] 

r 0T\ T 


AV) 


(’99) 


It follows from this, for example, that, if the heat of reaction 
of an isothermal reaction is independent of the pressure, the 
corresponding change of volume is proportional to the absolute 


temperature 


/AY_ 

\ T — 


const. 



vice versd . 



PART IV. 

Applications to Special States of Equilibrium.’ 


CHAPTER I. 


HOMOGENEOUS SYSTEMS. 

§ 158. Let the state of a homogeneous system be determined, 
as hitherto, by its mass, M; its temperature, T; and either its 

V 

pressure, p, or its specific volume, v — ™ For the present, 

V 

besides M, let T and v be the independent variables. Then 

U 

the pressure p, the specific energy u = g, and the specific 

<I> 


entropy <f> 


M 


are functions of T and v, the definition of the 


specific entropy (61) being 


d<f> 


du + pdv 


T 


i(du\ ™ , ®) T + p , 

T\9TV T T dv ' 


On the other hand. 




Therefore, since d T and dv are independent of each other, 


(dj>\ _ 1 (du 

\dT TV31 


9t)„. 


(79A) 


and 


_ © T + p 

\dvL T 


These two equations lead to an experimental test of the 

126 
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second law; for, differentiating the first with respect to v } 
the second with respect to T, we have 


d 2 cf> 

dTdv 


_ 1 d 2 u 

T ’ dTdv 


d 2 u 

dTdv 


+ 


®). 


\dV /m^ 


T 


T 

T2 



or 



- (80) 


By this and equation (24), the above expressions for the 
differential coefficients of <j> become : 



If we differentiate the first of these equations with respect to v 
and the second with respect to T and equate, we get 



This equation shows how the variation of the specific heat at 
constant volume with change of volume is related to the 
change of the thermal pressure coefficient with change of 
temperature. Both are remarkably small in the case of 
perfect gases. 

¥ 

§ 154. Equation (80), together with (28) of the first law* 
gives the relation : 



which is useful either as a. test of the second law or for the 
calculation of c v when c p is given. But since in many cases 

cann °fc be directly measured, it is better to introduce 


the relation (6), and then 






Cp is always greater than c v , 
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except in the limiting case, when the coefficient of expansion 
is = 0, as in the case of water at 4° C.; then c p — c v — 0. ~ 

As an example, we may calculate the specific heat at 
constant volume, Cv, of mercury at 0° C. from the following 
data : 

1 

cp = 00333-; T = 273°; 

(dp\ _ 1013250 

\dvJ T ~~ 0*0000039. v* 

where the denominator is the coefficient of compressibility 
in atmospheres (§ 15); the numerator, the pressure of an 

atmosphere in absolute units (§ 7); v = * 


the volume 


of 1 gr, 


13*596’ 

of mercury at 0° C. ; Qlj) = 0*0001812 . v , the 

jP 

coefficient of thermal expansion (§ 15). 

To obtain c* in calories, it is necessary to divide by the 
mechanical equivalent of heat, 4*19 x 10 7 (§ 61). Thus we 

■ , j 

obtain from (83) 

273 X 1013250 X 0-0001812* 

Cp — 


Cv 


0-0000039 X 13-596 X 4-19 X 10 7 


0-0041, 


whence, from the above value for c p , 


Cv — 0*0292, and 


Cp 

Cv 


1 * 1 . 


§ 155. This method of calculating the difference of the 
specific heats c p — Cv , applicable) to any substance, discloses 
at the same time the order of magnitude of the different 
influences to which this quantity is subject. According to 
equation (28) of the first law, the difference of the specific 
heats is 


Cp 


{®f)* + p } (SX 


The two terms of this expression, (^jO anc ^ * 

depend on the rate of change of the energy with the volume, 
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and on the external work performed by the expansion re¬ 
spectively. In order to find which, of these two terms has 
the greater influence on the quantity Op — Cv, we shall find the 
ratio of the first to the second : 


- 

1 (du\ 
p ' V&U/x* 

or, by (80), 

!•(&)->.(«> 

or, by (6), 

- s df) &) -1- 


A glance at the tables of the coefficients of thermal expansion 
and of the compressibility of solids and liquids shows that, 
in general, the first term of this expression is a large number, 
making the second, — 1, a negligible quantity. For mercury 
at 0°, e.g., the above data give the first term to be 


273 x 


0-0001812 

0*0000039 


12700. 


Water at 4° C. is an exception. 

It follows that, for solids and liquids, the difference 
Cp — Cv depends rather on the relation between the energy 
and the volume than on the external work of expansion. 
For perfect gases the reverse is the case, since the internal 
energy is independent of the volume, i.e. - 



During expansion, therefore, the influence of the internal 
energy vanishes in comparison with that of the external 
work; in fact, the expression (84) vanishes for the charac¬ 
teristic equation of a perfect gas. With ordinary gases, 
however, both the internal energy and the external work 
must be considered. 

§ 156. The sum of both these influences, i.e. the whole 
expression, c P — c*, may be said to have a small value for 
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most solids and liquids; thus the ratio & = y is but slightly 

greater than unity. This means that in solids and liquids 
the energy depends far more on the temperature than on the 
volume. For gases, y is large; and, in fact, the fewer the 
number of atoms in a molecule of the gas, the larger does 
it become. Hydrogen, oxygen, and most gases with diatomic 
molecules have y => 1-41 (§ 87). The largest observed value 
of y is that found by Kundt and Warburg for the monatomic 
vapour of mercury, viz. 1*667, which is also the value for the 
monatomic permanent gases. \ 

§ 157. For many applications of the second law it is 
convenient to introduce p instead of v as an independent 
variable. We have, by (61), 


* {(g)+ 


On the other hand. 


tty 


+(|)> 


whence, 


and 



Differentiating the first, of these with respect to p, the second 
with respect to T, we get, 


dhi /3tA d 2u i 

d 2 <t> d r $dp'- P c?Tdp ’ f ~ V9T/ P ffldp 1 P dTdv \ 0p4 +3> \0£ ) v 

0T0j) — t r T 4 e 


whence 

K 
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The differential coefficients of <f> become, then, by (26), 


mi 


and 


mi 


( 


Cp^ 

’ T * 
0sA 

Wrl 


(84a) 

(846) 


Finally, differentiating the first of these with respect to p, 
the second with respect to T, and equating, we have 



.This equation, which could be obtained directly by differentiat¬ 
ing the general equation (79/) in § 152c with respect to T, 
contains only quantities which can be directly measured. It 
establishes a relation between the rate of change of the specific 
heat at constant pressure with pressure and the rate of change 
of the coefficient of thermal expansion with temperature. 
This relation depends upon the deviations from Gay-Lussac’s 
.law. Compare this equation (85) with (81a). 


§ 158. By means of the relations furnished by the second 
law we may also draw a further conclusion from Thomson 
and Joule’s experiments (§ 70), in which a gas was slowly 
pressed through a tube plugged with cotton wool. The 
• interpretation in § 70 was confined to their bearing on the 
properties of perfect gases. It has been mentioned that the 
characteristic feature of these experiments consists in giving 
to a gas, without adding or withdrawing heat, (Q = 0) an 
increase of volume, V a — V ls or v 2 — v x per unit mass, while 
the external work done per unit mass is represented by 

i 

p 1 v lL — p 2 v s = w. 


This expression vanishes in the case of perfect gases, since 
then the temperature remains constant. In the case of actual 
gases, it follows, in general, from equation (17) of the first law 
that 

u 2 — u x = p x v x — p 2 v 2 >. 


or : 




u \ + 
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If now we introduce the heat function per unit mass 



we have : 



In the Joule-Thomson experiment the energy u does not in 
general remain constant, but the heat function h = u + pv 
remains constant. If for the sake of simplicity we take the 
pressures on the two sides of the plug to be very slightly 
different, and denote the difference of all quantities on the two 
sides of the plug by A, then the last equation may be written : 


or from (61) 
hence : 




A h = 0 = A u + pA-u + V&2 7 

“j - vAp = 0, 

t (It), at +{ t (B) t + "W- °- 


This gives, with the help of (84a) and (846), 


and 



AT 




( 86 ) 


By means of this simple equation, the change of temperature 
(AT) of the gas in Thomson and Joule’s experiments, for a 
difference of pressure Ajp, may be found from its specific heat 
at constant pressure, Cp a and its deviation from Gay-Lussac’s 
law. If, under constant pressure, v were proportional to T, 
as in Gay-Lussac’s law, then, by equation (86), AT = 0 as 
is really the case for perfect gases. 

§ 158 a. If we take van der Waals 9 equation as the charac¬ 
teristic equation, then equation (86) gives 


AT 


2 a(v — 6) 2 — ~RTbv 2 t;A p 
“RTy» — 2a(v — 6) 2 * 
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If a and b become sufficiently small, 

= (. 2a 


AT 


RT 




a relation which, agrees very closely with experiment. For 
most gases the expression within the bracket is, at ordinary, 
not too high temperatures, positive. This means that the 
effect is a cooling effect, since A p is always negative. C. von 
Linde based the construction of his liquid air machine on this 
fact. 

In the case of hydrogen the bracket is negative at mean 
temperatures on account of the smallness of a. The positive 
term prevails only if the temperature is lowered below —80° C.' 
The so-called point of inversion in which the effect changes 
sign, lies according to the last equation at 

”555 


T 


Since this equation is only approximately true, the position 
of the point of inversion depends, in general, on the pressure.* 

§ 159, Thomson and Joule embraced the results of their 
observations in the formula 

AT = 


where a is a constant. If we express p in atmospheres, we 
have, for air, 

oc = 0*276 X (273) a . 

No doubt the formula is only approximate. Within the 
region of its validity we get, from 86, 

t (§t)?- v=cp t* ■ ■ • • (87) 

and, differentiating with respect to T, 

/3 2 iA _ a /dCp\ 2aCp 

- \§T S V“ T*\§T /, T® 

* F. A. Sohulze, Ann . d. Phys , 49, p. 585, 1916. 
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2ac 

T 3 


0. 


whence, by the relation (85), 

f d ^E\ a- *-(???) _ 

\dp T 2 V0T4 

The general solution of this differential equation is 

c p == T 2 ./(T 3 — 3ap), 

where / denotes an arbitrary function of its argument, 
T 3 — 3oc p. 

If we now assume that, with diminishing values of the 
gas, at any temperature, approaches indefinitely near the 
ideal state, then, when p = 0, Cp becomes a constant = c<£ 

(for air, = 0*238 calorie). Hence, generally, 

= cf T 2 (T 3 — 3ap)-$ 


or 


Cp 


Cp 


1 °> 


(*-W) 


f 


( 88 ) 


This expression for c P will serve further to determine v in 
terms of T and p. It follows from (87) that 



T 2 —— 
0T\T/„“ 

_ CLCp _ 

ac^ 0) 



T 2 (T 3 

— 3aj>)S’ 


whence 

V 

— f _ _ 

dT 


T “ 

-otcwj 

Jt 4 (i 

T 3 / 


or 

v = 

- 

- + p)- 

(89) 


This is the characteristic equation of the gas. The constant 
of integration, (3, may be determined from the density of the gas 
at 0° C. under atmospheric pressure. Equations (88) and (89) ? 
like Thomson and Joule’s formula, are valid only within 
certain limi ts. It is, however, of theoretical interest to see 
how the different relations necessarily follow from one 
another.* 


* These considerations have been worked out and applied to ex¬ 
perimental data by R. plank, Phyaikalische Zeilschrift, 11, p. 033, 1910, ami 
17, p. 521, 1916. 

See also L. Sohames, Phyaikalische Zeitschrift , 18, p. 30. 1917. 
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§ 160. A further, theoretically important application of 
the second law is the determination of the absolute temperature 
of a substance by a method independent of the deviations of 
actual gases from the ideal state. In § 4 we defined tem¬ 
perature by means of the gas thermometer, but had to confine 
that definition to the cases in which the readings of the 
different gas thermometers (hydrogen, air, etc.) agree within 
the limits of the desired accuracy. For all other cases (includ¬ 
ing mean temperatures, when a high degree of accuracy is 
desired) we postponed the definition of absolute temperature. 
Equation (80) enables us to give an exact definition of absolute 
temperature, entirely independent of the behaviour of special 
substances. 

Given the temperature readings, i, of any arbitrary thermo- 
meter (mercury-thermometer, or the scale deflection of a 
thermo-element, or of a bolometer), our problem is to reduce 
the thermometer to an absolute one, or to express the absolute 
temperature T as a function of t. We may by direct measure¬ 
ment find how the behaviour of some appropriate substance, 
e.g. a gas, depends on t and on either v or %>. Introducing, then, 
t and v as the independent variables in (80) instead of T and v, 
we obtain 


(du\ 

\dv' t 


T(|?) . § 

\ / n fL 


dt 

St 


v 


where (£)«’ P- and (af), represent functions of t and v , 

which can be experimentally determined. The equation can 
then be integrated thus : 



If we further stipulate that at the freezing-point of water, 
where l = f 0 , T — T 0 =* 273, then. 
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This completely determines T as a function of t. It is evident 
that the volume, v, .no longer enters into the- expression under 
the sign of integration. This conclusion from the theory can 
at the same time be used to test the correctness of the second 
law of thermodynamics. * 

§161. The numerator of this expression may be found 
directly from the characteristic equation of the substance. 
The denominator, however, depends on the amount of heat 
which the substance absorbs during isothermal reversible 
expansion. For, by (22) of the first law, the ratio of the 
heat absorbed during isothermal reversible expansion to the 
change of volume is 



§ 162. Instead of measuring the quantity of heat absorbed 
during isothermal expansion, it may be more convenient, 
for the determination of the absolute temperature, to experi¬ 
ment on the changes of temperature of a slowly escaping 
gas, according to the method of Thomson and Joule. If we 
introduce t (of § 160) instead of T into equation (86), which 
represents the theory of those experiments on the absolute 
temperature scale, we have 
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where c' is the specific heat at constant pressure, determined 
by* a t thermometer. Consequently, by (86), 



and again, by integration. 


V 

-A p 



The expression to be integrated again contains quantities 
which may be measured directly with comparative ease. 

§ 163. The stipulation of § 160, that, at the freezing- 
point of water, T = T 0 = 273, implies the knowledge of the 
coefficient of expansion, a, of perfect gases. Strictly speaking, 
however, all gases show at all temperatures deviations from 
the behaviour of perfect gases, and disagree with one another. 
To rid ourselves of any definite assumption about a, we return 
to our original definition of temperature, viz. that the difference 
between the absolute temperature of water boiling under 
atmospheric pressure (T^, and that of water freezing, under 
the same pressure (T 0 ), shall be 



Now, if t x be the boiling-point of water, measured by means 
of a t thermometer, then, by (90), 



and, eliminating T 0 and T* from (90), (91), and (92), we find 
the absolute temperature : 


T 


lOOe* 






l 
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From this we obtain the coefficient of thermal expansion of 
a perfect gas, independently of any gas thermometer, 



Since, in both J and J l9 the expression to be integrated 
depends necessarily on t only, it is sufficient for the calcula¬ 
tion of the value of the integral to experiment at different 
temperatures under some simplifying condition, as, for 
instance, always'at the same pressure (atmospheric pressure). 


§ 164. The formula may be still further simplified by 
using as thermometric substance in the t thermometer the 
same gas as that used in Thotnson and Joule’s experiments. 
The coefficient of expansion, oc', referred to. temperature t, 
is then a constant, and if, as is usual; we put £ 0 = 0, and 


t x = 100, 


V = -y 0 (l -j- cc't), 

v 0 being the specific volume at the melting-point of ice under 
atmospheric pressure. Also 


Hence, by (90), 


p») 

\a</ 


CflVi 


cxfdt 


and, by (92), 


/ t PC 

1 , ,. , °p A t* 

ol + aid—- . - A — 

*>o &P 


Vb WV 

1 “ / 7 . 

•'01 + K '« + f? . 

v Q A p 

In the case of an almost perfect gas {e.g. air), At is small, 

c At 

and the term -2 . — acts merely as a correction term, and, 

therefore, no great degree of accuracy is required in the 
determination of c p and v Q . For a perfect gas we should have . 

At — 0, and, from the last two equations, 

J = log (1 + a'£), Jj = log (1 100a'); 


100 


cxfdt 
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therefore, by (93), 
and, by (94), 
as it should be. 



As soon as accurate measurement of even a single sub¬ 
stance has determined T as a function of t 9 the question 
regarding the value of the absolute temperature may be 
considered as solved for all cases. 


The absolute temperature may be determined not only 
by experiments on homogeneous substances, but also by 
application of the second law to heterogeneous systems 
(cf. § 177). 


§. 164a. Although the second law of thermodynamics is 
so important in principle and so indispensable at extreme 
temperatures, for fixing the absolute scale of temperature, 
yet* perhaps, up to now, the most accurate value of a, the 
coefficient of expansion of a perfect gas, has been deduced, 
not frcm the second law, but direct from the coefficient of 
expansion of real gases. This has been done by using 
D. Berthelot’s (§ 25) modification of vander Waals’ equation, 
which is the more accurate, the further the gas is removed 
from the point of condensation. In this way, the coefficient 
of expansion a of a perfect gas is found to be 0*0036618, and 
accordingly the absolute temperature of the freezing-point 
of water 

T 0 = 1 = 273-09. 

. a 



CHAPTER II. 

SYSTEM IN DIFFERENT STATES OF AGGREGATION . 

§ 165. We shall discuss in this chapter the equilibrium of 
a system which may consist of solid, liquid, and gaseous 
portions. We assume that the state of each of these portions 
is fully determined by mass, temperature, and volume; or, 
in other words, that the system is formed of but one inde¬ 
pendent constituent (§ 198). For this it is not necessary 
that any portion of the system should be chemically, homo¬ 
geneous. Indeed, the question with regard to the chemical 
homogeneity cannot, in general, be completely answered 
(§ 92). It is still very uncertain whether the molecules of 
liquid water are the same as those of ice. In fact, the anom¬ 
alous properties of -water in the neighbourhood of its freezing- 
point make it probable that even in the liquid state its 
molecules are of different kinds. The decision of such ques¬ 
tions has no bearing on the investigations of this chapter. 
The system may even consist of a mixture of substances in 
any proportion; that is, it may be a solution or an alloy. 

. What we assume is only this : that the state of each of its 
homogeneous portions is quite definite when the temperature 
T and the specific volume v are definitely given, and that, if 
the system consists of different substances, their proportion 
is the same in all portions of the system. We may now 
enunciate our problem in the following manner :— 

Let us imagine a substance of given total mass, M, enclosed 
in a receptacle of volume, V, and the energy, U, added to it by 
heat-conduction. If the system be now isolated and left to 
itself, M, V, and U will remain constant, while the entropy, <t>, 
will increase. We shall «iow investigate the state or states 
of equilibrium which the system may assume, finding at the 
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same time tlie conditions of its stability or instability. This 
investigation may be completely carried through by means of 
the proposition expressed in equation (77), that of all the 
states that may adiabatically arise from one another, the most 
stable state of equilibrium is characterized by an absolute 
maximum of the entropy. The entropy may in general, 
however, as we shall see, assume several relative maxima 
under the given external conditions. Each maximum, which 
is not the absolute one, will correspond to a more or less un¬ 
stable equilibrium. The system in a state of this kind (e.g. 
as supersaturated vapour) may occasionally, upon appropriate, 
very slight disturbances, undergo a finite change, and pass 
into another state of equilibrium, which necessarily corres¬ 
ponds to a greater value of the entropy. 

§ 166. We have now to find, first of all, the states in which 
the entropy <f> becomes a maximum. The most general 
assumption regarding the state of the system is that it consists 
of a solid, a liquid, and a gaseous portion. Denoting the 
masses of these portions by M lv M 2 , M 3 , but leaving open, 
for the present, the question as to which particular portion 
each suffix refers, we have for the entire mass of the system 

Mi + m 2 + m s = m. 

All the quantities are positive, but some may be zero. Further, 
since the state under discussion is to be one of equilibrium, 
each portion of the system, also when taken alone, must be 
in. equilibrium, and therefore of uniform temperature and 
density. To each of them, therefore, we may apply the 
propositions which were deduced in the preceding chapter 
for homogeneous substances. If v lt v 2 , v a , denote the specific 
volumes, the given volume of the system is 

MjVi + M a t ; 2 + M 3 V 3 = V. 

Similarly, the given energy is 

-j- + MjWj = U, 

where u l9 u 2 , denote the specific energies of the portions. 
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« 

These three equations represent the given external 
conditions. 

§ 167. For the entropy of the system we have 

• * 

<j><f > 2 , <£ 3 , being the specific entropies. 

For an infinitesimal change of state this equation gives 

5= -f- 

Since, by (61), we have, in general, 


8<f> 


we obtain 


S<J> 



““T 


(95) 


These variations are not all independent of one another. 
In fact, from the equations of the imposed (external) con¬ 
ditions, it follows that. 

18M 1 = 0'| 

XMjSVj —|— = Or. . • (96) 

= 0 J * 

With the help of these equations we must eliminate from (95) 
any three variations, in order that it may contain only inde¬ 
pendent variations. If we substitute in (95), for instance, 
the values for SM 2 , Sv 2 , and 8u^ taken from (96), the equation 
for $<I> becomes 



V (97) 
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Since the six variations occurring in this expression are 
now independent of one another* it is necessary that each of 
their six coefficients should vanish, in order that S<3> may be 


^1 


Pi 

$2 


<f>2 - <f >! 


/be. 

Therefore 


T 2 = 

il 

? 


p% = 

= Pa 


(“x- 

- «s) + P l(®l “ 

“«») 

U 2 - 

T ' 

- U 3 + y 2 (» 2 - 

- v 3 ) 


T 




(98) 


These six equations represent necessary properties of any 
state, which corresponds to a maximum value of the entropy, 
i.e. of any state of equilibrium. As the first four refer to 
equality of temperature and pressure, the main interest 
centres in the last two, which contain the thermodynamical 
theory of fusion, evaporation, and sublimation. 


§ 168. These two equations may be considerably simpli¬ 
fied by substituting the value of the specific entropy cf>, which/ 
as well as u and p, is here considered as a function of T and v. 
For, since (61) gives, in general, 

du + pdv 
T ’ 



we get, by integration. 




1 du -\-pdv 
2 T 9 


where the upper limit of the integral is characterized by the 
values T lf v l9 the lower by T 2 , v 2 . The path of integration 
is arbitrary, and does not influence the value of <j> ± — <j> z . 
Since, now, T-l — T 2 = T (by 98), we may select an isothermal 
path of integration (T const.). This gives 

, . - Wo . 1 f V 1 , 

91—92 = - - T — 52 + rji J^pdv. 

The integration -is to be taken along an isotherm, since p 
is a known function of T and v determined by the charac- 
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teristic equation of the substance. Substituting the value 
of <f> x — in the equations (98), we have the relations : 


to which we add 


( 'pdv = p 1 (v 1 — v 2 ) 

J f- 


pdv 


Px 


Pz(V 2 — ®s) 
P2=Pa 


(99) 


With the four unknowns T, v l9 v 2 , v 3> we have four equations 
which the state of equilibrium must satisfy. The constants 
which occur in these equations depend obviously only on 
the chemical nature of the substance, and in no way on the 
given values of the mass, M, the volume, V, and the energy, 
U, of the system. The equations (99) might therefore be 
called the system’s internal or intrinsic conditions of equili¬ 
brium, while those of § 166 represent the external conditions 
imposed on the system. 


§ 169. Before discussing the values which the equations 
(99) give to the unknowns, we shall investigate generally 
whether, and under what condition, they lead to a maximum 
value of the entropy and not to a minimum value. It is 
necessary, for this purpose, to find the value of 8 2 <E>. If 
this be negative for all virtual changes, then the state con¬ 
sidered is certainly one of maximum entropy. 

From the expression for S4> (97) we obtain S 2 4>, which 
may be greatly simplified with the help of the equations 
(98). The equations of the imposed external conditions, 
and the equations (96) further simplify the result, and we 
obtain, finally. 


S 2 3> 


2 


T 

A i 




— Ti 


This may be written 

TS 2 <£ = — SM^jSTi — S 


To reduce all variations to those of the independent 
variables, T and v t we may write, according to (81), 
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Obviously, if the quantities (c»)x> ( c ») 2 j (^s ^e positive, 

and the quantities ^ negative, 8 2 <3> is negative 

in all cases, and is really a ma-yim-nm., and the corresponding 
state is a state of equilibrium. Since Cv is the specific heat ah 
constant volume, and therefore always positive, the condition. 

of equilibrium depends on whether is negative for all 

three portions of the system or not. In the latter case there 
is no equilibrium. Experience immediately shows, however, 

that in any state of equilibrium g^ is negative, since the 

pressure, whether positive or negative, and the volume always 
change in opposite directions. A glance at the graphical 
representation of p, as an isothermal function of v (Fig. 1, 
§ 26), shows that there are certain states of the system in 

0flj 

which is positive. These, however, can never be’ states 


of equilibrium, and are, therefore, not accessible to direct 
observation. If, on the other hand, g^ be negative, it is a 


state of equilibrium, yet it need not be stable; for another 
state of equilibrium may be found to exist which corresponds 
to a greater value of the entropy. 

We shall now discuss the values of the unknowns, T, v l9 
v 2 , t? 8 , which represent solutions of the conditions of equi¬ 
librium (98) or (99). Several such systems may be found. 
Thereafter, we shall deal (beginning at § 189) with the further 
question as to which of the different solutions in each case 
represents the most stable equilibrium under the given external 
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conditions; i.e. which one leads to the largest value of the 
entropy of the system. 

§ 170. First Solution. —If we put, in the first place. 


v i = v 2 = v b( ~ v ) 


all the equations (98) are satisfied, for, since the temperature 
is common to all three portions of the system, their states 
become absolutely identical. The entire system is, therefore, 
homogeneous. The state of the system is determined by, 
the equations of §. 166, which give the imposed conditions. 
In this case they are 



M x + Mg + M* 


(M x +: 

(M x + : 




M a -f- M a ) 

+ ^a) 

_ A df 


M 

V 

U 

U 

M* 


From v and u, T may be found, since u was assumed to be 
a known function of T and v. 

This solution has always a definite meaning; but, as we 
saw in equation (100), it represents a state of equilibrium 


only when is negative. 


If this be the case, then, the 


equilibrium is stable or unstable, according as under the 
external conditions there exists a state of greater entropy 
or not. This will be discussed later (§ 189). 


§ 171. Second. Solution. —If, in the second case, we put 


v x 4= v 2 , v 2 = v 8 , 

the states 2 and 3 coincide, and the equations (98) reduce to 


Pi = P2 

1 J _ Wi — w 2 + p x (v x — v 2 ) 

*P 1 - <p2 - ip 

or, instead of the second of these equations, 

pdv = p x (v 1 — v 2 ) . 

»* 




. (102) 
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In this case two states of the system coexist; for instance, 
the gaseous ,and the liquid. The equations (101) contain 
three unknowns, T, v lt v 2 ; and hence may serve to express 
and v 2 i consequently also the pressure p 1 = p 2 > an d the 
specific energies and u 2 , as definite functions of the tem¬ 
perature T. The internal state of two heterogeneous portions 

of the same substance in, con tact with one another is, therefore, 

■. * ■ ^ * * * 

completely determined by jbhe temperature. The temperature, 
as well as the masses of the two portions, may be found from 
the imposed conditions (§ 166), which are, in this case, 


M x + (M a + Ms) = 

= M ) 


MjVjl + (M 2 + M a )v 2 = 

= v 

. . (103) 

Mi^i —{— (1M 2 = 

= U } 



These three equations serve for the determination of the three 
last unknowns, T, M 1? and M 2 + M a . This completely 
determines the physical state, for, in the case of the masses 
M 2 and M 3 , it is obviously sufficient to know their sum. 
Of course, the result can only bear a physical interpretation 
if both M x and M 2 -f- M a have positive values. 


§ 172. An examination of equation (102) shows that it 
can be satisfied only if the pressure, p, which is known to 
have the same value (p x = p 2 ) f°r both limits of the integral, 
assume between the limits values which are partly larger 
and partly smaller than Some of these, then, must 

correspond to unstable states (§ 169), since in certain places 


p and v increase 


simultaneously 



The equation 


admits of a simple geometrical interpretation with the help 
of the above-mentioned graphical representation of the 
characteristic equation by isotherms (Fig. 1, § 26). For 

the integral j pdv is represented by the area bounded by 

the isotherm, the axis of abscissae, and the ordinates at 
and v 2t while the product p x {v x — v. z ) is the rectangle formed 
by the same ordinates (p ± = p 2 ), and the length (v 1 — v 2 ). 
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We learn, therefore, from equation (102) that in every 
isotherm the pressure, under which two states of aggregation 
of the substance may be kept in lasting contact, is represented 
by the ordinate of the straight line parallel to the axis of 
abscissae, which intercepts equal areas on both sides of the 
isotherm. Such a line is represented by ABO in Fig. 1. We 
are thus enabled to deduce directly from the characteristic 
equation for homogeneous, stable and unstable, states the 
functional relation between the pressure, the density of the 
saturated vapour and of the liquid in contact with it, and the 
temperature. 

Taking Clausius’ equation (12a) as an empirical expression 
of the facts, we have, for the specific volume of the saturated 
vapour, and v 2 of the liquid in contact with it, the two 
conditions 

B.T c RT o 

v x — a T K+6) 2 “'y 2 -a T (v 2 +b)*> 


and, from (102), 

RT log^d5— U —* _ 
b v 2 —a TVv 2 +6 


+b' 


K 


J RT 

v ^= 


a T^+fc) 2 


,>a) 


By means of these v l9 v 2 , and p 1 =z p 2 may be expressed as 
functions of T, or, still more conveniently, v lt v 2i p lt and T as 
functions of some appropriately selected independent variable. 
At the critical temperature it gives = v 2 (§ 30a). At 
higher temperatures v 1 and v 2 are imaginary. At infinitely 
low temperatures v x ~ oc, v 2 = a.* 

With Clausius’ * values of the .constants for carbon dioxide 
(§ 25), this ’ calculation furnishes results which show a satis¬ 
factory agreement with Andrews’ observations. According 

to Thiesen, however, Clausius’ equation possesses no general 
significance. 


§ 173. The import of equations (101) can be more simply 
expressed, if, instead of the entropy, we introduce the free 

* Wicd. Ann., 13, p. 536, 1881. 
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energy F, and still simpler if we use the function y). We 
shall here keep to the free energy. This is by (71) 

f—u — T(f> .... (104) 

per unit mass. 

Then the equations (101) become, simply, 

pi'—■ P 2 ...... (105) 

fa — ft = 3>i(®i — ®a) • • • ( 106 > 

* 

The function/ satisfies the following simple conditions. 



i 


The conditions of equilibrium for two states of aggrega¬ 
tion in mutual contact hold for the three possible combinations 
of the solid and liquid, liquid and gaseous, gaseous and solid 
states. In order to fix our ideas, however, we shall discuss 
. that solution of those equations which corresponds to the 
contact of a liquid with its vapour. Denoting the vapour by 
the subscript 1, the liquid by 2, v ± is then the specific volume 
of the saturated vapour at the temperature T; p x = p a , its 
pressure; v 2 the specific volume of the liquid with which it is 
in contact. All these quantities, then, are functions of the 
temperature only, which agrees with experience. 


§ 174. Further theorems may be arrived at by - the 
differentiation of the conditipns of equilibrium with respect 
to T. Since all variables now depend only on T, we shall 


use 


JL 

dT 


to indicate this total differentiation, while partial 


differentiation with respect to T will be expressed, as hitherto, 

, a 

by 9T* . 


Equations (105) and (106), thus differentiated, give 
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and 


tfT 


dfi 

d T 


( v i 


«,)&+ 3 .,(' fcl - ^ 


d T cHV 


But, by (107) and (108), we have 

A A 

dT~ 


Vi 

dT 


®). 


i (¥J\ A i* 


\dv /t dT 


/9^x N \ _ (¥i\ Av i ■ 
\3T/« ' \0«y T - dT 


j £?Uo • j * 

+ Pi#£i 


whence, by substitution. 


dp 


$1— 4>2= K — V 2)tf£> 


or, finally, by (101), 


dp 


(u x - u 2 ) + Px(v ± - v 2 ) - T(t? x • (109) 


Here the left-hand side of the equation, according to equation 
(17) of the first law, represents the heat of vaporization, Xj, 
of the liquid. It is the heat which must be added to unit 
mass of the liquid, in order to completely change it to vapour 
under the constant pressure of its saturated vapour. For the 
corresponding change of energy is u x — u 2 , and the external 
work performed, here negative, amounts to 

W = — p x (v x — v 2 ) 

.*. L = u x — u z + p x (v x — v 2 ), . . (110) 

whence L = T^ — * * * ' (m) 


This equation, deduced by Clapeyron from Carnot’s theory, 
but first rigorously proved by Clausius, may be used for the 
determination of the heat of vaporization at any temperature, 
if we know the specific volumes of the saturated vapour and 
the liquid, as well as the relation between the pressure of the 
saturated vapour and the temperature. This formula has 
been verified by experiment in a large number of cases. 

§ 175. As an example, we shall calculate the heat of 
vaporization of water at 100° C., i,e. under atmospheric pressure, 
from the following data :— 
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15° 


T = 273 + 100 = 373. 

v ± = 1674 (volume of 1 gr. of saturated water vapour 
at 100° ih. c.c., according to Knoblauch, Linde 
and Klebe). 

v 2 = 1 (volume of 1 gr. of water at 100° in c.c.). 

is found from the experiments of Holborn and Henning. 

Saturated water vapour at 100° C. gave an increase of pressure 
of 27-12 mm. of mercury for a rise of 1° C. In absolute units, 

by § 7, 

dp x _27-12 

dT ~ 


760 


X 1013250. 


Thus, the required latent heat of vaporization is 

373 x 1673 x 27-12 x 1013250 


760 x 4-19 X 10 7 


539 


cal. 

grm 


Henning found the latent heat of vaporisation of water at 

OSlrl 

100° C. by direct measurement to be 538-7 - in excellent 


agreement with the calculated value. 


grm 


§ 176. As equation (110) shows, part of the heat of vapor¬ 
ization, L, corresponds to an increase of energy, and part to 
external work. To find the relation between these two it is 
most convenient to find the ratio of the external work to the 
latent heat of vaporization, viz. 


Pl(v x — V 2 ) 


El 


T 


d Pi 

dT 


In the above case p = 
and therefore, 

Px(.V ! — v 2 ) 


760 mm.. T = 373, 


dp 

3t 


27-12 mm., 


760 


373 x 27-12 


0-075. 


This shows that the external work forms only a small part of 
the value of the latent heat of vaporization. 
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§ 177. Equation (111) also leads to a method of calculating 
the absolute temperature T, when the latent heat of vapor¬ 
ization, L, as well as the pressure and the density of the 
saturated vapour and the liquid, have been determined by 
experiment in terms of any scale of temperature t (§ 160). 
We have 

1 _ Tfr, - ■£., 



and therefore T may be determined as a function of t. It 
* is obvious that any equation between measurable quantities, 
deduced from the second law, may be utilized for a deter¬ 
mination of the absolute temperature. The question as to 
which of those methods deserves, preference is to be decided 
by the degree of accuracy to be obtained in the actual 
measurements. 


§ 178. A sim ple approximation formula, which in many 
cases gives good, though in some, only fair results, may be 
obtained by neglecting in the equation (111) the specific 
volume of the liquid^ v 29 in comparison with that of the 
vapour, v l3 and assuming for the vapour the characteristic 
equation of a perfect gas. Then, by (14), 

R X 

v ± — — . —, 

1 m Pi 


where R is the absolute gas constant, and m the molecular 
weight of the vapour. Equation (111) then becomes 


R T 2 d Pl 


m pi 

For water at 100° C. we have R 
T = 373; pi = 760 mm.; - 

latent heat of vaporization is 

_ 1-986 X 373 2 x 27-12 
_ .... ~ 18 x 76Q 


( 112 ) 


d r - * • ■ 

= 1-985; m = H a O = 18; 

= 27-12 mm. Hence the 


547-5 


cal. 

grrh 
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This value is somewhat large (§ 175). The cause of this lies 
in the fact that the volume of saturated water vapour at 100° 
is in reality smaller than that calculated from the characteristic 
equation of a perfect gas of molecular weight 18. But, for 
this very reason, accurate measurement of the heat of vapor¬ 
ization may serve as a means of estimating from the second 
law the amount by, which the density of a vapour deviates 
from the ideal value. 

Another kind of approximation formula, valid within the 
same limits, is found by substituting in (109) the value of 
the specific energy u x = c®T + const., which, by (39), holds 
for perfect gases. We may put the specific energy of the 
liquid u 2 = T + const., if we assume its specific heat, to 
be constant, and neglect the external work. It then follows 
from (109) that 



Ca)T + const. + 


RT 

m 


R T 2 &p x 
m'p x * <ZT' 


jm 

If we multiply both sides by this equation may be 

integrated, term by term, and we finally obtain with the 
help of (33) 


Pi 




where a and b are positive constants; c p and c 2 the specific 
heats of the vapour and the liquid, at constant pressure. This 
equation gives a relation between the pressure of a saturated 
vapour and its temperature. 

H. Hertz has calculated the constants for mercury.* It 
must, however, be noted that at low temperatures the assump¬ 
tion that C 2 is constant is no longer correct (see §§ 284 and 
288). 

§ 179. Equation (111) is applicable to the processes of 
fusion and sublimation in the same manner as to that of 
evaporation. In the first case L denotes the latent heat of 

* Wied. Ann. d. Phys., 17, p. 193, 1882. 
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fusion of the substance, if the subscript 1 correspond to the 
liquid state and 2 to the solid state, and p x the melting 
pressure, i.e. the pressure under which the solid and the 
liquid substance may be in contact and in equilibrium. The 
melting pressure, therefore, just as the pressure of evapora¬ 
tion, depends on the temperature only. Conversely, a change 
of pressure produces a change in the melting point: 

■f?. = ... . (113) 

dp x Li 

For ice at 0° C. and under atmospheric pressure, we have 

L = 80 x 4*19 x 10 7 (heat of fusion of 1 gr. of ice in c.g.s. 

units); 

T = 273; 

v x = 1-000 (vol. of 1 gr. of water at 0° C. in c.c.); 
v 2 = 1*091 (vol. of 1 gr. of ice at 0 d 0. in c.c.). 


To obtain in atmospheres we must multiply by 1,013,250 : 


dT 
&P i 


273 X 0-091 x 1013250 
80 x 4-19 X id 7 


0-0075. (114) 


On increasing the external pressure by 1 atmosphere, the 
melting point of ice will, therefore, be lowered by 0-0075° C.; 
or, to lower the melting point of ice by 1° C., the pressure 
must be increased by about 130 atmospheres. This was first 
verified by the measurements of W. Thomson (Lord Kelvin). 
Equation (113) shows that, conversely, the melting point of 
substances, which expand on melting, is raised by an increase 
of pressure. This has been qualitatively and quantitatively 
verified by experiment. 

§ 180. By means of the equations (101) still further 
important properties of substances in different states may 
be shown to depend on one another. From these, along 
with (110), we obtain 


L 

T 


4>X - ^ 2 - 
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Differentiating this with respect to T, we have 

1 dL L , (d<f >!\ dpi _ _ (d<f > a \ dp 2 

T • cfT T* — \ dT 'p \ dp J T dT \0T/ P \dp /?dT 

or by (84a) and (846) 

(°?)i _ ( dv i') d Pi _ fo»)» j_ ( dv A d P* 

T Vat'VdT T ■” \9T /pcZT" 


Since, from (111)* 

dpi == d‘P* = ... L _ 

St St t(^i — v 2 y 

we obtain, finally* 



This equation again leads to a test of the second law, since all 
the quantities in. it may be measured independently of one 
another. 


§ 181. We shall again take as example saturated watey 
vapour at 100° C. under atmospheric pressure, and calculate 
its specific heat at constant pressure. We have the following 
data: 

(c P ) 2 = 1-01 (spec, heat of liquid water at 100° C.); 

L = 539,cal./grm. at 100° C. 

T = 373; 


Further * 


dL _ 
ST “ 


— 0*64 (the decrease of the heat of vapor- 


v 


1 



ization with rise of temperature) 

1674 (the volume of 1 gr. of saturated water 
vapour at 100° C.) 

4*813 (the isobaric coefficient of expansion of 
’water vapour). 


* O. Knoblauch, R. Linde and H. IClebe, “ Mitteilungen ilber Forscliungs- 
arbeiten herausgegeben vom Verein Deutscher Ingenicure,” Heft 21, 
^Berlin, 1905. Harvey K. Davis, JProc. of the American Academy nf Arts 
and Science, Vol. 45, jj. 205, 1010. F. Henning, Zcilschr. f. Phi/sik.. 2, 
p. 197, 3 920. 
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The corresponding values for liquid water aTe : 

v 2 = 10 c.c. per gr. 

(aT ? )„ = 0 ' 001 - 

These values substituted in (115) give 


(Cp) 2 

0-54 


— 0-54, 

1-01 — 0-54 


(c P ) x — 

(Cp) ± = {cp) 2 — 0-54 = 1-01 — 0-54 = 0-47 cal./grm. per 1° 0. 

in agreement with direct measurement. 

§ 182. The relation (115) may be simplified, but is in¬ 
accurate, if we neglect the volume v 2 of the liquid in com¬ 
parison with v l9 that of the vapour, and apply to the vapour 
the characteristic equation of a perfect gas. 

RT 


Then 


v 


(&ni 


) 


R 


\3T/ p 

and equation (115) becomes, simply, 

_dL 

~ ~dT‘ 


( c p)i ( c p)s 


In our example, 

ifip). i ( c j») 2 === 0-64 

(c P ) 1 = 1-01 — 0-64 = 0-37 cal./grm. per 1° C. 
a value considerably too small. 

t 

§ 183. We shall now apply the relation (115) to the 
melting of ice at 0° C. and under atmospheric pressure. 
The subscript 1 now refers to the liquid state, and 2 to the 
solid state. The relation between the latent heat of fusion 
of ice and the temperature has probably never been measured. 
It may, however, be calculated from (115), which gives 

dL_ /x , . , \~( dv A — ( dv z 

dT “ ( * ,)a + T — vSXdT/p V0T 

in which 
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1 (spec, heat of water at 0° C.); 

(X*50 (spec, heat of ice at 0° C.); 

80; T = 273 ; v x = 1; v 2 = 1*09; 

— 0*00006 (thermal coeff. of expansion of water at 

* 

0° C.); 

0-00011 (thermal coeff. of expansion of ice at 0° C.). 


Hence, by the above equation. 


dL _ 
dT~~ 


0 - 66 , 


i.e. if the melting point of ice be lowered 1° C. by an appro¬ 
priate increase of the external pressure, its heat of fusion 
decreases by 0-66 cal./grm. 

*■ 

§ 184. It has been repeatedly mentioned in the early 
chapters, that, besides the specific heat at constant pressure, 
or constant volume, any number of specific heats may be 
defined according to the conditions under which the heating 
takes place. Equation (23) of the first law holds in each case : 



In the case of saturated vapours special interest attaches to 
the process of heating, which keeps them permanently in a 
state of saturation. Denoting by s ± the specific heat of the 
vapour corresponding to this process (Clausius called it the 
specific heat of ee the saturated vapour ”), we have 



(116) 


No ofE-hand statement can be made with regard to the value 
of $ 2 ; even its sign must in the meantime remain uncertain. 
Eor, if during a rise of temperature of 1° the vapour is to 
remain just saturated, it must evidently be compressed while 
being heated, since the specific volume of the saturated vapour 
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decreases as the temperature rises. This compression, how¬ 
ever, generates heat, and the question is, whether the latter 
is so considerable that it must be in part withdrawn by con¬ 
duction, so as not to superheat the vapour. Two cases may, 
therefore, arise : (1) The heat of compression may be con¬ 
siderable, and the withdrawal of heat is necessary to maintain 
saturation at the higher temperature, i.e. s x is negative. 
(2) The heat of compression may be too slight to prevent the 
compressed vapour, without the addition of heat, from becom¬ 
ing supersaturated. Then, s x has a positive value. Between 
the two there is a limiting case (s x = 0), where the heat of 
compression is exactly sufficient to maintain saturation. In 
this case the curve of the saturated vapour coincides with that 
of adiabatic compression. Watt assumed this to be the case 
for steam. 

It is now easy to calculate s x from the above formulae. 
Calling s 2 the corresponding specific heat of the liquid, we 
have 

= S? + .... (117) 


During heating, the liquid is kept constantly under the 
pressure of its saturated vapour. Since the external pressure, 
unless it amounts to many atmospheres, has no appreciable 
influence on the state of a liquid, the value of s 2 practically 
coincides with that of the specific heat at constant pressure, 

s 2 = ( c P ) 2 .(118) 


Subtracting (117) from (116), we get 


s 


1 






But (110), differentiated with respect to T, gives 


dL 

dT 


d{u x —u 2 ) d(v 1 — Vo) . 

dT +Pl dT - h 


i’a) jr’ 


dL 

dT 


(v x — v 2 ) 


dp t 
dT’ 
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or, by (118) and (111), 

"1“ 


dL 

dT 


Jj' 

T* 


For saturated water vapour at 100°, we have, as above, 

{Cp) z = 1-01; = — 0-64; L = 539; T = 373; 

whence 

** = l-oi ~ 0-64 — 1-44 = — 1*07. 

Water vapour at 100° C. represents the first of the cases 
described above, i.e. saturated water vapour at 100° is super¬ 
heated by adiabatic compression. Conversely, saturated 
water vapour at 100° becomes supersaturated by adiabatic 
expansion. The influence of the heat of compression (or 
expansion) is greater than the influence of the increase (or 
decrease) of the density. . Some other vapours behave in the 
opposite way. 

§ 185. It may happen that, for a given value of T, the 
values of v 1 and v 2 , which are fully determined by the equation 
(101), become equal. Then the two states which are in 
contact with one another are identical. Such a value of T is 
called a critical temperature of the substance. From a purely 
mathematical point of view, every substance must be sup¬ 
posed to have a critical temperature for each of the three 
combinations, solid-liquid, liquid-gas, gas-solid. This critical 
temperature, however, will not always be real. The critical 
temperature T and the critical volume v ± = v 2i fully deter¬ 
mine the critical state. We may calculate it from the 
equations (101) by finding the condition that v t — v 2 should 
vanish. If we first assume v 1 — v 2 to be very small, Taylor's 
theorem then gives for any volume v, lying between v 1 
and v 2 , 

V = P, + (^){v-v i) + i(^)yv-v^. . (119) 

and therefore the first equation (101) becomes 

** + ~ «*> + *(gS) 2 (Vl ~ = p » 
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and equation (102), by the integration of (119) with respect 
to v y gives 

— *’2) 4 - ^2 ) 2 + ( v i— «s ) 8 = Pd v i— v s)- 

The last two equations give, as the conditions of the critical 
state, 

= 0, and 
2 

These conditions agree with those found in § 30. They are 
there geometrically illustrated by the curve of the critical 
isotherm. In the critical state the compressibility is infinite; 
so are also the thermal coefficient of expansion and the 
specific heat at constant pressure; the heat of vaporization 
is zero. 

At all temperatures other than the critical one, the values 
of v x and are different. On one side of the critical isotherm 
they have real, on the other imaginary values. In this latter 
case our solution of the problem of equilibrium no longer 
admits of a physical interpretation. 

§ 186. Third Solution. —In the third place, we shall 
assume that in the conditions of equilibrium (98) 

v i = 1 = v 2 = 1 = v 3 . 

We have then, without further simplification. 

Pi 

<f>i 2 

<f>2 <f> 3 

These refer to a state in which the three states of aggrega¬ 
tion are simultaneously present. There are four equations, 
and these assign definite values to the four unknowns T, 
v 2> The coexistence of the three states of aggregation in 
equilibrium is, therefore, possible only at a definite tem¬ 
perature, and with definite densities; therefore, also, at a 


= P2 = 

= Pz 



_ u t - 

~ « a 

+ Pl( V l ~ 

- *’ 2 )i 



T 



- «3 

+ PiK - 

- 3 ) 



T 



> * 


( 120 ) 
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definite pressure. We shall call this temperature the funda¬ 
mental temperature , and the corresponding pressure the 
fundamented pressure of the substance. According to equa¬ 
tions (120), the fundamental temperature is characterized by 
the condition that at it the pressure of the saturated vapour 
is equal to the pressure of fusion. It necessarily follows, by 
addition of the last two equations, that this pressure is also 
equal to the pressure of sublimation. 

After the fundamental temperature and pressure have 
been found* the external conditions of § 166— 


Mi + M a + M a = 

= M-| 


+ MgVg + MgVg = 

= v r 

- - (121) 

= 

= TJ) 



uniquely determine the ma sses of the three portions of the 
substance. The solution., however, can be interpreted 
physically only if M x , M a , and M 3 are positive. 

§ 187. Let us determine, e.g. s the fundamental state of 
water. 0° C. is not its fundamental temperature, for at 0° 0. 
the mflTirmim vapour pressure of water is 4*58 mm., but the 
melting pressure of ice is 760 mm. Now, the latter decreases 
with rise of temperature, while the maximum vapour pres¬ 
sure increases. A coincidence of the two is, therefore, to 
be expected at a temperature somewhat higher than 0° 0. 
According to equation (114), the melting point of ice rises 
by 0*0075° C. approximately, when the pressure is lowered 
from 760 mm. to 4*58 mm. The fundamental temperature 
of water is, then, approximately, 0*0075° C. At this tem¬ 
perature the maximum vapour pressure of water nearly 
coincides with the melting pressure of ice, and, therefore, 
also with the maximum vapour pressure of ice. The specific 
volumes of water in the three states are, therefore, 

v x = 206,000; v 2 = 1; v a = 1*09 c.c. 

At all temperatures other than the fundamental temperature, 
the pressures of vaporization, of fusion, and of sublimation 
differ from one another. 
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§ 188. We return once more to the intrinsic conditions 
of equilibrium (101) which hold for each of the three com¬ 
binations of two states of aggregation. The pressure p l9 
and the specific volumes of the two portions of the substance, 
in each case depend only on the temperature* and are deter¬ 
mined by (101). It is necessary, however, to distinguish 
whether the saturated vapour is in contact with the liquid 
or the solid, since in these two cases the functions which 
express the pressure and specific volume in terms of the 
temperature are quite different. The state of the saturated 
vapour is determined only when there is given, besides the 
temperature, the state of aggregation with which it is in 
contact, whether it is in contact with the liquid or solid. 
The same applies to the other two states of aggregation. If 
we henceforth use the suffixes 1, 2, 3, in this order, to refer to 
the gaseous, liquid, and solid states, we shall be obliged to 
use two of them when we refer to a portion of the substance 
in a state of saturation. The first of these will refer to the 
state of the portion considered, the second to that of the 
portion with which it is in contact. Both the symbols v 12 
and t> 13 thus denote the specific volume of the saturated 
vapour, v 12 in contact with the liquid, and v ls in contact with 
the solid. Similarly and v 21 , u 31 and v 92 , represent the 
specific volumes of the liquid and of the solid in a state of 
saturation. Bach of these six quantities is a definite function 
of the temperature alone. The corresponding pressures are 

Of'vaporization. Of fusion. Of sublimation. 

Pia “ Pal Pa a “ Pa a Pax — Pia 

These are also functions of the temperature alone. Only 
at the fundamental temperature do two of these pressures 
become equal, and therefore equal to the third. 

If we represent the relation between these three pressures 
and the temperature by three curves, the temperatures as 
abscissae and the pressures as ordinates, these curves wilj 
meet in one point, the fu?idamental point , also called the 
triple point. It is easy to calculate at what angle the curves 

M 
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intersect at the critical point. The inclination of the curves 
to the abscissa is given by the differential coefficients 


d'Pia. . ^si 

dT’ dT \ dT' 


We have, therefore, according to equations (111), 


dpxa _ 

_ Lia 


dT “ 

' T(v t - 

«*)’ 

dpaa _ 

_ 


dT ~ 

T(«g — 

v a Y 

dpax _ 

_ L S1 


dT ~ 

•TK — 

®i)’ 


where v refers to the fundamental state, and, therefore, 
requires only one suffix. We can thus find the direction of 
each curve at the fundamental point if. we know the heat of 
vaporization, of fusion, and of sublimation. 

Let us compare, for example, the curve of the vaporization 
pressure, p 12 , of water, with its curve of sublimation pressure, 
p 13 , near the fundamental point, 0-0075 0 C. We have, in 
absolute units. 


* 

L ia = 600 x 4*19 X 10 7 (heat of vaporization of water 

at 0-0075° C.); 

L ia = — L S1 = (80 600) X 4-19 x 10 7 (heat of sub¬ 

limation of ice at 0-0075° 0.); 

= 206000; v 2 = 1-00; v a = 1-09 (§ 187 ); T = 273. 


Hence 


dPxi _ 

dT — 

dpai _ 
dT ~ 


600 x 4-19 X 10 7 X 760 _ 
273 X 206000 X 1013250 ~ 
680 x 4-19 X 10 7 X 760 _ 
273 X 206000 x 1013250 — 


0-335, 

0-380, 


in millimeters of mercury. The curve of the sublimation 
pressure p l3 is steeper at the fundamental point than the 
curve of the vaporization pressure p 12 . For temperatures 
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above the fundamental one, therefore, p 13 > p 12 ; for those 
below it, p 12 > p x3 . Their difference is 

dPi a _ <%>i a _ d (Pia — Pvt) _ 0 . n4R 

dT dT ~ dT ~ ' ~ U O - 

I 1 

If, therefore, the maximum vapour pressure of water be 
measured above the fundamental point, and of ice below it, 
the curve of pressure will show an abrupt bend at the funda¬ 
mental point. This change of direction is measured by the 
discontinuity of the differential coefficient. At — 1° C., 
(dT — — 1), we have, approximately. 

Pis — P 12 = — 0-04; 

i.e. at — 1° C. the maxirmim vapour pressure of ice is about 
004: mm. less than that of water. This has been verified by 
experiment.* The existence of a sharp bend in the curve, 
however, can only be inferred from theory. 

§ 189. We have hitherto extended our investigation only 
to the different admissible solutions of the equations which 
express the intrinsic conditions of equilibrium, and have 
deduced from them the properties of the states of equilibrium 
to which they lead. We shall now consider the relative merit 
of these solutions, i.e. which of them represents the state of 
greatest stability. For this purpose we resume our original 
statement of the problem (§ 165), which is briefly as follows : 

Given the total mass M, the total volume V, and the total 
energy U, it is required to find the state of most stable equi¬ 
librium, i.e . the state in which the total entropy of the system 
is an absolute maximum. Instead of V and U, however, it is 

y 

often more convenient to introduce v = the mean specific 

U 

volume of the system, and u — the mean specific energy 
of the system. 

We have found that the conditions of equilibrium admit, 

* “ Warmetabellen von L. Holborn, JC. School, and F. Henning,” 
Braunschweig (Vieweg u. Sohn), 1919, p. 61. 
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in general, of three kinds of solution, according as the system 
is split into 1, 2, or 3 states of aggregation. When we come 
to consider which of these three solutions deserves the prefer¬ 
ence in a given case, we must remember that the second and 
third can be interpreted physically only if the values of the 
masses, as given by the equations (103) and (121), are positive. 



Fict. 4. 


This restricts the region of validity of these two solutions. 
We shall first establish this region of validity, and then prove 
that within its region the third solution is always preferable 
to the other two, and, similarly, the second is preferable to 
the first. . 

A geometrical representation may facilitate a general 
survey of the problem. We shall take the mean specific 


volume, v 


M 


, and the mean specific energy, u 


M 


, of the 


system as the - rectangular coordinate axes. The value 
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of M is here immaterial. Each point of this plane will, 
then, represent definite values of u and v. Our problem 
is, therefore, to find the kind of stable equilibrium which 
will correspbnd to any given point in this plane. 


§ 190. Let us consider the region of validity of the third 
solution. The values of the masses given by the equations 
(121) are 



111 


111 


111 


111 

M, : M a : M 3 : M= 

v v 2 v 3 

9 

a 

V v 3 v x 

• 

• 

V v x v 2 

m 

m 

V 1 V 2 V 3 


u u 2 u s 


uu 3 u x 


u u x u 2 


Wj 


(121a) 


where v x , t? 2 , v 3f u Xi u 2> u 3 > refer, as hereafter, to the special 
values which these quantities assume in the fundamental state. 

It is obvious from this that the values of M x , Mg, M s can 
be simultaneously positive only when the point (v, u) lies 
within the triangle formed by the points (v x , u x ) (v 2 , u 2 ) and 
(v 3 , w 3 )i The area of this triangle then represents the region 
of validity of the third solution. This triangle may be called 
the fundamental triangle of the substance. In Fig. 4 this 
triangle is represented by (123). The diagram is based on 
a substance for which, as for water. 


v x > v 3 Z> v 2 and u x > u 2 > u B . 


§ 191. We shall now consider the region of validity of 
the second solution contained in equations (101) and (103). 
These equations furnish three sets of values for the three 
possible combinations, and no preference can be given to 
any one of these. If we consider first the combination of 
liquid and vapour, the equations referred to become, under 
our present notation, 

T u = T al 'l 


Pl.2 = P21 

JL JL _ M 18 ~ 

- «21 

5 ^ 12(^12 — 

. } . (122) 
- ®ai) 

9l2 - 921 - 


T ia 

J 

^12 + ^21 * 

= M 


} 

■M-i2‘ y i2 + = 

= V = 

= M.v 

[ - (123) 

M 12 4 a 12 + M 21 w 2 i - 

= U = 

= Mm 

J 
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In order to determine the area within which the point (v, u) 
must lie so that and may both be positive, we shall 
find the limits of that area, i.e. the curves represented by the 
conditions M la = 0, and M ai = 0. The introduction of the 
latter (no liquid mass) gives M la = M and 

1 v = Via, u = u x a .... (124) 

Since v 12 and u 12 are functions of a single variable, the con¬ 
ditions (124) restrict the point (v, u) to a curve, one of the 
limits of the region of validity. The curve passes through the 
vertex 1 of the fundamental triangle, because, at the funda¬ 


mental temperature, v™ = v lf and u 1Q 
path of the curve it is necessary to 

coefficient We have 


— u v 
find 


To follow the 
the differential 


dv 


12 


du 


12 


dv 


12 


©„ + © 


dT 


12 


12^12 


The partial differential coefficients here refer to the inde¬ 
pendent variables T and v. It follows from (80) and (24) that 


du 


12 


dv 


T 


12 


© 


12 


3*12 + (M12 


dT 


12 


dv 


12 


By means of this equation the path of the curve (124) may be 
experimentally plotted by taking T la , or v 12t or some other 
appropriate quantity as independent parameter. 

Similarly, the condition M 12 =' 0 (no vapour) gives another 
boundary of the region of validity, viz. the curve. 


v 


v, 


'21 > W == U %1> 

which passes through the vertex 2 of the fundamental triangle, 
and satisfies the differential equation 


du 


21 


dv, 




Pl2 + (°») 21 


dT 


12 


dv. 


'21 ai W?V21 

since T al = T M and p 21 — p ia . 

The two limiting curves, however, are merely branches 
of one curve, since they pass into one another at the critical 
point (v 12 = ^ 21 ) without forming an angle or cusp at that 
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point, as a further discussion of the values of ^12 and 3 —— 

dV- iq dv 2X 


12 


according to § 185, shows. We may, therefore, include the two 
branches under the name of the valorization curve . Every 
point (u ia , u 12 ) of one branch has a corresponding point (v% l9 u 2x ) 
on the other, since these two represent the same temperature 
T 12 = T 21 , and the same pressure p x2 = p 21 . This coordina¬ 
tion of points on the two branches is given by the equations 
( 122 ), and has been indicated on our diagram (Big. 4) by 
drawing some dotted lines joining corresponding points. 
In this sense the vertices 1 and 2 of the fundamental triangle 
are corresponding points, and the critical point is self- 
corresponding. 

This vaporization curve bounds the region of validity of 
that part of the second solution which refers to liquid in con¬ 
tact with its vapour. Equation (123) makes it obvious that 
the region of validity lies within the concave side of the curve. 
The curve has not been produced beyond the vertices 1 and 2 
of the fundamental triangle, because we shall see later, that 
the side 12 of that triangle bounds the area within which this 
solution gives stable equilibrium. There may be foupd, quite 
analogous to the vaporization curve, also a fusion curve the 
two branches of which are represented by 


V ^23> ^ ^23* 

and v — ^ 32 i> n === ^ 32 * 

and a sublimation curve represented by 

. V = t? 31 , U = 

and v = v 13 , u — u ls . 

The former passes through the vertices 2 and 3, the latter 
through 3 and 1 , of the fundamental triangle. The region 
of validity of the three parts of the second solution have been 
marked ( 12 ), (23), and (31), respectively, in Fig. 4. The 
relations which have been specially deduced for the area 
(12) apply to (23) and (31) as well, only with a corresponding 
interchange of the suffixes. Some pairs of corresponding 
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points liave again been j oined by dotted lines. On the fusion 
curve a critical point has also been marked. 

§ 192. Having thus fixed the region of validity for the 
second solution, we find that for all points (v, u) outside this 
region only the first solution admits of physical interpretation. 
It follows that for such points the first solution represents 
the stable equilibrium. The areas where such is the case 
have been marked (1), (2), and (3) in our figure, to signify 
the gaseous, liquid, and solid states respectively. If there 
exists a critical point for two states of aggregation, then there 
is no sharp boundary between them, 

§ 193. We have now to consider the following question : 
Which of the different states of equilibrium, that may 
correspond to given values M, v 9 u (or to a given point of 
the figure), gives to the system the greatest value of the 
entropy? Since -each of the three solutions discussed leads 
to a definite state of the system, we have for each given 
system (M, v, u) as many values of the entropy as there are 
solutions applying to it. Denoting these by <E>, <E>', and <E>", we 
get for the first solution 

.(125) 

for the second : 

<£' = M«£' = M 12 <£ 12 + Mju&i . . ( 126 ) 

or some other combination of two states of aggregation j 
for the third: 

<J> # = — M-f- M 2 <£ 2 + M a ^ a . . (127) 

All these quantities are fully determined by the given values 
of M, v, and u. Now, we can show that for any system 
(M, v, u) we have <&" Z> <£>' > <E>, or <j>* > <f>' > <f> t provided all 
the partial masses are positive. It is more convenient to 
deal with the mean specific entropies than with the entropies 
themselves, because the former, being functions of v and 
u alone, are quite independent of M. 

As a geometrical representation, we may imagine, on the 
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plane of our figure (Fig. 4), perpendiculars erected at each 
point (v, u), proportional in length to the values of <f>, <f>\ 
and V respectively, at that point. The upper ends of these 
perpendiculars will generate the three surfaces of entronv 
<f>, <f>\ and 4>\ 

§ 194. W e shall show that cj> f — <j> is always positive, i.e. 

that the surface of entropy, <f >' 3 lies everywhere above* the 
surface <f>. 

.While the value of <f> may be taken directly from (61), 
which contains the definition of the entropy for homogeneous 
substances, may be found from (126), (122), and (123), in 
terms of v and u. The surface <f>' forms three sheets .corre¬ 
sponding to the three combinations of two. states of aggre¬ 
gation. We shall in the following refer to the combination 
of vapour and liquid. 

With regard to the relative position of the surfaces cf> and 
<f> * it is obvious that they have one curve in common, the 
projection of which is the vaporization curve. At any point 
on the vaporization curve we have v — u — w 12 , and for 
the first entropy surface, = <f> 12 ; for the second we have, 
from (123), 

M 21 = 0, Mia = M . . . . (128) 

and, from (126), 

4> r = ^12* 

In fact, for all points of the vaporization curve, both solu¬ 
tions coincide. The curve of intersection of the surfaces <f> 
and ft is represented by 

V = «X2, tt = Wjj, <f> - 1 

■ 

where v, u, and <j> are the three rectangular coordinates of a 
point in space, u 12 , <f> 12 depend on a single variable 

parameter, for example the temperature, T 12 = T 21 . This 
curve passes through the point (v lt u X9 <j> i), which has the 
vertex 1 for its projection. A second branch of the same 
curve is given by the equations 

= V 2 i, 'll -— Wgjj <f> —— 
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and these branches meet in a point whose projection is the 
critical point. Each point of one branch has a corresponding 
point on the other, since both correspond to the same tem¬ 
perature, T la = T al , and the same pressure, p ia = j» al . 
Thus, (v l9 u l9 <f>i) and (v 2 , $ 2 ) are corresponding points. 

It is further obvious that the surface c/>' is a ruled surface 
and is developable. The‘first may be shown by considering 
any point with the coordinates 

* -x+1T ’ u — ' x + y. x + (x ’ 

where X and ja are arbitrary positive quantities. By giving 
X and {x all positive values, we obtain all points of the straight 
line joining the corresponding points (u 12 , u i 2 > ^ 12 ) an< ^ 
X v 2 ±> u 2 i> 4 > 21 ) • But this line lies on the surface </>', since all the 
above values of (v 9 u, <f>) satisfy the equations (123) and (126) 
if we put M 12 = X and M 21 = (x. The surface <f >', then, is 
formed of the lines joining the corresponding points on the 
curve in which the surfaces (f>' and <f> meet. One of these is 
the line joining the points (v l9 u l9 <f>i) and (v 2 , u 2i ^ 2 )> 
projection of which is the side 12 of the fundamental triangle. 
At the critical point, the line shrinks to a point, and here 
the surface <j> r ends. The other two sheets of the surface are 
quite similar. One begins at the line joining (t> 2 , w 2 , <f> 2 ) an d 
* (u 3 , u a , <f > 3 ), the other at the line joining (v s , u 3 , <f> 3 ) and (v l9 u tt ^ x ). 

The developability of the surface <j>' may best be inferred 
from the following equation of a plane : 

— ^ 12 ) + (« — w 12 ) — T 12 (<£ — <£ ia ) = 0, 

where v 9 u 9 <f> are variable coordinates,, while p 12t v 12 , w 12 , T 12 , 
4 > 1Z , depend, by (122), on one parameter, e.g. T 13 . This plane 
contains the point (v 12 , u 129 <f> 12 ), and by the equations (122) 
the point (v 21 , u 2JL , ^ 21 ), which are corresponding points, and 
hence also the line joining them. But it also, by (61), contains 

the neighbouring corresponding points 

1 • 

( V 12 + ^12* W 12 + d‘ u 12> 4*12 4" ^ 12 ) 

* 

0^21 + ^*21* ^21 ^^21* 4 21 4" 2l) 


and 
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lienee also the line joining them. Therefore, two consecutive 
generating lines are coplanar, which is the condition of 
developability of a surface. 

In order to deter min e the value of </>' — <f> } we shall find 
the change which this difference undergoes on passing from a 
point (t>, u) to a neighbouring one (v -f- Sv, u + Sm). During 
this passage we shall keep M — M ia + M 21 constant. This 
does not affect the generality of the result, since <f> and <f >' 
are functions of v and u only. From (126) we have 

-J— hl-21^^21 “f” “1“ 

and, by (61), 

T * 

But, by (123), 

SMjx + 3M 21 =0 • \ 

M 12 3v 12 + M 21 Sv 21 + t> 12 SM 12 + v 21 8M 21 = M Sv J- (129) 

* 

Whence, by (122), 

PizSv .(130) 

112 

and 8(^' — <f>) = (m — nr>) 5w (t^ ~' t)^ V " ( 131 ) 

12 12 

If we now examine the surfaces c/> and 4>' in the neigh- 
, bourhood of their curve of contact, it is evident from the 
last equation ■ that they touch one another along the whole 
of this curve. For, at any point of the vaporization curve, 
we have v = v X2 and u = u X2 ; therefore also 

T = T ia , and p — p 12 . . . (132) 

and hence, for the entire curve, 8(<f>' — <f>) = 0. 

To find the kind of contact between the two surfaces, we 
form S 2 (^' — <j>) from (131), and apply it to the same points 
of the curve of contact. In general, * 

, Sp Pia 5T 12_iJ^ TN l 

+ 5^ Ti2 - T — Tj2 2 + T 2; 

- t) + - t)- 


a^'-<£)=s w (^_g^) 
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According to (132) we have, at tlie points of contact of the 
surfaces, 

T 2g2(^_ <£) = Sw(ST — ST 12 ) + Sa(TSp 12 — TSp—pST 12 +p$T), 
or by (61) 

TS 2 (<£' — <f>) = (ST — ST 12 )S<£ + (Sp 12 — Bp)Bv . . (133) 

All these variations may be expressed in terms of ST and Bv , 
by putting ■ 

S^ = JST + ||8« (by 81), 

s * - ot 8T +I s *'- 

«i> u - 

12 

We have now to, express ST 12 in terms of ST and Bv. Equa¬ 
tions (129), simplified by (128), give 



(134) 


( 135 ) 


that, by (80), 
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and that 


also that 


we obtain 



. (136) 


Equation (133), with all variations expressed in terms of ST 
and finally becomes 




This expression is essentially positive, since Cv is positive from 
its physical meaning, and is negative for any state of 


limiting 


since then, 


S*U' 


Bv 

<f>) 


In this case the variation (ST, Sv) obviously takes place along 
the curve of contact (T 12 , t> 12 ) of the surfaces, and it is evident 
that then <£' = <f>. 

It follows that the surface </>', in the vicinity of all points 
of contact with <f>, rises above the latter throughout, or that 
<j> — <j> is everywhere >■ 0. This proves that the second 
solution of the conditions of equilibrium, within its region 
of validity, i.e. in the areas (12), (23), and (31), always repre- 
'sents the stable equilibrium. 

§ 195. Similarly, it may be shown that the third solution, 
within its region of validity, is preferable to the second one. 
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The quantities v and u being given, the value of the mean 
specific entropy, corresponding to this solution is uniquely 
determined by the equations (127) and ( 121 ). The quantities 
v l9 v 2) v 3i u x , u 2 , u Zi and therefore also tf> l9 <f> 2) <f> Bt have definite 
numerical values, given by equations ( 120 ). 

In the first place, it is obvious that the surface cf>" is the 
plane triangle formed by the points (v X9 u l9 (v 2 , u 2 , <f> 2 ), 
and (^ 3 , u 3 , (f> 3 ), the projection of which on the plane of the 
figure is the fundamental triangle, since any point with the 
coordinates 

,+ + ^3 

X + (A + V 9 

U = 

X —J— (X —|— V 9 

, Jj = x 0i + + V( f>a 

™ -X + jx -f- v 9 


(X, jx, v may have any positive values) satisfies the equations 
(121) and (127). To show this, we need only put = X, 
m 2 = ix, M 3 = v. This plane meets the three sheets of the 
developable surface </>' in the three lines joining the points 
(v X9 u l9 <f> x ) 9 (v 2f u 2) <£ 2 )> (v 3 , u 3i <f> 3 ). In fact, by making v = 0 , 
i.e. 9 by ( 121 ), M 3 = 0 , the third solution coincides with the 
second; for, then 


Mjl - Mj2 \ M; 


M, 


v , 


2i; 

V 2ll 


^ 12 ; 

T • 

a 12 » 


i — w i2>\ 

fcc. / 


u 
etc 


(137) 


If we also put {x = 0 , then we have Mg =0, v x ~ v 9 

u x = u 9 which means the coincidence of all three surfaces, 
<f>" 9 <f>' 9 and <f >. 

In order to find thesign of <j >*— tj> r 9 we again find 8{<f >"— 0') 
in terms of Bu and 8v. [Equation (127) gives 


M Stfi" — + ^g^-^2 ~h 


where, by ( 121 ), 

8M X -f- 5M 2 + $M 3 = 0 

tqSMj + VgSMg + v 3 SM s = MSv 
-j— i/g^Mg w 3 8 M s = M 8 m. 


(138) 
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Multiplying the last of these by the second by 4~, and 

J-i 1 

adding to (138), we obtain, with the help of (120), 



8u -f- 8v 

T x 


This, in combination with (130), gives 

8(<f>" - <}>') = + (*» - . (139) 


if the surface <f> r is represented by the sheet (12). This 
equation shows that the surface <j>" is a tangent to the sheet 
(12) along the line joining (v l9 u Xt <j> x ) and (v 2i w 2 > ^ 2 ), for all 
points of this line have T x = T 12 , p x = p X2 , so that 8(<f>" — <f>') 
vanishes. Thus, we find that the plane <f>" is a tangent plane 
to the three sheets of the surface </> f . The curves of contact 
are the three straight lines which form the sides of the plane 
triangle <j>". We have, from (139), for any point of contact 

- 4 ') = T^ ia - 


since T x and p x are absolute constants; or 


_ (t ^ 12 qi 

6U \ \lT ie Pl 

Now, by the elimination of SM 12 and 8M 21 , it follows, from 
(129), that 

_M 12 3w 12 + M 21 5z/ 2l — MSm 

t?l 2 v 2x . W 12 ^21 

or, by (135) and (134), 



T^S 2 ^" — <f>') = 
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expression 


du 


1 • 

replacing w - 


and by tbeir values (136), we obtain 


W - 4 >') 


MT 




12 



• ) 


• + M,,(w„-T 1 (|) ■(£$)}■ 


This quantity is essentially positive, since M iz, Mju, as well 

as c*, axe always positive, and always negative for states 

of ■ equikbrium. There is a limiting case, when 5T 12 = 0, 
^.e. for a variation along the line of contact of the surfaces 
^ and as is obvious. It follows that the plane area <f>* 
rises everywhere above the surface <f>, and that <f>* — <j>' jr 
never negative. This proves that the third solution within 
its region of validity (the fundamental triangle of the sub¬ 
stance) represents stable equilibriuin. 

a " 

§ "We axe now in a position to answer generally the 

question proposed in § 166 regarding the stability of the 
equilibrium. 

The total mass M, the volume V, and th e energy U of 
a system being given, its corresponding state of stable 
equilibrium is determined by the position of the point 

® =s= ^ === in the plane of Kg. 4. 

If this point lie within one of the regions (1), (2), or (3), 
the system behaves as a homogeneous gas, liquid, or solid. 
If it lie within (12), (23), or (31), the system splits into two 
different states of aggregation, indicated by the numbers 
used in the notation of the region. In thi« case, the common 
temperature and the ratio of the two heterogeneous por¬ 
tions are completely determined. According to the equation 
(123), the point (u, w) lies on the.straight line joining two 
corresponding points of the limiting curve. If a straight 
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line be drawn through, the given point (v, u), cutting the 
.two branches of that curve in corresponding points, these 
points give the properties of the two states of aggregation 
into which the system splits. They have, of. course, the 
same temperature and pressure. The proportion of the 
two masses, according to the equation (123), is given by 
the ratio in which the point (v, u) divides the line joining 
the corresponding points. 

If, finally, the point {v, u) lie within the region of the 
fundamental triangle (123), stable equilibrium is charac¬ 
terized by .a division of the system into a solid, a liquid, 
and a gaseous portion at the fundamental temperature and 
pressure. The masses of these three portions may then be 
determined by the equations (121a). It will be seen that 
their ratio is that of the three triangles, which the point 
(v t u) makes with the three sides of the fundamental triangle. 

The conditions of stable equilibrium of any substance 
can thus be found, provided its fundamental triangle, its 
vaporization, fusion, and sublimation curves have been 
drawn once for all. To obtain a better view of the different 
relations, isothermal and isobaric curves may be added to 
the figure. These curves coincide in the regions (12), (23), 
(31), and form the straight lines joining corresponding points 
on the limiting curves. On the other hand, the area (123) 
represents one singular isothermal and isobar (the triple 
point). In this way we may find that ice cannot exist in 
stable equilibrium at a higher temperature than the funda¬ 
mental temperature (0-0075° C.), no matter how the pressure 
may be reduced. Liquid water, on the other hand, may, 
under suitable pressure, be brought to any temperature without 
freezing or evaporating. 

A question which may also be answered directly is the 
following. Through what stages will a body pass if subjected 
to a series of definite external changes ? ITor instance, the 
behaviour of a body of mass M, when cooled or heated at con- 

y 

stant volume V, may be known by observing the line v — ,,, 








CHAPTER III. 

SYSTEM OB ANY NUMBER OF INDEPENDENT 

CONSTITUENTS . 

§ 197. We proceed to investigate quite generally the 
equilibrium of a system made up of distinct portions in contact 
with, one another. The system, contrary to that treated of in 
the, preceding chapter, may consist of any number of inde¬ 
pendent constituents. Following Gibbs, we shall call each 
one of these portions, inasmuch as it may be considered 
physically homogeneous (§ 67), a phase.* Thus, a quantity 
of water partly gaseous, partly liquid, and partly solid, forms 
a system of three phases. The number of phases as well as 
the states of aggregation is quite arbitrary, although we at 
once recognize the fact that a system in equilibrium may 
consist of any number of solid and liquid phases, but only one 
single gaseous phase, for two different gases in contact are 
never in equilibrium with one another. 

§ 198. A system is characterized by the number of its 
independent constituents, frequently termed components , in ad¬ 
dition to the number of its phases. The main properties of the 
state of equilibrium depend upon these. We define the number 
of independent constituents as follows. First find the 
number of chemical elements contained in the system, and 
from these discard, as dependent constituents, all those whose 
quantity is determined in each phase by the remaining ones; 
The number of the remaining elements will be the number of 
independent constituents of the system.')' It is immaterial 

* Concerning the application of the idea of the phase to both enantio- 
morphic forma of optically active substances, see the detailed research, by 
A. Byk, Zeits.f. phys. Chemie , 45, 466, 1903. 

t This definition of independent constituents of a system satisfies all 
oases, which deal with true equilibrium, t.e. with one which equation (76) 
satisfies for all thinkable changes. 
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which of the constituents we regard as independent and which 
as dependent, since we are here concerned with the number, 
and not with the kind, of the independent constituents. The 
question as to the number of the independent constituents has 
nothing at all to do with the chemical constitution of the 
substances in the different phases, in particular, with the 
number of different kinds of molecules. 

Thus, a quantity" of water in any" number of states forms 
but one independent constituent, however many associations 
and dissociations of H a 0 molecules may occur (it may be a 
mixture of hydrogen and oxygen or ions), for the mass of 
the oxygen in each phase is completely determined by that of 
the hydrogen, and vice versd . As soon as one takes account 
of the fact that water vapour is at each temperature partly 
dissociated into hydrogen and oxygen, and that oxygen is 
more strongly absorbed by the liquid water than is hydrogen, 
then one obtains, in spite of the fact that only complete H 2 0 
molecules are used to build up the system, different proportions 
by weight of the elements hydrogen and oxygen in both 
phases of the system, water and water vapour. There is 
accordingly not one but two independent constituents in the 
system. This, of course, is also true if either hydrogen or 
oxygen is present in excess. 

An aqueous solution of sulphuric acid forms a system of 
three chemical elements, S, H, and O, but contains only two 
independent constituents, for, in each phase (e.g. liquid, 
vapour, solid), the mass of O depends on that of S and H, 
while the masses of § and H are not in each phase inter¬ 
dependent. Whether the molecule H 2 S0 4 dissociates in any 
way, or whether hydrates are formed or not, does not change 
the number of independent constituents of the system. 

§ 199. We denote the number of independent constituents 
of a system by a. By our definition of this number we see, at 
once, that each phase of a given system in equilibrium is 
determined by the masses of each one of its a constituents, 
the temperature T, and the pressure p. For the sake of 
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uniformity, we assume that each of the oc independent con¬ 
stituents actually occurs in each phase of the system in a 
certain quantity, which, in special cases, inay become infini tely 
small. The selection of the temperature and the pressure 
as independent variables, produces a change in the form of 
the equations of the last chapter, where the temperature and 
the specific volume were considered as the independent 
variables. The substitution of the pressure for the volume 
is more convenient here, because the pressure is the same for 
all phases in free contact, and it can in most cases be more 
readily measured. 


§ 200. We shall now consider the thermodynamical 
equilibrium of a system, in which the total masses of the oc 
independent constituents M x , M 2 , . . . M a are given. Of the 
different forms of the condition of equilibrium it is best to use 
that expressed by equation (79). 

0 .(HI) 

which holds, if T and p remain constant, for any change 
compatible with the given conditions. The function SP is 
given in terms of the entropy <£, the energy U, and the 
•volume V, by the equation 




TJ+pV 

T 


§ 201. Now, let p be the number of phases in the system, 
then <3>, U, and V, and therefore also ‘Sl r , are sums of 3 terms, 
each of which refers^ to a single phase, i.e. to a physically 
homogeneous body : 

'F = + W + . - . + W . . . (142) 

where the different phases are distinguished from one another 
by dashes. For the first phase, 

w = & — u ' . . . (143) 


<£>', U', V' and W are completely determined by T, p, and 
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the masses M x ', M 2 ', . .. . M c / of the independent constituents 
in the phases. As to how they depend on the masses, all 
we can at present say is, that, if all the masses were increased 
in the same proportion (say doubled), each of these functions 
would be increased in the same proportion. Since the nature 
of the phase remains unchanged, the entropy, the energy, and 
the volume change in the same proportion as the mass; hence, 
also, the function M*'. In other words M*' is a homogeneous 
function of the masses M x ', M 2 ', . . . M tt ' of. the first degree 
but not necessarily linear.* 

To express this analytically let us increase all the masses 
in the same ratio L + e : 1, where s is very small. All changes 
are then small; and for the corresponding change of M*' we 
obtain 


AM*' 


0-q/' 0opr' 

gjjj-AMj' + gjj-/ AMa' + . 
dW - 3M V 

+ Sfc eMa ' + • 


• * 


But, by supposition, AM*' = e'M'', 

m 

and, therefore. 




_ m ' 1 
aMg' 2 ^ ’ 



(144) 


Various forms may be given to this Eulerian equation by 

further differentiation. The differential coefficients ™ 

0M X ' 9 

dM / 

. . evidently depend on the constitution of the phase, and 

not on its total mass, since a change of mass changes both 
numerator and denominator in the same proportion. 


§ 202. By (142), the condition of equilibrium becomes 

4 

+ 0^" + . . . '0 =0 . . (145) 


or, since the temperature and pressure remain constant, 

* ^ ,BS (M/“ -f- M*' 8 + ■ • • + Ma /a .)* is an example of a non-linear 
homogeneous function of the first degree. 
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aH7 SMl ' + aM7 5Ma ' + ■ 

asp* 

++sp™.' * ■ 

+.. 

I 3^ tTLT 8 > S'PP - . 

+ aa? SMi + sm/ sm ^ + • 


3q>' 

4 - C L±_5M ' 

^ aM a ,0i¥la 
‘ + SmT 78 * 1 *' 


3>Ir/3 

* + §m? sm “ / ’ ~ 0 


(146) 


II the variation of tlie masses were quite arbitrary, then the 
equation could only be satisfied, if all the coefficients of the 
variations were equal to 0. According to § 200, however, the 
following conditions exist between them, 


M x = M x ' + M/ + . . . + M x * 
M* = M,' + M 2 " + . . . + M a * 

= M/ + M>+ . . . + M/ 


(147) 


and, therefore, for any possible change of the system. 


0 = SM a ' + 0M a " 4- . . . + 3M a M 
0 = SM 2 ' + SM a " + . . . + BMLf | 

0 = SM.J + SM a " + . . . + SM/J 


(148) 


For the expression (146) to vanish, the necessary and sufficient 
condition is. 



0¥' 

asr 



SMj' - 

“ 0M a " — * * • - 

“ 0M/ 

■ 

0^' 

0^* 

0^ 


aM a ,_ 

~ 0Ma" — • ■ • - 

“ 3M/ 

> • • (149) 




« 

dW 

dNLfl) 


There are for each independent constituent ((3 — 1) equa¬ 
tions which must be satisfied, and therefore for all the a 
independent constituents a((3 — 1) conditions. Each of these 
equations refers to the transition from one phase into another, 
and asserts that this particular transition does not take 
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place in nature. This condition depends, as it must, on the 
internal constitution of the phase, and not oh its total mass. 

Since the equations in a single row with regard to a par* 
tipular constituent may be arranged in any order, it follows 
that, if a phase be in equilibrium, as regards a given con¬ 
stituent with two others, these two other phases are in equili¬ 
brium with one another with regard to that constituent (they 
coexist). This shows that, since any system in equilibrium 
can have only one gaseous phase, two coexisting phases, e.g. 
two liquids which form two layers, must emit the same vapour. 
For, since each phase is in equilibrium with the other, and also 
with its own vapour with respect to all constituents, it must 
also coexist with the vapour of the second phase. The co¬ 
existence of solid and liquid phases may, therefore, be settled 
by comparing their vapours. 

§ 203. It is now easy to see how the state of equilibrium 
of the system is determined, in general, by the given external 
conditions (147), and the conditions of equilibrium (149). 
There are a of the former and a(0 — 1) of the latter, a total 
of a{3 equations. On the other hand, the state of the 0 phases 
depends on (a0 + 2) variables, viz. on the a0 masses. 
M x ', . . . Mg, the temperature T, and the pressure p. After 
all conditions have been satisfied, two variables still remain 
undetermined. In general, the temperature and the pressure 
may be arbitrarily chosen, but in special cases, as will be shown 
presently, these are no longer arbitrary, and in such cases two 
other variables, as the total energy and the total volume of the 
system, are undetermined. By disposing of the values of the 
arbitrary variables we completely determine the state of the 
equilibrium. 

§ 204. The a0 + 2 variables, which control the state of 
the system, may be separated into those which merely govern 
the composition of the phases (internal variables), and those 
which determine only the total masses of the phases (external 
variables). The number of the former is (a — 1)0 -{- 2, for 
in each of the 0 phases there are a — 1 ratios between its a 
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independent constituents, to which, must be added temperature 
and'pressure. The number of the external variables is p, viz. 
the total masses of all the phases. Altogether : 

4 

(a — 1)(3 2 —(J = oc(3 —j— 2. 

We found that the ot((3 — 1) equations (149) contain only 
internal variables, and, therefore, after these have been 
satisfied, there remain 

[(«'- 1)P + 2] - [«(p ~1)]= a — p + 2 

of the internal variables, undetermined. This number 
cannot be negative, for otherwise the number of the internal 
variables of the system would not be sufficient for the solution 
of the equations (149). It, therefore, follows that 

J3 ^ oc —J~ 2. 

The number of the phases, therefore, cannot exceed the 
number of the independent constituents by more than two; 
or, a system of a independent constituents will contain at 
most (a + 2) phases. In the limiting case, where p = a + 2, 
the number of the internal variables are just sufficient to 
satisfy the internal conditions of equilibrium (149). Their 
values in the state of equilibrium are completely determined 
quite independently of the given external conditions. De¬ 
creasing the number of phases by one increases the number of 
the indeterminate internal variables by one. 

This proposition, first propounded by Gibbs and universally 
known as the 'phase rule , has been amply verified, especially 
by the experiments of Bakhuis Roozeboom.* 

§ 205. We shall consider, first, the limiting case : 

fJ = a. + 2 

(Non-variant systems). Since all the internal variables are 
completely determined, they form an (a + 2 )-ple point. 

Change of the external conditions, as heating, compression, 

* 

* See the book, “ Die heterogenen Gleichgewichte vom Standpunkte 
der Phasenlehre,” by Bakhuis Roozeboom, Braunschweig, Vieweg & Bohn, 
1904 . 
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further additions of the substances, alter the total masses of 
the phases, but not their internal nature, including temperature 
and pressure,. This holds until the mas$ of some one phase 
becomes zero, and therewith completely vanishes from the 
system. 

If a = 1, then (3 = 3. A single constituent may split 
into three phases at most, forming a triple point. An example 
of this is a substance existing in the three states of aggregation, 
all in contact with one another. For water it was shown in 
§ 187, that at the triple point the temperature is 0*0075° C., 
and the pressure 4*58 mm. of mercury. The thrCe phases heed 
not, however, be different states of aggregation. Sulphur, 
for instance, forms several modifications in the solid state. 
Each modification constitutes a separate phase, and the pro- . 
position holds that two modifications of a substance can 
coexist with a third phase of the same substance, for example, 
its vapour, only at a definite temperature and pressure. 

A quadruple point is obtained when a = 2. Thus, the 
two independent constituents, S0 2 (sulphur dioxide) and 
HgO, form the four coexisting phases : SO a ,7H a O (solid) SO a 
dissolved in H a O (liquid), SO a (liquid), S0 2 (gaseous), at a 
temperature of 12*1° 0. and a pressure of 1773 mm. of mer¬ 
cury. The question as to the formation of hydrates by S0 2 
in aqueous solution doeB not influence the application of the 
phase rule (see § 198). Another example is an aqueous 
solution of sodium chloride in contact with solid salt, ice and 
water vapour. 

Three independent constituents (a = 3) lead to a quin¬ 
tuple point. Thus Na 2 S0 4 , MgSO t , and H a O give the double 
salt Na 2 Mg(S 04 ) a 4 H 2 0 (astrakanite), the crystals of the two 
simple salts, aqueous solution, and water vapour, at a tem¬ 
perature of 21*5° 0. and a pressure of about 10 mm. of 
mercury. 

l 

§ 206. We shall now take the case 

p = a + 1, 

that is, a independent constituents form a + 1 phases (Uni- 
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variant systems). The composition of all the .phases is then 
completely determined by a single variable, e.g. the tem¬ 
perature or the pressure. This case is generally called perfect 
heterogeneous equilibrium. 

If a = 1, then p = 2 : one independent constituent in 
two phases, e.g. a liquid and its vapour. The pressure and 
the density of the liquid and of the vapour depend on the 
temperature alone, as was pointed out in the last chapter. 
Evaporation involving chemical decomposition also belongs 
to this class, since the Bystem contains only one independent 
constituent. The evaporation 'of solid NH 4 C1 is a case in 
point. Unless there be present an excess of hydrochloric 
add or ammonia gas, there will be for each temperature a 
quite definite dissociation pressure. 

If a = 2, then p = 3, for instance when the solution, of a 
salt is in contact with its vapour and with the solid salt, or 
when two liquids that cannot be mixed in all proportions 
(ether and water) are in contact with their common vapour. 
Vapour pressure, density and concentration in each phase, 
are here functions of the temperature alone. 

§ 207. We often take the pressure instead of the tem¬ 
perature as the variable which controls the phases in perfect 
heterogeneous equilibrium; namely, in systems which do not 
possess a gaseous phase, so-called condensed systems. Upon 
these the influence of the pressure is so slight that, under 
ordinary circumstances, it may be considered as given, and 
equal to that of the atmosphere. The phase rule, therefore, 
gives rise to the following proposition : A condensed system of 
cl independent constituents forms a + 1 phases at most, and is 
then completely determined, temperature included . The melting 
point of a substance, and the point of transition from one 
allotropic modification to another, are examples of a — 1, 
p = 2. The point at which the cryohydrate (ice and solid 
salt) separates out from the solution of a salt, and also the 
point at which two liquid layers in contact begin to precipitate 
a solid (e.g. AsBr 3 , and H a O) are examples of a = 2, p — 3. 
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We have an example of a == 3 ,& = 4 when a solution of two 
salts, capable of forming a double salt, is in contact with the 
solid simple salts, and also with the double salt. 

§ 308. If 

P = a, 

then a independent constituents form a phases (Divariant 
systems). The internal nature of all the phases depends 
on two variables, e.g. on temperature and pressure. Any 
homogeneous substance furnishes an example of a = 1. A 
liquid solution of a salt in contact with its vapour is an 
example of a = 2. The temperature and the pressure deter¬ 
mine the concentration in the vapour as well as in the liquid. 
The concentration of the liquid and either the temperature 
or the pressure are frequently chosen as the independent 
variables. In the first case, we say that a solution of given 
concentration and given temperature emits a vapour of 
definite composition and definite pressure; and in the second 
case, that a solution of given concentration and given pressure 
lias a definite boiling point, and at this temperature a vapour 
of definite composition may be distilled off. 

Corresponding regularities hold when the second phase is 
not gaseous but solid or liquid, as in the case of two liquids 
which do not mix in all proportions. The internal nature of the 
two phases, in our example the concentrations in the two 
layers of the liquids, depends on two variables—pressure and 
temperature. If, under special circumstances, the concen¬ 
trations become equal, a phenomenon is obtained which is 
quite analogous to that pf the critical point of a homogenous 
substance (critical solution temperature of two liquids). 

§ 209. Let us now consider briefly the case 

£ = oc'—- 1, 

where the number of phases is one less than the number of 
the independent constituents, and the internal nature of all 
phases depends on a third arbitrary variable, besides tem¬ 
perature and pressure. Thus, a = 3, p — 2 for an aqueous 
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solution of two is omorplious substances (potassium chlorate 
and thallium chlorate) in contact with a mixed crystal. The 
concentration of the solution under atmospheric pressure and 
at a given temperature will vary according to the composition 
of the mixed crystal. We cannot, therefore, speak of a satur- 
ated solution of the two substances of definite composition. 
However, should a second solid phase—for instance, a mixed 
crystal of different composition—separate out, the internal 
nature of the system will be determined by temperature and 
pressure alone. The experimental investigation of the 
equilibrium of such systems may enable us to decide whether 
a precipitate from a solution of two salts form one phase— 
for example, a mixed crystal of changing concentration— 
or whether the two substances are to be considered as two 
distinct phases in contact. If, at a given temperature and 
pressure, the concentration of the liquid in contact were quite 
definite, it would represent the former case, and, if not, the 
latter. 

§ 210. If the expressions for the functions M*', S Y" 9 . . . 
for eacl^L phase were known, the equations (149) would give 
every detail regarding the state of the equilibrium. This, 
however, is by no means the case, for, regarding the relations 
between these functions and the masses of the constituents 
in the individual phases, all we can, in general, assert is that 
they are homogeneous functions of the first degree (§ 201). 
We can, however, tell, as we have seen in § 152a, equation 
(796), how they depend upon temperature and pressure, since 
their differential coefficients with respect to T and p can be 
given. This point leads to far-reaching conclusions concerning 
, the variation of the equilibrium with temperature and pressure. 

If the problem is to express the characteristic function ‘4 r , 
with the help of physical measurements, as a function of all 
the independent variables, it is best to start from equation (75), 
which gives the relation between M*, the entropy <3? and Gibbs' 
heat function H = U + pY (§ 100) : 

H 
T“ 


¥ = <f> 


. (150) 


THERMOD YNAMICS . 


190 

H in this equation, as well as can be determined by beat 

measurements. If C^p denote^ tbe beat capacity at constant 
pressure, then by (26) : 

/0CT\ * 

Cp== \w) P • • • • ( ieo °) 

Also by (84a) : 

Cv = ^(gjr) .... (1606) 

In place of (160) we may write 

! 

■V = J^dT — ^fCpdT . . . (160c) 

Both, integrations are to be performed under constant 
pressure. Tbe finding of tbe characteristic function and 
therewith all thermodynamical properties of the system 
considered, is here based upon the measurement of the heat 
capacity. Op, of the system for all values of T and p. The 
additive constant of integration has still to be considered. 
This could depend on p 3 and, besides, on the chemical com¬ 
position of the system. The dependance on p is given by 
the first equation of (796) by a measurement of the volume V. 
The dependance on the .chemical composition can be concluded 

the measurement of such processes as are accompanied 
by chemical changes of state. 

Finally, there remains in the expression for still an 

additive term of the form a -f- which is quite arbitrary 
(§ 152). T 

§ 211. These relations may be used to determine how the 
equilibrium depends on the temperature and pressure. For 
this purpose we shall distinguish between two different kinds 
of infinitely small changes. The notation 8 will refer, as 
'hitherto, to a change of the masses. M/, M*', . . . Mf, con¬ 
sistent with the given external conditions, and, therefore, 
consistent with the equations (148), temperature and pressure 
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being kept constant, i.e. ST = 0 and &p « 0. The state, to 
which this variation leads, need not be one of equilibrium, 
and the equations (149) need not, therefore, apply to it. The 
notation d, on the other hand, will refer to a change from 
one state of equilibrium to another, only slightly different 
from it. All external conditions, including temperature and 
pressure, may be changed in any arbitrary manner. 

The problem is now to find the conditions of equilibrium 
of this second' state, and to compare them with those of the 
original state. Since the condition of equilibrium of the 
first state is 

= 0, 

the condition for the second state is 

Sf'F + dV) = 0, 

hence SdV = 0 . . . . (151) 

But 

j«> 3^, , ^ d'V' _ r , , dV' , . 

— 0T dT "*" dp dp "*■ + • • • 


* 

where > denotes the summation over all the p phases of 


the system, while the summation over the a constituents of 
a single phase is written out at length. This becomes, by 
(796), 



U + pV 
T* 


dT 


V JLiS'*'' i 

-+- 5aM7 ,<ZMl + 


0^' 

rZM/ -4- 

0M O ' 2 

■S 


The condition of equilibrium (151) therefore becomes 


gL+gSYdr 

rjT2 




3M l ' 

0 VJ/' 

+ ^ 4s? + 


0 (152) 


All variations of dT, dp, dM^, dM 2 ', . . . disappear because 
ST = 0 and 8p = 0, and because in the sum 
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QXD' 3 * 1 /' 

an-*® 1 ' + m?** + ■ • • 

9qy" 0*1/" 

+®*“.-+irw+• • ■ 


» ”T~ ............ 

^ 9NP/ 8 

+.|£W + • • • 

each vertical column vanishes. Taking the first column for 
example, we have, by (149), 

9^' _ 9^" __ _ 9^ 

0M/ 9M/ 7 9Mp’ 

and also, by (148), 

—J“ ... —{— 

= c^SM/ + SM/+ . . . + 9M^)=0. 

*r 

Furthermore, since, by the first law, SU + jpSV represents 
Q, the heat absorbed by the system during the virtual change, 
the equation (152) may also be written 

t * 


Q 

j 

Tl 


dT 


qt > “1“ ^£SH> / "4“ • • • 


9M* 


9M. 


0.(153) 


This equation shows how the equilibrium depends on the 
temperature, and the pressure, and on the masses of the 
independent constituents of the system. It shows, in the 
first place, that the influence of the temperature depends 
essentially on the heat of reaction which accompanies a virtual 
change of state.- If this be zero, the first term vanishes, and a 
change of temperature does not disturb the equilibrium. If 
Q change sign, the influence of the temperature is also reversed. 
It is quite similar with regard to the influence of the pressure, 
which, in its turn, depends essentially on the change of volume, 
SV, produced by a virtual isothermal and isobaric change of 
state. 

§ 212. We shall now apply the equation (153) to several 
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special cases; first, to those of perfect heterogeneous equili- 
brium, which are characterized (§ 206) by the relation 


P =5 a + 1. 


The internal nature of all the phases, including the pressure, 
is determined by the temperature alone. An isothermal, 
infinitely slow compression, therefore, changes only the total 
masses of the phases, but does not change either the com¬ 
position or the pressure. We shall choose a change of this 
kind, as the virtual change of state. In this special case it 
leads to a new state of equilibrium. The internal nature of 
all the phases, as well as the temperature and pressure, 
remain constant, and therefore the variations of the functions 


0\p' 

0M 7 ’ 9H ~* * " ' are e< l ua l zero, since these quantities 

depend only on the nature of the phases. The equation (153) 
therefore becomes 



dp _ Q 

dT ~ TSV 


(154) 


This means that the heat of reaction in a variation that leaves 
the composition of aU phases unchanged, divided by the 
change of volume of the system and by the absolute tempe¬ 
rature, gives the rate of change of the equilibrium pressure 
with the temperature. Where application of heat increases 
the volume, aa in the ease of evaporation, the equilibrium 
pressure increases with temperature; in the opposite case, 
as in the melting of ice, it decreases with increase of 
temperature. 


§ 213* In the case of one independent constituent (a = 1, 
and (3 = 2), equation (154) leads immediately to the laws 
discussed at length in the preceding chapter; namely, those 
concerning the heat of. vaporization, of fusion, and of subli¬ 
mation. If, for instance, the liquid form the first phase, the 
vapour the second phase,, and L denote the heat of vaporiza¬ 
tion per unit mass, we have 

Q = L8M" 

BV = ( v * — v')8W f 


o 
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where v' and v" are the specific volumes of liquid and vapour, 
and SM' the mass of vapour formed during the isothermal 
and isobaric change of state. Hence, by (154), 

l - T S<”" - 


which is identical with the equation (111). 

This, of course, applies to chemical changes as well, 
whenever the system under consideration contains one con¬ 
stituent in two distinct phases; for example, to the vapori¬ 
zation of ammonium chloride (first investigated with regard 
to this law by Horstmann), which decomposes into hydro¬ 
chloric acid and ammonia; or to the vaporization of 
ammonium carbamate, which decomposes into ammonia and 
carbon dioxide. Here L of our last equation denotes the heat 
of dissociation, and p the dissociation pressure, which depends 
only on the temperature. 

§ 214. We shall also consider the perfect heterogeneous 
equilibrium of two independent constituents (a = 2, (3 = 3); 
for example, water (suffix 1) and a salt (suffix 2) in three phases; 
the first, an aqueous solution (M/ the mass of the water, 
M 2 7 that of the salt); the Becond, water vapour (mass M 2 "); 
the third, solid salt (mass M 2 " 7 ). For a virtual change, 
therefore, 

SM 2 ' + SM/ = 0, and BM 2 ' + BM 2 "' = 0. 


According to the phase rule, the concentration of the solution 

(jp — as well as the vapour pressure (p), is a function 

of the temperature alone. By (154), the heat absorbed 
(T, p, c remaining constant) is 


i 



(155) 


Let the virtual change consist in the evaporation of a small 
quantity of water, 

BM X " = — £H/. 
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Then, since the concentration also remains constant, the 
quantity of salt 

3M/' = — £M 2 ' = — ch M/ = 

is precipitated from the solution. All variations of mass have 
here been expressed in terms of SM,'. 

The total volume of the system 

V = v'(M; + M 2 ') + v*NL x * + 

where v', v" f and v'" are the specific volumes of -the phases, is 
increased by 

8Y = V(8M/ + 8M 2 ') + v'SM/' + v'"8M 2 '” 

SV = [( v* + cv"') — (1 -+- eX)®*/ . . . (156) 

If L be the quantity of heat that must be applied to 
evaporate unit mass of water from the solution, and to pre¬ 
cipitate the corresponding quantity of salt, under constant 
pressure, temperature, and concentration, then the equation 
(155), since 

Q = LSM/, 

becomes L = T^-j^t?" + cv f " — (1 + c)v '). 


A useful approximation is obtained by neglecting v' and 
the specific volumes of the liquid and solid, in com¬ 
parison with v", that of the vapour, and considering the latter 
as a perfect gas. By (14), 

v „ _ R T 
™ ' V 


(R = gas constant, m = the molecular weight of the vapour), 
and we obtain 



?T2 d lo 8P 
m * dT 


(157) 


§ 215. Conversely, L is at the same time the quantity of 
heat given out when unit mass of water vapour combines, at 
constant temperature and pressure, with the quantity of salt 
necessary to form a saturated solution. 
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This process may be accomplished directly, or in two steps, 
viz. by condensing unit mass of water vapour into pure water, 
and then dissolving the salt in the water. According to the 
first law of thermodynamics, since the initial and final states 
are the same in both cases, the sum of the heat given out and 
the work done is the same. 

In the first case the heat given out is L, the work done, 



and the sum of these, by the approximation used 


above, is 

.... (158) 


To calculate the same sum for the second case, we must 
in the first place note that the vapour pressure of a solution 
is different from the vapour pressure of pure water at the 
same temperature. It will, in fact, in no case be greater, but 
smaller, otherwise the vapour would be supersaturated. 

of pure water at the temperature 

T by p o, then p c p Q . 

We shall now bring, by isothermic compression, unit mass 
of water vapour from pressure p and specific volume v M 
to pressure p 0 and specific volume v 0 ", i.e. to a state of satu¬ 
ration. Work is thereby done on the substance, and heat is 
given out. The sum of both, which gives the decrease of the 
energy of the vapour, is zero, if we again assume that the 
vapour behaves as a perfect gas, i.e. that its energy remains 
constant at constant temperature. If we then condense the 
water vapour of volume v 0 " 3 at constant temperature T and 
constant pressure p Qf into pure water, the sum of the heat 
given out and work spent at this step is, by equation (112), 


Denoting the vapour pressure 


-T*. 

m 


d log Po 

dT 


2 W>o" • 


(169) 


No appreciable external effects accompany the further change 
of the liquid water from pressure p 0 to pressure p. 

If, finally, we dissolve salt sufficient for saturation in the 
newly formed unit of water, at constant temperature T and 
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constant pressure p, the-sum of the heat and work is simply 
the heat of solution 

X.(160) 

By the first law, the sum of (159) and (160) must he equal 
to (158), hence 


dlogp 0 „ . -Rma dlogp 

m l ST Po ° + ' m X • ST 

m 

or, if we apply Boyle’s law p 0 v Q " = pv" 9 


pv 


d ip g p 

^rrift Po 

in ST 


• ( 161 ) 


This formula, first established by Kirchhofi, gives the heat 
evolved when salt sufficient for saturation is dissolved in 
1 gr. of pure water. 

To express X in calories, !R must be divided by the 
mechanical equivalent of heat, J. By (34), -j = 1*985, and 
since m = 18, we have 

1 

s log 2. 

x = 0-11T* . —3*^9 cal. 


It is further worthy of notice that p, the vapour pressure 
of a saturated solution, is a function of the temperature 
alone, since c, the concentration of a saturated solution, 
changes in a definite manner with the temperature. 

The quantities neglected in this approximation may, if 
necessary, be put in without any difficulty. 

§ 216. We proceed now to the important case of two 
independent constituents in two phases (a — 2, — 2). 

We assume, for the present, that both constituents are con¬ 
tained in both phases in appreciable quantity, having the 
masses M/, M a ' in the first; Mj", M 2 ", in the second phase. 
The internal variables are the temperature, the pressure, 
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and the concentrations of the second constituent in both 


phases; 



• , * _ 

flrllCL C -- -j^ ff 


(162) 


* 1 ^ vvi 0 

According to the phase mile, two of the variables, T, jp, o , o , 
are arbitrary. The others are thereby determined. 

Equation (153) leads to the following law regarding the 
shift of the equilibrium corresponding to any change of the 
external conditions: 




SV, . „, /c .0¥' , ^,,*0^' --•8*' 


T *— +• + dNLx'Bggn, 

0<I" 


+ dML*S. 


Here, for the first phase, 

0¥' 0 a vp' 


8Ma 


gaqr/ 


0 . 


(163) 


*5®/ ~ aM/a®^' + 

,0^'_ 0^' , 0*'J" , 

’0M 2 ' ~ aMx'SMs,' 1 _h '0M a ' a 11 




(164) 


Certain simple relations hold between the derived functions 
of W with respect to M x ' and Mg'. Por, since, by (144), 



partial differentiation with respect to M 1 / and M 2 ' gives 


0 = 
0 = 


^,0^' , „, 0*^' 

1 aMi'* ^ ^ aM/aMjs" 

™, a**" , ^, a*¥' 

Ml aMTBMa 7 + M * SM7* 


If we put, for shortness, 


M/ 


0» \p' 


SM/aMg' 


v> 


(165) 


a quantity depending only on the nature of the first phase. 
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on T, p, and o', and not on the masses M/ and M 2 ' individually,* 
we have 


_ 3 * 5 ^_ y>' 

3M 1 '3M 2 > “ M x ' 

d a '*r' _ Mg' 

3M 1 ,a ~ M,*»' v 


_ y' 

3M7® ~ “ M7 


(166) 


Analogous equations hold for the second phase if we put 

v — M ! • aM^aMjT 


§ 217. With, respect to the quantities ip r and ip* all we 
can immediately fettle is their sign. According to § 147, "SP 
is a maximum in stable equilibrium if only processes at 
constant temperature and constant pressure be considered. 


(167) 


Hence 

8 a ^ <0 . . 

* • 

But 

+ ^r, 


whence 


S'P = 

9\ir' 3\T/-' 

aM 1 ,aMl/ + gM 2 '^ M 2 / + aM/ SMl + 

d'V* . 

and 

* 


S 2 qr = 

ImT'^' 2 + 2 3a73H7 SM ^ 8Ma ' + 

0M 2 /a 


32 \ir # 32 \p # d*\V" 


If we introduce the quantities yt’ and y>", then 


8 a qr 


M V^ 1 ' 
2 w \ M x ' 


M 


i'Y nr » »/’oM 1 
> ) - M a > ^ M i 


§Mo"\ 2 
M 


2 ' 


This relation shows that the inequality (167) is satisfied, 
and only then, if both ip' and ip* are positive. 

Qe,/ /MV\ 

* The general integral of is 'y'=M a 7^|£ 1 vJ.—T r, 
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§ 218. There are on the whole two kinds of changes 
possible, according as the first or the second constituent 
passes from the first to the second phase. We have, for the 
first, 

= — SMS; m 2 = SM/ = 0; . . (168) 


and for the second, 

SM/ = SMS = 0 ; ' 

We shall distinguish Q, the heat absorbed, and 8 V, the 
change of volume, in these two cases by the suffixes 1 and 2. 
In the first case, the law for the displacement of the equilibrium 
by (163), (164), (168), (166), and (162), reduces to 

SldT — -fdp — mswdc' — ip’dcT) = 0 

and, introducing for shortness the finite quantities 

Ll = SM/" Vl = sS/’ • • • (169) 

i.e. the ratios of the heat absorbed and of the change of 
volume to the mass of the first constituent, which passes from 
the first to the second phase, we have 


ij|cZT — ”±dp — yj'dc' + y n dc" = 0 . . (170) 

Similarly for the second constituent passing into the second 
phase, we get 


t 



^dp + y 


,dc f 



(171) 


These are the two relations, according to the phase rule, which 
connect the four differentials dT, dp, do r , de" in any displace¬ 
ment of the equilibrium. 


§ 219. To show the application of these laws, let us con¬ 
sider a mixture of two constituents {e.g, water and alcohol), 
in two phases, the first a liquid, the second a vapour. Ac- 
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cording to the phase rule, two of the four variables T, jp, c', c" 
are determined by the other two. 

If the liquid mixture, is evaporated, under constant 
pressure, infinitely slowly by the necessary addition of heat, 
then at each temperature the concentrations in both phases 
are completely determined. By the continuous application 
of heat and the consequent rise of temperature (dT > 0) the 
concentrations o' and c" change in the following way 


dc* _Iq o '*Iig dT 

c r c* — c" TV 

dc" _Ii A + c'L a dT 

c" ~~ o' — c" Thp" 


• ( 172 ) 

• (173) 


From this it follows immediately, that the concentrations c' 
and o" also change in the same sense. For not only \p* and \p w 
(§ 217), but also and L 2 , the heat of vaporisation of both 
components, are essentially positive. 

We shall now suppose that c" > o '. This in no way limits 
the generality, since we can always denote by the suffix 1 
that constituent (e.g. water), which is present in a higher per¬ 
centage in the single dashed phase (liquid) than in the double 
dashed phase (vapour). The suffix 2 then denotes that con¬ 
stituent (e.g. alcohol), which is present in a greater- per¬ 
centage in the double dashed phase than in the single dashed 
phase. This constituent is called the more volatile constituent. 
The last equations then tell us that with rise of temperature 
the concentration of the more volatile component diminishes 
simultaneously in both phases. Also, e.g.> by the con¬ 
tinuous distillation of a mixture of water and alcohol, the 
distillate as well as the residue, with rising temperature, 
becomes poorer in alcohol. This arises from the fact that the 
ratio of the quantity of alcohol to that of water evaporating 
at any moment is greater than o', but smaller than c". The 
first condition makes the liquid poorer in alcohol (dc* <C 0), the 
second makes the .vapour poorer in alcohol (do** < 0). 

On continuing this isobaric evaporation, two cases may 
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arise, according as the concentration c' } which lies between 
0 and e", finally coincides with 0 or with c'\ In tlie 
first case (o' = 0) the more volatile component has finally 
passed completely into the second phase, and the first 
phase contains the less volatile constituent to any degree 
of purity. This occurs with water and ethyl alcohol. In the 
second case, o' = c" at a definite temperature. As is to 
be seen from the last two equations, the boiling point 
does not alter with the concentration. Further evaporation 
takes place without rise of temperature and the mixture boils 
at constant temperature. The distillate and the residue 
continue to have the same percentage composition. A mixture 
of water and about 80% formic acid boils at constant tempera¬ 
ture. This percentage depends somewhat on the pressure. 

The boiling point T of a mixture with this particular 

proportion is a •maTrimum : _ . = 0. Each solution of formic 

■ 

acid in water, on distillation, approaches this mixture with 
rising temperature, whether we start with an acid content 
greater or smaller than 80%. In the first case, the acid 
content diminishes in both phases on continuous evaporation, 
in the second case it increases. According to (172) and (173), 
in the first case the acid is the more volatile constituent 
(c u > c') i.e. the vapour is richer in acid than the liquid. 
In the second case (acid content less than 80%), water is the 
more volatile constituent (o' > c"), i.e. the liquid is richer 
in acid than the vapour. With rising temperature both 
phases become richer in acid until finally the 80% content 
is reached. 


The equation 


dT __ 
dc' — 


0 is also satisfied, if the boiling point 


relative to the concentration is a minimum, as, for example, 
with a mixt ure of water and propyl alcohol. According to 
equation (172), o' = c", i.e. the mixture boils at constant 
temperature. This mixture is, however, unstable, since on 
changing the concentration by the smallest amount to one 
side or the other, continuous distillation increases the differ- 
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enoe of the concentrations of both, phases. Since then a rise 
of the boiling point accompanies the distillation, the boiling 
point moves away from its minimum value, and accordingly 
the concentrations from the composition of the constant boiling 
mixture. 


§ 219a. If, on the other hand, the evaporation of the 
liquid mixture takes place at constant temperature (dT = 0) 
by a gradual increase of the volume, then with decreasing 
pressure (dp < 0) the concentrations, according to (170) 
and (171), change in the following way : 

do' v x + c"v<> dp 

c' — c” — c' * Ty7 9 

dc* v x -f- c'« 2 dp 

““ ~C H — d * Tty"’ 

Here also both concentrations c' and c" change simultaneously 
in the same sense, since, besides yj' and ip", also and v 2 , 
the changes of volume of both constituents on evaporation 
are essentially positive. If, further, c" > o', according to 
the stipulation of the last paragraph, then on continuous 
evaporation with the consequent decrease of pressure both 
liquid and vapour become poorer in the more volatile con¬ 
stituent, until finally that constituent completely vanishes 
from the liquid phase (c' — 0) or the mixture reaches the 
composition (c' = c"). Further evaporation produces no 
change of pressure and no further change of concentration. 
These proportions correspond to those of evaporation under 
constant pressure. 


§ 219b. The equations (172) and (173), of course, hold 
also if the second phase is liquid or solid, e,g, for the freezing 
point of an alloy (e.g. bismuth and fead). It follows that the 
temperature of solidification of a liquid alloy rises, if the 
liquid alloy (the one dashed phase) is enriched by that con¬ 
stituent (2), which predominately precipitates. Since by 
, supposition c" > o', and since L x and L 2 are both negative, 


then 


<m 

dc' 


0. According to the same principle, the freezing 
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point of an aqueous salt solution rises when the solution is 
diluted, with water, if pur© ic© freezes out. In the limit when 
the temperature of solidification does not alter with the con¬ 


centration 




The alloy solidifies without 


change of concentration. This alloy is called, the eutectic 
alloy. 

§ 220. In the following applications we shall restrict 
ourselves to the case in which the second constituent occurs 
only in the first phase, 

c" = 0, 

and, therefore, also dc" = 0.(174) 


The first constituent which occurs along with the second 
in the first phase, and. pure in the second, will he called 
the solvent; the second, the dissolved substance . The equation 


(171) falls away, and from (170) there remains 

v 


L ^ 


T 


dp — yjdc — 0, 


(175) 


if we omit suffixes and dashes for simplicity. 

We Bhall take, first, a solution of a nonvolatile salt in 
contact with the vapour of the solvent, and investigate the 
equation (175) in three directions by keeping in turn the 
concentration c, the temperature T, and the pressure p constant. 


§ 221. Concentration Constant: dc= 0. —The relation 
between the vapour pressure and the temperature is, by 


(175), 



. (176) 


Here L may be called briefly the heat of vaporization of the 
solution. If, instead of regarding L as the ratio of two 
infinitely small quantities, we take it to be the heat of vaporiza¬ 
tion per unit mass of the solvent, then the mass of the solvent 
must be assumed so large that the concentration is not appre¬ 
ciably altered by the evaporation of unit mass, v may 
generally be put equal to the specific volume of the vapour. 
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Assuming, further, that the laws of Boyle and Gay Iiussac 
hold for the vapour, we get 


and, by (176), 


= R T 

m * p 



(177) 


On the other hand, L is also the quantity of heat given out 
when unit mass of the vapour of the solvent combines at 
constant temperature and pressure with a large quantity 
of a solution of concentration c. This process may be per¬ 
formed directly, or unit mass of the vapour may be first 
condensed to the pure solvent and then the solution diluted 
with it. If the initial and final states of the system are the 
same in both cases, then by the first law the sums of the heat 
evolved and the work spent are equal. The heat of dilution 
of a solution may be derived in this way. 

In the first case the sum of the heat given out and the 
work spent is 

l - v° =SKW.- 


In the second case, by the method used in § 215 we obtain, 
as the sum of the heat given out and the work spent during 
condensation and dilution, 



djogpa 

dT 


— P(Po + 



where Po is the pressure, v 0 the specifio volume of the vapour 
of the solvent in contact with the pure liquid solvent, A the 
heat of dilution of the solution, i.e. the heat given out on 
adding unit mass of the solvent to a large quantity of the 
solution of concentration c. Both the above expressions 
being equal according to the first law, we obtain, on applying 
Boyle’s law, 

R ( d log ^ 

A • • • < 178 > 
which is KirchhofE’s formula for the heat of dilution. 
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The quantities here neglected,, by considering the vapour 
a perfect gas, and its specific volume large in comparison 
with that of the liquid, may readily be taken into account 
when necessary. 

The similarity of the expressions for A, the heat of 
dilution, and for X, the heat of saturation (161), is only 
external, since in this case the solution may be of any con¬ 
centration, and therefore may be differentiated with respect 
to the temperature, c being kept constant, while in (161) 
the concentration of a saturated solution changes with 
temperature in a definite maimer. 

§ 222. Since A is small for small values of c (dilute solu¬ 
tions, § 97), then, according to (178), the ratio of the vapour 
pressure of a dilute solution of fixed concentration to the 
vapour pressure of the pure solvent is practically independent 
of the temperature (Babo’s law). 

§ 228. Temperature Constant : dT = 0.—The relation 
between the vapour pressure (p) and the concentration, (c) 
of the solution is, according to (175), 



Neglecting the specific volume of the liquid in comparison 
with that of the vapour, and considering the latter a perfect 
gas of molecular weight m 3 equation (177) gives 


or 



mp\p 

~BT’ 



E*" 


Since y> is always positive (§ 217), the vapour pressure must 
decrease with increasing concentration. This proposition 
furnishes a means of distinguishing between a solution 
and an emulsion. In an* emulsion the number of particles 
suspended in the solution has no influence on the vapour 
pressure. 
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So long as the quantity yj is undetermined, nothing further 
can be stated with regard to the general relation between the 
vapour pressure and the concentration. 

§ 224. As we have p == p 0 when 0 = 0 (pure solvent), p — p 0 
is small for small values of c. We may, therefore, put 


d V = p — Po = P — Po 

dc c — 6 c 


Hence, by (179), 

To — P = 





(180) 


and substituting for v, as in (177), the specific volume of 
the vapour, considered a perfect gas, we get 



This means that the relative decrease of the vapour pressure 
is proportional to the concentration of the solution (Wullner’s 
law). For further particulars, see § 270. 


§ 225. Pressure Constant : dp = 0.—Thg relation 
between the temperature (boiling point) and the concen¬ 
tration is, by (175), 



Since yj is positive, the boiling point rises with increasing 
concentration. By comparing this with the formula (179) 
for the decrease of the vapour pressure, we find that any 
solution gives 

(dT\ (dp\ ___ Tv 

\dcJj\dcJir L ’ 

i.e. for an infinitely small increase of the concentration the 
rise in the boiling point (at constant pressure) is to the decrease 
of the vapour pressure (at constant temperature) as the pro¬ 
duct of the absolute temperature and the specific volume 
of the vapour is to the heat of vaporization of the solution. 
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Remembering that this relation satisfies the identity 



we come immediately to the equation (176). 

§ 226. Let T 0 be the boiling point of the pure solvent 
(c = 0), then, for small values of c, the difference between 
T and T 0 will be small, and we may put 

0T T — T 0 T — T 0 
Be c — 0 c 9 

whereby the equation becomes 

T — T 0 = .. (183) 

This means that the elevation of the boiling point is proportional 
to the concentration of the solution. For further details, see 
§ 269. 

§ 227. Let the second phase consist of the pure solvent 
in the solid state instead of the gaseous state, as happens 
in the freezing of an aqueous salt solution or in the precipita¬ 
tion of salt from a saturated solution. In the latter case, 
in conformity with the stipulations of § 220, the salt will be 
regarded' as the first constituent (the solvent), and water 
as the second constituent (the dissolved substance). The 
equation (176) is then directly applicable, and may be dis¬ 
cussed in three different ways. We may ask how the freezing 
point or the saturation point of a solution of definite concen¬ 
tration changes with the pressure (dc = 0); or, how the pres¬ 
sure must be changed,' in order that a solution of changing 
concentration may freeze or become saturated at constant 
temperature (dT = 0); or, finally, how the* freezing point 
or the saturation point of a solution under given pressure 
changes with the concentration (dp =0). In the last and 
most important case, if we denote the freezing point or the 
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saturation point as a function of the concentration by T', 
to distinguish it from the boiling point, equation (175) gives 



1/ being the heat absorbed when unit mass of the solvent 
separates as a solid (ice, salt) from a large quantity of the 
solution of concentration c. This heat quantity is usually 
negative. It is called the heat of solidification of . the solution 
or the heat of precipitation of the salt. 

The heat of solidification (I/) of a salt solution is always 
negative, hence the freezing point is lowered by an increase 
of concentration c. On the other hand, if the heat of precipita- 
- tion (I/) of a salt from a solution be negative, the saturation 
point T' is lowered by an increase of the water content, c, 
of the solution, or rises with an increase of the concentration of 
the salt. If 1/ be positive, the saturation point is lowered 
by an increase of the concentration of the salt. Should we 
prefer to designate by o, not the amount of water, but the 
amount of*salt in a saturated solution, then, according to 
the definition of c in (162) and of y> in (165), we should have 

~ replacing c in (184) and cyj replacing yj, and therefore 



Here c and y) have the same meaning as in equation (184), 
which refers to the freezing point of a solution. 


§ 228. Let T 0 ' be the freezing point of the pure solvent 
(c = 0), then, for small values of c, T' will be nearly = T 0 ' 
and we may put 



Equation (184) then becomes 



p 


( 186 ) 







which means that the lowering of the freezing point is pro¬ 
portional to the concentration. (For further particulars 
see § 269.) 


§ 229. The positive quantity, ip, which occurs in all these 
formulae, has a definite value for a solution of given c, T, 
and p, and is independent of the nature of the second phase. 
Oux last equations, therefore, connect in a perfectly general 
way the laws regarding the lowering of the vapour pressure, 
the elevation of the boiling temperature, the depression of the 
freezing point, and the change of the saturation point. Only 
one of these phenomena need be experimentally investigated 
in order to calculate ip, and by means of the value thus deter¬ 
mined the others may be deduoed for the same solution. 

We shall now consider a further case for which ip is of 
fundamental importance, viz. the state of equilibrium which 
ensues when the pure liquid solvent forms the second phase, 
not in contact with a solution, for no equilibrium would 
thus be possible, but separated from it by a membrane, 
permeable to the solvent only. It is true that for no solution 
can perfectly semipenneable membranes of this character 
be manufactured. In fact, the further development of 
this theory (§ 259) will exclude them as a matter of prin- 
* ciple, for in every case the dissolved substance will also 
diffuse through the membrane, though possibly at an extremely 
slow rate. For the present it is sufficient that we may, 
without violating a law of thermodynamics, assume the velocity 
of diffusion of the dissolved substance as small as we please 
in comparison with that of the solvent. This assumption 
is justified by the faot that semipermeability may be very 
closely approximated in the cose of many substances. The 
error committed in putting the rate of diffusion of a salt 
through such a membrane equal to zero, fulls below all measur¬ 
able limits. An exactly similar error is made in assuming 
that a salt does not evaporate or freeze from ft solution, for, 
strictly speaking, this assumption is not admissible (§ 259). 

The condition of equilibrium of two phases separated by a 
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semipermeable membrane is contained in the general thermo¬ 
dynamical condition of equilibrium (145), 

= 0, . . . . (187) 

which holds for virtual changes at constant temperature 
and pressure in each phase. The only difference between 
this case and free contact is, that the pressures in the two 
phases may be different. Pressure always means hydrostatic 
pressure as measured by a manometer. If, in the general 
equation (76), we put 

W= — p'8Y' — p"8V", 

t 

it immediately follows that (187) is the condition of equili¬ 
brium. The further conclusions from (187) are completely 
analogous to those which are derived, when there is a free 
surface of contact. Corresponding to (163) we have for any 
displacement of the equilibrium 

r£ 2 dT -jj r&p - f£ d>JP + dMi ^M a • ■ .=0. 

Since the constituent 2 occurs only in the first phase, we get, 
instead of (175), 







(188) 


Here, as in § 221, L is the “ heat of removal ” of the solvent 
from the solution, %.e. the heat absorbed when, at constant 
temperature and constant pressures p' and p", unit mass of 
the solvent passes through the semipermeable membrane 
from a large quantity of the solution to the pure solvent. 
The change of volume of the solution during this process 
is v' (negative), that of the pure solvent v" (positive). In the 
condition of equilibrium (188), three of the four variables 
T, p\ p'\ c remain arbitrary, and the fourth is determined by 
their values. 

Consider the pressure p" in the pure solvent as given and 
constant, say one atmosphere, then dp" = 0. If, further, we 
put dT = 0 and dc not equal to zero, we are then considering 
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solutions in which the concentration varies, but the tem¬ 
perature and the pressure in the pure solvent remains the 
same. Then, by (188), 



Since > 0, and v f •< 0, p' the pressure in the solution 
increases with the concentration. 

The difference of the pressures in the two phases, 
p' — p ,r = P, has been called the osmotic pressure of the 
solution. Since p" has been assumed constant, we may write 





(189) 


■i 

Accordingly, the osmotic pressure increases with increasing 
concentration. Since p'— p vanishes when c = 0, the osmotic 
pressure is always positive. 

For small values of c. 


0P = P—0 = P 
dc c — 0 c 


and — ; v f is nearly equal to the specific volume of the solution. 
It therefore follows from (189) that 

P = ^,.(190) 

* 

where v denotes the specific volume of the solution. A further 
discussion of this question will be found in § 272. 

Thus the laws of the osmotic pressure have also been 
expressed in terms of tp, which controls those of the depression 
of the freezing point, the elevation of the boiling point, etc. 
Or y we may say, that the last named laws can all be expressed 
in terms of the osmotic pressure, for yj can be eliminated from 
equation (189) and one of the above equations. It is particu¬ 
larly noteworthy that the relation which has been deduced 
is independent of all molecular assumptions and presentations, 
although these have played an important rdle in the develop¬ 
ment of the theory. 
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§ 230. We have expressed the laws of equilibrium of 
several systems that fulfil the conditions of § 220, in terms of a 
quantity ip, which is characteristic for the thermodynamical 
behaviour of a solution. There is n<5 difficulty in deducing 
the corresponding laws when the dissolved substance is con¬ 
tained also in the second phase. Starting from the two 
equations (170) and (171), we find that all the relations in 
question depend on ip r and y/', A better insight into the 
nature of these quantities is gained by extending to the liquid 
state the idea of the molecule, hitherto applied only to the 
gaseous state. This step is taken in the next two chapters, 
and it appears that the manner in which this idea applies is 
uniquely determined by the laws of thermodynamics Vrhich 
have been given. 

§ 231. Just as the conditions of equilibrium (170) and 
(171) for two independent constituents in two phases were 
deduced from the general relation (153), so in the same way 
a similar deduction may be made in the general case. 

We shall conclude this chapter by giving, briefly, the 
results for a system of a independent constituents in phases. 

Denoting the concentrations of the independent con¬ 
stituents, relative to one fixed constituent 1, by 




M 3 ' 

- / t 

M 4 ' ,. 


= C 2 , 

M/~ 

= C 3 » 

M7 ~ 4 ’ • 

M," 

- C a > 

M 3 " 

- r * . 
- c 3 > 



the condition that, by any infinitely small change of the 
system : dT, dp, dc 2 ', dc 3 ', dc 4 f , . . . dc%, dc 3 ", dc x n , . . . , 
the equilibrium may remain stable with regard to the passage 
of the constituent 1 from the phase denoted by one dash to 
the phase denoted by two dashes is 

+ (*/*&*'— 


yj>2 dc% ) -f- (y 3 dc% y>3 dc-Q ) —... 0, 



214 


mmoDYMMics, 


where, analogous to (16B), 



and Lj, Oj denote the heat absorbed, and the increase of 
volume of the system during the isothermal and iaobario 
transference of unit mass of constituent 1 from a large quantity 
of the phase denoted by one dash to a large quantity of the 
phase denoted by two dashes (cf, $ 221), 

The corresponding conditions of equilibrium for any possible 
passage of any constituent from any one phase to any other 
phase may be established in the same way, 
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§ 232 . The relations, which have been deduced from the 
general condition of equilibrium (79) for the different pro¬ 
perties of thermodynamical equilibria, rest mainly on the 
relations between the characteristic function "T", the tempera¬ 
ture, and the pressure as given in the equations (79b). It 
will be impossible to completely answer all questions regard¬ 
ing equilibrium until M' can be expressed in its functional 
relation to the masses of the constituents in the different 
phases. The introduction of the molecular weight serves 
this purpose. Having already defined the molecular weight 
of a chemically homogeneous gas as well as the number 'of 
molecules of a mixture of gases by Avogadro’s law, we shall 
turn first to the investigation of a system consisting of one 
gaseous phase. 

The complete solution of the problem consists in express¬ 
ing 'P in terms of T, p, and n v n 2 , n z ,, . . , the number of 
all the different kinds of molecules in the mixture. 

Since we have, in general, by (75), 




U+pV 
T * 


we arc required to express the entropy the energy U, and 
the volume V as functions of the above independent variables. 
This can be done, in general, on the assumption that the 
mixture obeys the laws of perfect gases. Such a restriction 
will not, in most cases, lead to appreciable errors. Even this 
assumption may be set aside by special measurement of the 
quantities <I>, U, ami V. For the present, however, perfect 
gases will be assumed. 

*U5 
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§ 288* The laws of Boyle, Gay Lussac, and Dalton deter¬ 
mine the volume of the mixture, for equation (16) gives 

"prrf -prr* 

V=^(» 1 +« a +...) = ^» 1 • • (191) 

By the first law of thermodynamics, the energy U of a 
mixture of gases is given by the energies of its constituents, 
for, according to this law, the energy of the system remains 
unchanged, no matter what internal changes take place, 
provided there are no external effects. Experience shows 
that when diffusion takes place between a number of gases 
at constant temperature and pressure, neither does tlie 
volume change, nor is heat absorbed or evolved. The energy 
of the system, therefore, remains constant during the process. 
Hence, the energy of a mixture of perfect gases is the sum. 
of the energies of the gases at the same temperature and. 
pressure. Now the energy XJ x of w 1 molecules of a perfect 
gas depends only on the temperature; it is, by (35), 

. U x = + 6 X ), . . . (192) 

where C®, is the molecular heat of the gas at constant volume, 

and is a constant. Hence the total energy of the mixture 
is 

U = 2« X (C. T+ bj) . . . (193) 


§ 284. We have now to determine the entropy <£> as a*, 
function of T, p, and n lt n 2 ,. . . the number of molecules. 

in so far as it depends on T and p, may be calculated from 
the equation (60), 

l * 


d<& 



dU + pdV 
T 


where the differentials correspond to variations of T and p, 
but not of the number of molecules. 

Now, by (193), 
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and, by (191), 

dv = 

therefore, <f4> = 'X‘n 1 (o r f^ + — 5jp), 

or, since Co, + B, = C Pl9 

a* = ~ E f) 

and, by integration, 

<3> = ^^(QpjlogT — Blogp+^J + C. (194) 

Besides the constants k v k 2 , k^ . . . which depend on tbe nature 
of the individual gases, and on the units of T and p, another 
constant 0 is added. The constants k x , k % t ... give a linear rela¬ 
tion between the entropy O and the number of the molecules 
n lt n 2 ... , while the constant of integration may, and will 
be found to, depend in a more complicated way on the com¬ 
position of the mixture, i.e. on the ratios of the number of 
molecules. The investigation of this relation forms the most 
important part of our problem. 

The determination of the constant is not, in this case, a 
matter of definition. It can only be determined by applying 
the second law of thermodynamics to a reversible process which 
brings about a change in the composition of the mixture. 
A reversible process produces a definite change of the entropy 
which may be compared with the simultaneous changes of 
the number of molecules, and thus the relation between the 
entropy and the composition determined. If we select a 
process devoid of external effects either in work or heat, 
then the entropy remains constant during the whole process. 
We cannot, however, use the process of diffusion, which leads 
to the value of U; for diffusion, as might be expected, and 
as will be shown in § 238, is irreversible, and therefore leads 
only to the conclusion that the entropy of the system is 
thereby increased. There is, however, a reversible process 
at our disposal, which will change the composition of the 
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mixture, viz. the separation by a semipermeable membrane, 
as introduced and established in § 229. 

§ 235- Before we can apply a semipermeable membrane 
to the purpose in hand, we must acquaint ourselves with 
the nature of the thermodynamical equilibrium of a' gas in 
contact with both sides of a membrane permeable to it. 
The membrane will act like a bounding wall to those gases 
to which it is impermeable, and will, therefore, not introduce 
any special conditions. 

. Experience shows that a gas on both sides of a membrane 
permeable to it is in equilibrium when its partial pressures 
(§ 18) are the same on both Bides, quite independent of the 
other gases present. This proposition is neither axiomatic 
nor a necessary consequence of the preceding considerations, 
but it commends itself by its simplicity, and has been con¬ 
firmed without exception in the few cases accessible to direct 
experiment. 

A test of this kind may be established as follows: 
Platinum foil at a white heat is permeable to hydrogen, but 
impermeable to air. If a vessel having a platinum wall be 
filled with pure hydrogen, and hermetically sealed, the hydro¬ 
gen must completely diffuse out against atmospheric pressure 
when the platinum is heated. As the air cannot enter, the 
vessel must finally become completely exhausted.* 

§ 236. We shall make use of the properties of semi-per- 

* This inference was tested by me in the Physical Institute of the 
University of Munich in 1883, and was confirmed within the limits of 
experimental error as far as the unavoidable deviations from ideal con¬ 
ditions might lead one to expect. As this experiment has not been published 
anywhere, I shall briefly describe it here. A glass tube of about 6 mm. 
internal diameter, blown out to a bulb at the middle, was provided with a 
stop-cock at one end. To the other end a platinum tube 10 cm. long was 
fastened, and closed at the end. The whole tube was exhausted by a 
mercury pump, filled with hydrogen at ordinary atmospherio pressure, 
and then closed. The closed end of the platinum portion was then heated 
in a horizontal position by a Bunsen burner. The scaling wax connection 
between the glass and platinum tubes had to be kept cool by a continuous 
current of water to prevent the softening of the wax. After four hours 
the tube was taken, from the flame, cooled to the temperature of the room, 
and the stop-cook opened under mercury. The meroury rose rapidly 
almost completely filling the tube, proving that the tube was to a certain 
extent exhausted. 
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meable membranes to separate in a reversible and simple 
manner the constituents of a gas mixture. Let us consider 
the following example :— 

Let there be four pistons in a hollow cylinder, two of 
them, A and A', in fixed positions; two, B and B', movable 
in such a way that the distance BB' remains' constant, and 
equal to AA'. This is indicated by the brackets in Fig. 5. 
Further, let A' (the bottom), and B (the cover) be imper- 









* 




meable to any gas, while A is permeable only to one gas 
(1), and B' only to another one (2). The space above B is a 
vacuum. 

At the beginning of the process the piston B is close to 
A, therefore B' close to A', and the space between them 
contains a mixture of the two gases (1 and 2). The con¬ 
nected pistons B and B' are now very slowly raised. The 
gas 1 will pass into the space opening up between A and B, 
and the gas 2 into that between A' and B\ Complete separa¬ 
tion will have been effected when B' is in contact with A. 
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We shall now calculate the external work of this pro¬ 
cess. The pressure on the movable piston B consists only 
of the pressure of the gas 1, upwards, since there is a vacuum 
above B; and on the other movable piston, B', there is only 
the partial pressure of the same gas, which acts downwards. 
According to the preceding paragraph both these pressures 
are equal, and since the paths of B and B' are also equal, 
the total work done on the pistons is zero. If no heat be 
absorbed or given out, as we shall further assume, the energy 
of the system remains constant. But, by (193), the energy 
of a mixture of gases depends, like that of pure gases, on 
the temperature alone, so the temperature of the system 
remains constant throughout. 

Since this infinitely slow process is reversible, the entropy 
in the initial and final states is the same, if there are no external 
effects. Bence, the entropy of the mixture is equal to the sum . 
of the entropies which the two gases would have, if at the same 
temperature each by itself occupied the whole volume of the 
mixture. T his proposition may be easily extended to a mix¬ 
ture of any number of gases. The entropy of a mixture of 
gases is the sum of the entropies which the individual gases 
would have t if each at the same temperature occupied a volume 
equal to the total volume of the mixture. This proposition was 
first established by Gibbs. 

§ 237* The entropy of a perfect gas of mass M and 
molecular weight m was found to be (52) 

Mf— log T + — log v + const .\ 

where G v is the molecular heat at constant volume, as in 
(192). By the gas laws (14), the volume of unit mass is 

R T 

v — — . —, 
m p 

whence the entropy is 

Ct> log T + R log — -+- k) 9 
= n(C p log T — R log# + A), ... (195) 
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where n 


M 

m 


j the number of molecules, and the constant k 


includes the term log 


R 

m 


Hence, according to Gibbs’s pro¬ 


position, the entropy of the mixture is 


= 2*^(0*, log T — R log + k x ), 

p 1 being the partial pressure of the first gas in the mixture. 

Now, by (8), the pressure of the mixture is the sum of 
the partial pressures, = p> and, by § 40, .the partial 
pressures are proportional to the number of molecules of 
each gas. 


Pi-P*- 


Hence 


Z>i 


P% 


n x : n z : . . . 

91-. 


n x ” 1 “ + • • 

Wa 


Wj + -f“ . . . 


P 


P 


or, if we introduce the concentrations of the different gases 
in the mixture, 

c s-H ---,-; On =-.--; 

+ n a + . . . n x + n 2 -j- . . . 

Pi = c iP 5 P 2 = <hP • • - • (196) 

Thus the expression for the entropy of a mixture as a 
function of T, p, and n the number of molecules, finally 
becomes 

<£ = X n i( G * log T — R log (ojp) + k t ) . (197) 

Comparing this expression with the value of the entropy of 
a gas mixture given by (194), we see that the constant of 
integration which was left undetermined is 

C = — log c x (198) 

§ 238. Knowing the value of the entropy of a gas mixture, 
we may answer the question which we discussed in § 234, 
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whether and to what extent the entropy of a system of gases 
is increased by diffusion. Let us take the simplest case, that 
of two gases, the number of molecules being n x and n% 9 diffusing 
into one another under common and constant pressure and 
temperature. Before diffusion begins* the entropy of the 
system is the sum of the entropies of the gases, by (195), 

(0 Pl log T — R log p + & x ) -|- *,(0* log T — R log p + 7%). 

After diffusion it is, by (197), 

w i(Ppx lo g T — R log (°iP) + *l) 

+ w 2 (C P , log T — R log (c^) + *a). 

I 

Therefore, the change of the entropy of the system is 

— B log c x — n 2 R log Cj,, 

by (196), an essentially positive quantity. This shows that 
diffusion is always irreversible. 

It also appears that the increase of the entropy depends 
solely on the number of the molecules n x , n 2 , and not on 
the nature, e.g. the molecular weight, of the diffusing gases. 
The increase of the entropy does not depend on whether the 
gases are chemically alike or not. By making the two gases 
the same, there is evidently no increase of the entropy, since 
no change of state ensues. It follows that the chemical 
difference of two gases, or, in general, of two substances, 
cannot be represented by a continuous variable; but that 
here we can speak only of a discontinuous relation, either 
of equality or inequality. This fact involves a fundamental 
distinction between chemical and physical properties, since 
the latter may always be regarded as continuous (cf. Note to 
§35). 

§ 239. The values of the entropy (197), the energy (193), 
and the volume (191), substituted in (75) give the function ’'3/'. 

^ = ^w 1 (C Pl log T — R log (cjjp) + — Or, — ^ — R), 

or, if, for shortness, we put 

1 1 Cjjj ^ C Pi ■ . 


. (198a) 



223 


GASEOUS SYSTEM. 


and the quantity which depends on T and p and not on the 
number of molecules 


Op, log T — ?L l — R log p + a x 


'W 


^ R log c x ) . 


. (199) 

. (199a) 


§ This enables us to establish the condition*, of 

equilibrium. If in a gas mixture a chemical change, which 
changes tlie number of molecules n x n 2 . . . by 8n lf 8n 2 . 

be possible, then such a change .will not take place it the 

condition of equilibrium (79) be fulfilled, i.e. if, when ST = 0 
and 8p ==? O, 

8W = 0 , 

OT log c x )8»i + — Rlog c x ) = 0 (200) 

The quantities ip x , ip 2 ... depend on T and p only, therefore 

h\p x — Syj 2 — ~ 0. 

Further, 


n x 8 log c x + n 2 S log c a + . . . = Wl S Cl + 8c 2 + . . . 

C 1 C 2 

and, by (196), 

= («i + . )(Sc x + 8c 2 + ...)== 0, 

Bince c x -j- c 2 + . . . = 1. 

The condition of equilibrium, therefore, reduces to 


'XiVi — K log c 1 )Sw 1 = 0. 


Since this equation does not involve the absolute values of 
the variations 8n l0 but only their ratios, we may put 

: Sn 2 : . . . = v x : v 2 : .(201) 

and ttike v t , v 2 . . . to denote the number of molecules 
simultaneously passing into the mass of each constituent. 
They are simple integers, positive or negative, according as 
the gas in. question is forming, or is being used up in the 
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formation of others. The condition of equilibrium now 
becomes 

2}(Vi — R lo 8 

or vx log Ox + v a log Cg + . .. = >iyi ‘ = log K. 

t 

___ * m 

The right-hand side of the equation depends only on tem¬ 
perature and pressure (199). The equation gives a definite 
relation between the concentrations of the different kinds of 
molecules for given temperature and pressure. 


§ 241. We shall now substitute 

the values of 

Vi' Va» * * ■ 

If, for shortness, we put the constants 

r 


= v, . 

. (201a) 

V-L&X H" v 2 a 2 + • • • 

= log A, : 

. (2016) 

R 


— B . . . 

. (202) 

R 

v iQpi ~h v 2®p* “h • • • 

T? 

= 0 . . . 

. (203) 


then from (199) the condition of equilibrium becomes 
Vi log c x + y a log Ca + . . . 


= log A + 0 log T — — v log p = log K 

or 

. . . = Ae|T Op-* = K . . . (203a) 

§ 242. This condition may be further simplified, by mahi-ng 
use of the experimental fact (§ 50) that the atomic heat of an 
element remains unchanged in its combinations. By equation 
(203), the product RO denotes the change, which the sum of 
the molecular heats of all the molecules, or the heat capacity of 
the whole system under constant pressure, n 1 G Pl + n 2 G p , + . . ., 
undergoes during the chemical reaction. If‘the molecular 
heat of each molecule at constant volume is equal to the sum 
the atomic heats at constant volume, then, according to 
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the above proposition, the heat capacity of the whole system 
at constant volume would be, as the sum of all the atomic 
heats, unchanged. Then 

VjCjvx —f- V 2 0v n ~f” • * • ^ 0, 

and, therefore, C = v ± + v % + * . . = v. 

It appears, however, that this supposition is not fulfilled with 
sufficient approximation to justify its introduction. 

§ 248. According to equation (203a) the influence of the 
pressure on the equilibrium depends entirely on the number 
which gives the degree to which the total number of 
molecules, therefore also the volume of the mixture, is increased 
by the reaction considered. Where the volume remains 
unchanged, as, e.g ., in the dissociation of hydriodic acid, 
considered below, the equilibrium is independent of the 
pressure. 

The influence of the temperature depends further on the 
constants B and 0, which are closely connected with the heat 
of the reaction. For, by the first law, 

Q= 8U + pSV, 

which, by (193) and (191), T and p being constant, becomes 
Q = ^(a/r + b ± + RT)Sn x = 2-(CJ^T + 

If we express the heat of the reaction in terms of the finite 
numbers v, instead of the infinitely small numbers Sn, then the 
heat absorbed is : 

L = ^(C Pl T + b x )v lt 

and by (202) and (203), 

L = R(B -b CT) 

or I. = 1*985(B + CT) cal. 

The heat of a chemical transformation in a system, which is 
before and after the transformation completely gaseous, is 
independent of the pressure and is a linear function of the 

temperature. 

Q 
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§ 244. Before proceeding to numerical applications, we 
shall enumerate the principal equations. 

Suppose that in a gaseous system 

n x m x ; n 2 ; n 8 m 8 ; . . . 

{n the number of molecules, m the molecular weight) any 
chemical change be possible, in which the simultaneous 
changes of the number of molecules are 

8^2 : 8 w 2 :.8 w 8 : . . . = v x : v 2 : v 3 : . . . 

(v simple, positive or negative, integers) then there will be 
equilibrium, if the concentrations 

^ _ ^2 f 

C1 ■■ ; ~ . ■ ■ , Co — | I , • • • ■ 

1 7b x -{- w 2 “4" + ^2 + 


satisfy the condition 


= Ae tT°p~ v 


(204) 


The heat absorbed during the change at constant temperature 
and pressure is 

Xi = 1*985(B + CT) cal. . . . (205) 

while the change of volume is 



(206) 


§ 245. Dissociation of Hy dr iodic Acid. —Since 
hydxiodic acid gas splits partly into hydrogen and iodine vapour, 
the system is represented by three kinds of molecules : 


n x HI; w 2 H 2 ; rt z I a ; 


The concentrations are : 


_ n x m _ n 2 . _ 

Cl ~~ n x + + n 3 ’ ~ + n a -f n a ’ ° a ~ n x + n a + n 3 

The reaction consists in the transformation of two molecules 
of HI into one of H 2 and one of I 2 : ■ 


v x = ~ 2; v 2 = 1; v 3 = 1; v — v i+ v 2 + v z = 0- 
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By (204), therefore, in the state of equilibrium, 

= Ae 


— 2/* In 1 


^2 O3' 


B 

T ipo 


13 


or 


Crt Co W'g . —_ rrifi 

- 2 .rj — _a_3 __ j^ e T qiO 




(207) 


Since the total number of atoms of hydrogen (w x 4~ 2w a ) 
and of iodine (^- x 2w 3 ) in the system are supposed to be 

known, equation (207) is sufficient for the determination of 
the three quantities, n u n 2 , and r? 3 , at any given temperature. 
The pressure has in this case no influence on the equilibrium. 
This has been confirmed by the recent measurement of M. 
Bodenstein. The measurements of the degree of dissocia¬ 
tion at three different temperatures are sufficient for the 
determination of the constant A, B, and 0. 

Thus the equilibrium of any mixture of hydriodic acid, 
hydrogen, and iodine vapour at any temperature, even when 
the hydrogen and the iodine are not present in equivalent 
quantities, is determined by (207). Equation (205) gives the 
heat of dissociation of two molecules of hydriodic acid into 
a molecule of hydrogen and a molecule of iodine vapour at 
’ any temperature. 

§ 246. Dissociation of Iodine Vapour.—At high 
temperatures iodine vapour appreciably decomposes, leading 
to a system of two kinds of molecules : 


The concentrations are 


-^2 f 


n 


n 2 I. 


n 


1 n L + n 2 9 2 + n a * 

The reaction consists in a splitting of the molecule I 2 into 
two molecules I, 

v L = — 1; v 2 = 2; v - 

and in equilibrium, by (204), 

n n 2 


Vl -f- Vz = 1, 


Ci - 1 c, 


tt’ifai + ^ 2 ) 


B' rpo- 
A!e~'T — 

p 


(208) 


§ 247. Graded Dissociation.—Since, by equation (208), 
the concentration c » of the monatomic iodine molecules does 
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not vanish, even at low temperatures, the decomposition of 
the iodine vapour should be taken into account in deter¬ 
mining the dissociation of hydriodio acid. ThiB will have 
practically no influence on the results of § 245, but neverthe¬ 
less we shall give the more rigorous solution on account of the 
theoretical interest which attaches to it. 

There are now four kinds of molecules in the system : 

n x HI; 7i% H 2 ; n 3 I 2 ; w 4 I. 

The concentrations are : 


n 


W 1 + 7^2 + ^3 + 


°2 


n 


2 


“f~ W-2 H” W 8 




n 


8 


n 


n i + + ™8 + n A 4 n x + W 2 + n 3 + n 4 

Two kinds of chemical changes are possible : 

(1) v x = — 2; v 2 = 1; v 3 = 1; v 4 = 0; v = 0; 

(2) Vl ' =0; v M ' = 0; r 3 ' = — 1; v 4 ' = 2; v* = 1. 
There will be equilibrium for each of these, if, by (204), 

(i) crorerop - ^ 

and 1 


n, 


Ae tT° 


(2) op'cp'c 3 v *V 4 ' 


n 


J B' TO' 

__ 

C8~ Ws(^1+W2+W 8 + m 4 )~ 


The total number of hydrogen atoms (n x -j- 2n a ) and of 
iodine atoms (n x + 2«g + n 4 ) being known, we have four 
equations for the unique determination of the four quantities 


w l) ^2> W 8» ^4' 


§ 248. The general equation of equilibrium (204) also 
shows that at finite temperatures and pressures none of the 
concentrations, c, can ever vanish; in other words, that the 
dissociation can never be complete, nor can it completely 
vanish. There is always present a finite, though perhaps 
a very small number of all possible kinds of molecules. ' Thus, 
in water vapour at any temperature at least a trace of oxygen 
and hydrogen must be present (see also § 259). In a great 
number of phenomena, however, these quantities are too small 
to be of any importance. 



CHAPTER V. 

DILUTE SOLUTIONS. 

§ 249. To determine ^ as a function of the temperature T, 
the pressure p, and the' number n of the different kinds of 
molecules in a Bystem of any number of constituents and 
any number of phases, we may use the method of the pre¬ 
ceding chapter. It is necessary * first to find. by suitable 
measurements the volume V, and the internal energy U of 
each single phase, and then calculate the entropy <E> from 
the definition (60). A simple summation extending over 
all the phases gives, by (75), the function fpr the whole 
system. On account of incomplete experimental data, how¬ 
ever, the calculation of NP can be performed, besides for a 
gaseous phase, only for a dilute solution , i.e . for a phase in 
which one kind of molecule far outnumbers all the others in 
the phase. We shall in future call this kind of molecule 
the solvent (cf. § 220), the other kinds the dissolved substances . 
If t? 0 be the number of molecules of the solvent, n 19 n 2 , w s , . . . 
the number of molecules of the dissolved substances, then the 
solution may be considered dilute if n 0 be large in comparison 
with the sum of the numbers n l9 n 2) n 3 . . . . The state of 
aggregation of the substance is of no importance, it may be 
solid, liquid, or gaseous. 

§ 250. We shall now determine by the above method 
the energy U and the volume V of a dilute solution. The 
important simplification, to which this definition of a dilute 
solution leads, rests on the mathematical theorem, that a 
finite and continuous function of several variables with their 
differential coefficients which have very small values, is neces- 
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sarily a linea/r function of these variables. This deter min es U 
and V as functions of n 0i n x , n 2 , . . . Physically speaking, this 
means that the properties of a dilute solution, besides depend¬ 
ing on the interactions between the molecules of the solvent, 
necessarily depend only on the interactions between the mole¬ 
cules of the solvent and the molecules of the dissolved sub¬ 
stances, but not on the interactions of the dissolved substances 
among themselves, for these are Small quantities of a higher 
order. 


§ 251. The quotient g, i.e. the internal energy divided 

by the number of molecules of -the solvent, remains un¬ 
changed if the numbers, n Q) n lf n 2 . . . be varied in the same 
proportion; for, by § 201, U is a homogeneous function of 
the number of molecules n 0 , n x , n 2 , . . ., of the first degree. 

TT » vt vh 

— is. therefore, a function of the ratios —, , . . ., and also a 

n o n o n o 

linear function, since these ratios are small, and the function 

is supposed to be differentiable. The function is, therefore, 

of the .form 



1 W . Wo * 

v 0 + u i zr + + • • • 


n, 


n 


where, u 0 , u l9 u 2 are quantities depending, not oil the number, 
of molecules, but only on the temperature T, the pressure p, 
and the nature of the molecules. In fact, w 0 depends only 
on the nature of the solvent, since the energy reduces to 
n o v 0 when n x =-0 — n 2 — and u x only on the nature of 
the first dissolved substance and the solvent, and so on. 
tf Qi therefore, corresponds to the interactions between the 
molecules of the solvent, u x to those between the solvent 
and the first dissolved substance, and so on. This contains 
a refutation of an objection, which is often raised against the 
modern theory of dilute solutions, that it treats dilute solu¬ 
tions simply as gases, and takes no account of the influence 
of the solvent. 

§ 252. If the dilution is not sufficient to warrant the use 

* * 
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of this very simple form of the function U, a more accurate 
relation may be obtained by regarding the coefficients u lf 
u 2 . . . not as independent of the number of molecules but as 

functions of the ratios , —, . . . Then certain new constants 

w 0 ^'0 

are obtained, which correspond to the interaction of' the 
dissolved molecules one with another. This should be a 
possible way of constructing a rational thermodynamical 
theory of solutions of any concentration.* In this way is 
found an explanation of the abnormal behaviour of solutions 
of strong electrolytes (cf. § 273). 

§ 253. We shall here keep to the simplest form, and write 

U = n 0 u 0 + n 1 w 1 + ntf/a + - . . \ 9 

and V = n Q v 0 + n x v x + ' ' 

How far these equations correspond to the facts may be 
determined by the inferences to which they lead. If we 
dilute the solution still further by adding one molecule of 
the solvent in the same state of aggregation as the solution, 
keeping meanwhile the temperature T and the pressure p 
constant, the corresponding change of volume and the heat 
of reaction may be calculated from the above equations. One 
molecule of the pure solvent, at the same temperature and 
pressure, has the volume r 0 and the energy v 0 . After dilution, 
the volume of the solution becomes 

Y' = (n 0 + 1) v Q + n x v i H" + • * • 
and the energy 

U' = (w 0 + 1) w 0 + n 1 u 1 + w a tt a ”(”••• 

The increase of volume brought about by the dilution is 
therefore 

V' - (V + « 0 ). 

i.e. the increase of volume is zero. The heat absorbed is, by 
the first law (47), 

U' — (U + k 0 ) H- p{V' — (V + v Q )}. 

This also vanishes. 

* Cf. II. Jahii, Zeilschr. f. phys. Cftcmie, 41, p. 2C7, 1902. 
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These inferences presuppose that the number of molecules 
of the dissolved substances remain unchanged, i.e. that no 
chemical changes (e.g. changes of the degree of dissociation) 
are produced by the dilution. If such were not the case the 
number of molecules of the dissolved substances would have 
values in the equations for TJ' and V' different from those in 
the equations for U and V, and therefore would not disappear 
on subtraction. We may therefore enunciate the following 
proposition : Further dilution of a dilute solution^ if no chemical 
changes accompany the process , produces neither an appreciable 
change of volume nor an appreciable heat of reaction ; Or, in 
other words, any change of volume or any heat of reaction pro¬ 
duced by further dilution of a dilute solution is due to chemical 
transformations among the molecules of the dissolved substances 
(cf. § 97). 


§ 254. We now turn to the calculation of the entropy <E> 
of a dilute solution. If the number of molecules n 0 , n x> 
Wj, . . . be constant, we have, by (60), 


d<f> = 


dU + pdV 
T 


and, by (209), 

du 0 + pdv 0 


<Z3> 


n 


T 


du! + pdv 1 du 2 pdv a 

~t~ n i -jr - r n % -m- r 


Since u and v are functions of T and p only, and not of n , 
each of the coefficients of w 0 , n v n 2 , . . must be a perfect 
differential, i.e. there must be certain functions depending 
only on T and p, such that 


II 

0 

~6- 

^3 

du 0 + pdv 0 

T 


du 1 + pdv t l 

T 

d<t>2 = 

du 2 + pdv 2 

~ * T 


(210) 
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We have, then, 

<£ = n 0 <f>Q + + n 2 <f> 2 + • • • + C, . . ( 211 ) 

where the integration constant C cannot depend on T and p, 
but may be a function of the number of molecules. C may 
be determined as a function of n Q , n lt ?^ 2 , . . . for a particular 
temperature and pressure, and this will be the general expres¬ 
sion for C at any temperature and pressure. 

We shall now determine 0 as a function of n taking the 
particular case of high temperature and small pressure. By 
increasing the temperature and diminishing the pressure, 
the solution, whatever may .have been its original state of 
aggregation, will pass completely into the gaseous state. 
Chemical changes and changes in the state of aggregation 
will certainly take place at the same time, i.e. the number 
of molecules n will change. Partial evaporation, etc., will set 
in. Only such states as lie very close to stable states are 
realisable in nature. We shall, however, assume that the 
process takes place in such a way as to leave the number of 
the different kinds of molecules unaltered, and that the 
whole system consists only of one phase, for only in this case 
does C retain its value. This supposition is permissible, since 
the number of molecules n, together with T and p, are the 
independent variables of the system. Such a process is 
possible only in the ideal, sense, since it passes through 
unstable states. There is, however, no objection to its use 
for our present purpose, since the above expression for < 3 > 
holds not only for stable states of eequilibrium, but for all 
states characterized by quite arbitrary values of T, p, n 0 , 
n l9 n 2 , - . . Stable equilibrium is a special case, satisfying 
a further condition to be established below. 

At a sufficiently high temperature, and a sufficiently 
low pressure, any gaseous system possesses so small a density, 
that it may be regarded as a mixture of perfect gases (§ 21 , 
and § 43). We have, therefore, by (194), bearing in mind 
that here the first kind of molecule is denoted by the suffix 0 , 

3> = n 0 (C Pm log T — R log p + &o) 

4" Wi(Cjt 7 4 log T — R log p 4~ A 4 ) 4” • * * 4” (212) 
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The constant C is independent of T and p 9 and has the value 
given in (198). On comparing this with (211), it is seen that 
the expression for can pass from (211) into (212) by mere 
change of temperature and pressure, only if the constant 
C is the same in both expressions, i.e. if, by (198), 

0 = — R(w 0 log c 0 + n ± log c x + . . . ) 

Here the concentrations are 


n Q n ± 

0 «o H” n l + W'2 ■ • * * 1 n 0 n l ^‘2 * • ' 

By (211), the entropy of a dilute solution at a definite tempera¬ 
ture and pressure becomes 

= 9?o(^o B log ^ 0 ) H” ^ 1(^1 B c i) H - • * • (213) 

If we put, for shortness, the quantities which depend only 
on T and p 9 and not on n the number of molecules 


4>i 




Uq + pv 0 
-T 

«i + T® i 

T 

u 2 -f- -pv„ 
T 


v j o 


v>i 




V>2 


) 


we have, finally, from (75), (213) and (209), 

^ = n Q {yj 0 — R log c 0 ) + — R log c t 

+ ^ 2(^2 “ B* log c 2 ) -f- . . . 




(214) 


(215) 


This equation determines the thermodynamical properties of a 
dilute solution. The characteristic function M r has a form quite 
similar to that for a gas mixture in (199a). The only difference 
lies in the fact that the quantities %p here depend on the nature 
of the solvent. 


§ 255. We may now proceed, to establish the conditions 
of equilibrium of a system consisting of several phases. As 
hitherto, the different kinds of molecules in the phase, will 
be denoted by suffixes, and the different phases by dashes. 
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For the sake of simplicity the first phase will be left without 
a dash. The entire system is then represented by 

n 0 mo, n x m l9 n 2 m 2 , . . . | n 0 ' m 0 \ n x m Xi n 2 m^ 9 , . . 

I m 0 ", n x m X9 n 2 " , . . . | . . (216) 

The number of molecules is denoted by n, and the molecular 
weights by m, and the individual phases are separated by 
vertical lines. In the general formula we signify the summa¬ 
tion over the different kinds of molecules of one and the same 
phase by writing the individual terms of the summation; 
the summation over the different phases, on the other hand, 

by the symbol 

To enable us to apply the derived formulae, we shall 
assume that each phase is either a mixture of perfect gases 
or a dilute solution. The latter designation will be applied 
to phases containing only one kind of molecule, e.g . a chemic¬ 
ally homogeneous solid precipitate from an aqueous solution. 
One kind of molecule represents the special case of a dilute 
solution in which the concentrations of all the dissolved 
substances are zero. 

§ 256. Suppose now that an isothermal isobaric change 
be possible, corresponding to a simultaneous variation 
Sn 0 , 8n l9 8n 29 . . . 8n 0 \ 8n X9 Sn 2 f 9 ... of the number of mole¬ 
cules n Q9 n l9 w a , . . . n 0 ' 9 n x \ n 2i ^ . .; then, by (79), this change 
will not take place, if at constant temperature and pressure 

8W= 0 

or, by (215), if 

2)(y 0 — R log c 0 )Sn 0 + (v>! — R log cJSn x + (y> 2 — R log c 2 )Sw 2 
+ . . • + ^»»o 8 (V'o — R log q>) + n 1 S(ip 1 — It log Cj) 

n 2 S(y> 2 — R log c%) -|— . . . = 0 . 

The summation V extends over all the phases of the system. 
The second series is identically equal to zero for the same 
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reason as was given in connection with equation (200). If 
we again introduce the simple integral ratios 

SjIq : Sn x : Sn 2 : . . . : Sn 0 / : Swj/ : dn 2 : . . . 

= v 0 : v x : v 2 : . . . : v 0 ' : v ± ' : v 2 : . . . (217) 

then the equation of equilibrium becomes 


]£(y>o — B log Cq)v 0 + {y>i— B log Cj)v x 

+ (y> 2 —-R, log c 2 )v 2 +-..== 0 
or 

VO log C 0 + *1 log C 1 + V 2 log Cjj + . . . 


— • • — log B. ( 218 ) 

t 

El like yj Qs yj lt y> 2> is independent of the number of molecules n. 

§ 257. The definition of El gives its functional relation 
to T and p. 

9 log K_ 1^ 9^0 | „ , v 3v b , 

9T ~ R^ V °9T + Vl ST + Va 9T + • ' ‘ 


3 log K. 
dp 


_1 

R 


3y*o 

3p 


?Vi 

3p 


2 + n-^r 1 + *2“ + 


3w 

dp 


Now, by (214), we have for an infinitely small change of T 
and p 


dy> 0 = d<f> 0 


du 0 + pdv 0 + v 0 dp , t/q + P} J o dT 


T 


+ 


T 2 


i 

and therefore, by (210), 


dip, 




v a dp 

~TT‘ 


From this it follows that 



©Vo _ 

m 0 + pv 0 . 

?Vo_ 

V 0 

9T “ 

T* 


T’ 

3yi _ 

_ «1 + . 

3yi 


9T “ 

r^2’ » 

0^ 

T‘ 
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Hence 

d log K 
9T 

9 log K 
dp 


H" V 1 U X H” • * *) "H Pi^Q “1“ V X V X +••*)» 

1 

“ gTJi^^O + V X V 1 + ■ * * 


Denoting by v the increase of volume of the system, and by L 
the heat absorbed, when the change corresponding to (217) 
takes place at constant temperature and pressure, then, by 
(209), 


V = ^ ¥o + V X V 1 "f" + - • • 

r 

and, by the first law of thermodynamics, 

D = + v x u x + •••) + P(vo » 0 + v-ftx +•••)» 


therefore 

and 


9 log K_ L 

0T “ ” KT a 

0 log K__ v 

0p “ St • 


(219) 

( 220 ) 


The influence of the temperature on K, and therewith on 
the condition of equilibrium towards a certain chemical 
reaction, is controlled by the heat of that reaction, and the 
influence of the pressure is controlled by the corresponding 
change of volume of the system. If the reaction take place 
without the absorption or evolution of heat, the temperature 
has no influence on the equilibrium. If it produce no change 
of volume the pressure has no influence (cf. § 211). 

The elimination of K from these two equations gives a general 
relation between the heat of reaction L and the change of 
volume, v; 


dL 

dp 



in agreement with the general equation (79^). The former 
equations (205) and (206) are particular cases of (219) and 
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(220), as may be seen by substituting for log K the special 
value given in (203a), 

log K = log A — ^ + C log T — v log p. 

§ 258. By means of equation (218) a condition of equili¬ 
brium may be established for each possible change in a given 
system subject to chemical change. Of course, K will have 
a different value in each case. This corresponds to the 
requirements of Gibbs’s phase rule, which is general in its 
application (§ 204). The number of the different kinds of 
molecules in the system must be distinguished from the number 
of the independent constituents (§ 198). Only the latter 
determines the number and nature of the phases; while the 
number of the different kinds of molecules plays no part 
whatever in the application of the phase rule. If another 
kind of molecule be introduced the nqmber of the variables 
increases, to be sure, but so does the number of the possible 
reactions, and therewith, the number of the conditions of 
equilibrium by the same amount, so that the number of 
independent variables is quite independent thereof. 

§ 259. Equation (218) shows further that, generally 
speaking, all kinds of molecules possible in the system 
will be present in finite numbers in every phase; for instance, 
molecules of water must occur in any precipitate from an 
aqueous solution. Even solid bodies in contact must partially 
dissolve in one another, if sufficient time be given. The 
quantity K, which determines the equilibrium, possesses, 
according to the definition (218), a definite, finite value for 
each possible chemical change, and none of the concentra¬ 
tions c can, therefore, vanish so long as the temperature 
and the pressure remain finite. This principle, based entirely 
on thermodynamical considerations, has already served to 
explain certain facts, e.g . the impossibility of removing the 
last traces of impurity from gases, liquids, and even solids. It 
also follows from it that absolutely semipermeable membranes 
are non-existent, for the substance of any membrane would. 
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in time, become saturated with the molecules of all the various 
kinds of substances in contact with one side of it, and thus 
give up each kind of substance to the other side (cf. § 229). 

On the other hand, this view greatly complicates the 
calculation of the thermodynamical properties of a solution, 
since, in order to make no mistake, it is necessary to assume 
from the start the existence in every phase of all kinds of 
molecules possible from the given constituents. We must 
not neglect any kind of molecule until we have ascertained 
by a particular experiment that its quantity is inappreciable. 
Many cases of apparent discrepancy between theory and 
experiment may probably be explained in this way. 

§ 259a. All the foregoing propositions refer, of course, 
to finite values of temperature and pressure. If, however, 
the temperature T approaches the absolute zero, a glance 
at equation (219) shows that the heat of the reaction, L, 
remains finite, while log K becomes infinite, positive or negative, 
according to the direction of the reaction shown by the sign 
of the numbers v. From this it follows, that at the absolute 
zero of temperature the reaction goes completely in one 
direction or the other, so that at last the concentrations 
of the molecules, which are being decomposed by the reaction, 
beconie zero. This result agrees with the general conclusion of 
§ 144, that at low temperatures the reactions proceed with an 
evolution of heat. It still further defines that conclusion 
since with dilute solutions it is, in general, only possible to 
draw conclusions from the total energy and not directly 
from the free energy. We may therefore annunciate the 
following general law. If the temperature decreases indefinitely , 
all molecules which are capable of transformations which evolve 
heat , vanish from a solution , which is in thermodynamical 

We shall now discuss some of the most important particular 
cases. They have been arranged, in the first place, according 
to the number of the independent constituents of the system; 
in the second, according to the number of the phases. 
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§ 260 . One Independent Constituent in One 
Phase. —-According to the phase rule, the aature of the phase 
depends on two variables, e.g. on the temperature and the 
pressure. The phase may contain any number of different 
kinds of molecules. "Water, for instance, will contain simple, 
double, and multiple HgO molecules, molecules of hydrogen 
and oxygen, H a and O a , also H a 0 2 molecules and electrically 

charged ions H, HO, and O, etc., in finite quantities. The 
electrical charges of the ions do not play any important part 
in thermodynamics, so long as there is no direct conflict 
between the electrical and the thermodynamical forces. 
This happens when and only when the thermodynamical 
conditions of equilibrium call for such a distribution of the 
ions in the different phases of the system as would lead, on 
account of the constant charges of the ions, to free electricity 
in any phase. The electrical forces strongly oppose such a 
distribution, and the resulting deviation from the pure thermo¬ 
dynamical equilibrium is, however; compensated by differences 
of potential between the phases. A general view of these 
electromolecular phenomena may be got by generalizing the 
expressions for the entropy and the energy of the system by 
the addition of electrical terms. We shall restrict our dis¬ 
cussion to states which do not involve electrical phenomena, 
and need not consider the charges of the ions. We may treat 
the ions like other molecules. 

In the case mentioned above, then, the concentrations 
of all kinds of molecules are determined by T and p . The 
calculation of the concentrations has succeeded so far only 

in the case of the H and OH ions (the number of the 0 ions 
is negligible), in fact, among other methods, by the measure¬ 
ment of the electrical conductivity of the solution, which 
depends only on the ions. Kohlxausch and Heydweiller 

found the degree of dissociation of water, i.e. the ratio of 

+ — 

the mass of water split into H and OH ions to the total mass 
of water to be, at 18° CL, 

14-3 x 10- 10 . 
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This number represents the ratio of the number of dissociated 
molecules to the total number of molecules. We may deter¬ 
mine by thermodynamics the temperature coefficient of the 
dissociation. 

The condition of equilibrium will now be established. 
The system is, by (216), 

n 0 H a O, n x H, wa OH. 

Let the total number of molecules be 

n = n 0 + n x + Tig, 
the concentrations are, therefore, 


Wq 

n 


* c i 


n 


°2=£r 


^2 

n 


The chemical reaction in question, 

v o : v i : v z = Sw 0 : Sti x 




consists in the dissociation of one H a O molecule into H and 
OH. 


v o = — 1; *1 = 1; vz = 1; 

and therefore, by (218), in the state of equilibrium 

— log c 0 + log c x + log e 2 =log K, 
or, since c x = c 2 , and c 0 = 1 nearly, 

2 log c x = log K. 

This gives, by (219), the relation between the concentration 
and the temperature : 


9 31og^ 1 __ 1 L 
0T B' T* 


( 221 ) 


According to Arrhenius, -Lr, the heat necessajy for the disso- 

• • + — 
ciation of one molecule of H a O into H and OH, is equal to 

the heat of neutralization of a strong monobasic acid and 

base in dilute aqueous solution. 

R> 
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According to the notation of § 97, 

L = (H, < 51 , aq) + (Na, OH, aq) — (Na, 01, aq). 

This gives according to the recent measurements of W8rmann : 

L = 27857 — 48-5 T cal. 

From equation (221) it follows that 

31ogc 1 _ l Z27857 48'5\ 

ST — 2 x 1-986V T 2 ' T /’ 

0 

and, by integration, 

log 10 Cl = — — 12*125 log 10 T + const. 


This equation, which shows how the degree of dissociation 
depends on the temperature, agrees well with the measure¬ 
ments of the electrical conductivity of pure water at different 
temperatures by Kohlrausch and Heydweiller, Noyes, 
and Lunden. 

At the absolute zero of temperature, the dissociation 
vanishes completely, in agreement with the general law 
deduced in § 259a. 

§ 261 . One Independent Constituent in Two 
Pliases. The system consists of two phases let us say of 
a liquid and a gaseous or solid phase. By (216), the system 
is represented by 

n 0 m 0 | n 0 m 0 '. 


Each phase contains only one kind of molecule. The mole¬ 
cules in both phases need not however be the same. The 
liquid molecules may be any multiple of the gaseous molecules. 
If now a liquid molecule evaporate or solidifies, then, in our 
notation, 




m Q 
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and, according to the equilibrium condition (218), 

0 = log K = — Vo -f- . . (221a) 

m Q 

Since K. depends only on the temperature and the pressure, 
this equation gives a definite relation between temperature 
and pressure : viz., the law which states how the pressure of 
evaporation or fusion depends on the temperature, and vice 
versa. The meaning of this law can be obtained by considering 
how K depends on p and T. On differentiating the last 
equation, we get, 

01ogK_ 0 log K , 

—mr 1 “ + dp ^ = °’ 

or, by (219) and (220), 

~ = °- 


If v 0 and Vq be the molecular volumes of the two phases, 
then the change of volume of the system for the transformation 
under consideration is 


hence, 


or, per unit mass, 


v 






v 0 \dP 

m Q /dT 9 


the well-known Camot-Clapeyron equation (111). 

(For further applications see Chapter II.) 

§ 262. Two Independent Constituents in One 
Phase. —(A substance dissolved in a homogeneous solvent.) 
According to .the phase rule, one other variable besides the 
pressure and the temperature is arbitrary, e.g. the number of the 
molecules dissolved in 1 litre of the solution, a quantity which 
may be directly measured. The values of these three variables 
determine the concentrations of all kinds of molecules, whether 
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they have their origin in dissociation, association, formation 
of hydrates, or hydrolysis of the dissolved molecules. Let 
us consider the simple case of a binary eleotrolyte, e.g. acetic 
acid in water. The system is represented by 

n Q HjA n ± CH^.COOH, ^ H, CH^.OOO. 

The total number of molecules. 


n —^0 4" n i •+ 

is only slightly greater than n 0 . The concentrations are 


c 0 — 

The only reaction 




S. - 

n ’ * 



ns 

n 


v o : v i : v 2 : : Bn ± : 8 n% : Bn^, 

which need be considered consists in the dissociation of one 
molecule of CH 3 .COOH into its two ious. 


v o — 0 ; = — 1 ; v 2 — 1 ; v 8 = 1 . 

Therefore, in equilibrium, 

— log c ± + log Ca + log <% = log K; 
or, since c 2 = c s . 



Now, we may regard the sum 


( 222 ) 


Cl + Cg = c 

as known, since the total number (n z 4 - n^) of the undissociated 
and the dissociated molecules of the acid, and the total 
n umb er of water molecules, which may be put — 71 7 are 

measured directly. Hence and c 2 may be calculated from 
the last two equations. 





_W 2 

n i ~b 
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With, increasing dilution (decreasing c), the ratio — increases 

^ c 

in. a definite manner approaching the value 1, i.e. complete 
dissociation. This also gives for the electrical conductivity 
of a solution of given concentration Ostwald’s so-called law 
of dilution of binary electrolytes , which has been experimentally 
verified in numerous cases. 

By considering the heat of dissociation we can, as in § 260, 
by equation (219) find how K depends on the temperature, 
and conversely from the change of the dissociation 'with 
temperature we can calculate the heat of dissociation, as was 
first shown by Arrhenius.* 

The observed deviations from Ostwald’s dilution law in 
the case of strong electrolytes may be explained by the fact 
that the electrical conductivity of a solution is not always 
a measure of the state of the dissociation. According to 
J. 0. Ghosh, t the salt molecules in dilute solutions of strong 
electrolytes, like £101 and NaCl, are as good as completely 
dissociated into their ions, but only a certain fraction of the 
ions contribute to the electrical conduction. The slower 
moving ions are held back by the attractions of the neighbour¬ 
ing oppositely charged ions. This fraction increases with 
increasing dilution on account of the decrease of the influence 
of these attractions. Accordingly, the conductivity increases 
with dilution according to a law which cannot be deduced 
here, since in electrical conduction a state of equilibrium does 
not obtain. This law deviates in essential points from Ost- 
wald’s dilution law, as also from the laws of the lowering 
of the freezing point and of the osmotic pressure of strong 
electrolytes, deduced in § 273. , 

§ 268. Usually, however, in a solution, not one, but a 
large number of reactions will be possible. Accordingly, 
the complete system contains many kinds of molecules. 
As another example, we shall discuss the case of an electrolyte 

* The variation of K with pressure, as given by equation (220) was 
experimentally tested and verified by ITaniung. 

j* Jnanendra Chandra Ghosh, Trans. Chem. Soc. t 113, p- 449, 1918. 
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capable of splitting into ions in several ways, viz. an 
aqueous solution of sulphuric acid. The system is repre¬ 
sented by 

n 0 HgO, n x HaS0 4 , w 2 H, n 3 HS0 4 , n 4 S0 4 . 

The total number of molecules is 

1 

n = n o + + w 2 + n a -j- n 4 (nearly equal to n 0 ). 

The concentrations are 


n 


0 . G 
3 c i 


n 


x. 


°2 


n 


2 . 


°z 


^3. 


n n ' - n 

Here two different kinds of reactions 


n 


'4 


n 4 

n 


v q : v x ' : V 3 : v 4 = $n 0 : : Sw 2 : Sn 3 : $n 4 

must be considered; first, the dissociation of one molecule 
of HaS0 4 into H and HS0 4 : 


Vo = 0 ; v x 


1 ; v 2 ===== 1 ; v 3 


*4 

“h 


0 ; 




dissociation of the ion HS0 4 into_ 

= 0 ; v x = 0 ; v 2 = 1 ; v 3 =* — 1 ; v 4 = 1 . 
Hence, by (218), there are two conditions of equilibrium : 

— log c x + log Ca + log C 3 = log K 

= log K' 1 ; 


and 

log Cjj — log Cj, + log 0 

or 

°2 °3 __ 

= K 


C 1 

and 

°2 C 4 _ 

= K'. 


®3 


This further condition must be added, viz. that the total 
number of S 0 4 radicals (n x + w 3 -f- w 4 ) must be equal to half 
the number of H atoms ( %n x H - w 2 w 3 ); otherwise the 
system would contain more than two independent con¬ 
stituents. This condition is 


2c 4 -f- c 


3 
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Finally, the quantity of sulphuric acid in the solution is 
supposed to be given : 

C 1 + ^*3 + C 4 = C • 

The last four equations determine c Xi Cg, Cg, e 4 , and hence the 
state of equilibrium is found.* 

For a more accurate determination it would be necessary 
to consider still other kinds of molecules. Every one of 
these introduces a new variable, but also a new possible 
reaction, and therefore a new condition of equilibrium, so 
that the state of equilibrium remains uniquely determined. 

m 

§ 264. Two Independent Constituents in Two 
Phases. —The state of equilibrium, by the phase rule, 
depends on two variables, e.g. temperature and pressure. 
The wide range of cases in point makes a subdivision 
desirable, according as only one phase contains both con¬ 
stituents in appreciable quantity, or both phases contains 
both constituents. 

Let us first take the simpler case, where one (first) phase 
contains both constituents, and the other (second) phase 
contains only one single constituent. Strictly speaking 
this never occurs (by 259), but in many cases it is a sufficient 
approximation to the actual facts. The application of the 
general condition of equilibrium (218) to this case leads to 
different laws, according as the constituent in the second 
phase plays the part of dissolved substance or solvent (§ 249) 
in the first phase. We shall therefore divide this case into 
two further subdivisions. * 

§ 265. The Pure Substance in the Second Phase 
forms the Dissolved Body in the First. —An example 
of this is the absorption of a gas, e.g. carbon dioxide in a liquid 
of comparatively small vapour pressure; e.g. water at not 
too high a temperature. 

The system is represented by 

w 0 H 2 O, n t CO a | w 0 ' C0 2 . 

* 800 the calculations of J. li. Goebel, Zcitsehr. f. physikal . Chemie* 
71, S. 052, 1910. 
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We assume that the gas molecule C0 2 is identical with the 
dissolved molecule 0O 2 . The general case will be further 
dealt with in § 274. The concentrations of the different kinds 
of inolecule of the system in the two phases are 




n 


% 


Wo 

Wn 


1 . 


0 n^ + n^ 1 n Q + n±’ 

The reaction 

v 0 : v x : v 0 ' = Sn 0 : Bn ± : $n 0 ' 

consists in the evaporation of one moleoule of carbon dioxide 
from the solution, therefore, 

v 0 = 0 t v x = — 1, v 0 ' = 1. 

The condition of equilibrium 

Vq log Cq + V x log C x + V Q ' log Cq 
is, therefore, 

— log c x =‘ log K, ... (223) 

or, at a given temperature and pressure (for these deter¬ 
mine K), c x the concentration of the gas in the solution is 
determined. The change of concentration with pressure 
and temperature is found by substituting (223) in (219) 
and (220) : 

9 log o t _ 1 v 

S ~ 


logK, 


dp 

9 log c x 
9T 


(224) 


_1 L 
R * T a ' 


(225) 


v is the increase of volume of the system, L the heat absorbed 
during isothermal and isobaric evaporation of one gram 
molecule of C0 2 . Since v represents nearly the volume 
of one gram molecule of carbon dioxide gas, we may, by (16), 
put 

RT 


and equation (224) gives 


V P 


9 log c x 
dp 


1 

P 
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On integrating, we have 

log c x = log p + const. 

or Cj = 0 p .(226) 

i.e. the concentration of the dissolved gas is proportional to the 
pressure of the free gas on the solution (Henry’s law). The 
factor C, which is a measure of the solubility of the gas-, still 
depends on the temperature, since (225) and (226) give 

0 log C _ 1 L 

0 T R* T*‘ 


If, therefore, heat is absorbed during the evaporation of the 
gas from the solution, L is positive, and the solubility jdecreases 
with increase of temperature. Conversejy, from the variation 
of 'C with temperature, the heat of absorption may be cal¬ 
culated; 



RT a 0C 
0 ‘ 0T’ 


According to the experiments of Naccari and Pagliani, the 
solubility of carbon dioxide in water at 20° (T = 293), (ex¬ 
pressed in a unit which need not be discussed here), is 0*8928, 
its temperature coefficient — 0*02483; therefore, by (34), 

1*985 x 293 2 x 0*02483 


0*8928 


4700 cal. 


Thomsen found the heat of absorption of one gram molecule 
of carbon dioxide to be 5880 cal. The error (according to 
Nernst) lies mainly in thh determination of the coefficient of 
solubility. Of this total heat an amount 

RT = 1*985 x 293 = 590 cal. 


corresponds, by (48), to external work. 

§ 266. A further example is the saturation of a liquid 
with an almost insoluble salt; e.g. succinic acid in water. 
The system is represented by 


n 0 HjjO, n x 


CH 2 — 
CH a - 


COOH 

COOH, 


ch 2 - 

- COOH 

n 0 ' 

CHj - 

- COOH, 
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if the slight dissociation of the acid in water be neglected. 
The calculation of the condition of equilibrium gives, as in 


§ 223, 


— log c x = log K, 

c x is determined by temperature and pressure. 
(219), 



pma^ log c x 


Further, by 
. (227) 


Van’t Hoff was the first to calculate L by means of this 
equation from the solubility of succinic acid at 0° C. (2*88) 
and at 8*5° C. (4*22) 

ajLogCj = log. 4-22 - log. 2-88 _ 0 . 044g4 

This gives, for T = 273, L — — 1*985 x 273 2 x 0*4494 
— — 6600 cals.; i.e. on the precipitation of one gram mole¬ 
cule of the solid from the solution, 6600 cals, are given out. 
Berthelot found the heat of solution to be 6700 cals. 

If L be regarded as independent of the temperature, 
which is permissible in many cases as a first approximation, 
the equation (227) may be integrated with respect to T, 
giving 

log c x = g-pp + const. 


§ 267. The relation (227) becomes inapplicable if the 
- salt in solution undergoes an appreciable chemical trans¬ 
formation, e.g. dissociation. For then, besides the ordinary 
molecules of the salt, the products of the dissociation are 
present in the solution; for example, in the system of water 
and silver acetate, 

WoHaO, n x CH 3 COOAg, w a Ag, w 3 CH~ COO | w 0 / CH 3 COOAg. 
The total number of molecules in the solution : 

n = + n x -f- n 2 + n 3 (nearly = n 0 ). 



DILUTE SOLUTIONS . 


The concentrations of the different molecules in both phases 
are 


n Q 

— ; c i 

n A 


n 3 






n 


% 




n 


n 


V- - - = 1. 


n 


The reactions. 


v 0 : v ± : v 2 : v 3 : v 0 ' = Bn 0 : Bn 1 : Bn 2 : Bn a : &n Q % 


are: 


( 1 ) The precipitation of a molecule of the salt from t,he 
solution: 


v Q = 0, v x = — 1 , v 2 = 0, v 3 == 0, r 0 ' = 1 . 

( 2 ) The dissociation of a molecule of silver acetate : 

Vq = 0, v x — — 1, r a = 1 , r 8 = 1 , Vq = 0. 
Accordingly, the two conditions of equilibrium are : 

( 1 ) - log c* = log K 

(2) —• log c x + log Cg + log c 3 == log K'; 

or, since Cg = c 3 , 



At given temperature and pressure, therefore, there is in 
the saturated solution of a salt a definite number of undis¬ 
sociated molecules; and the concentration (c^) of the disso¬ 
ciated molecules may be derived from that of the undissociated 
( c i) by the law of dissociation of an electrolyte, as given in 
( 222 ). 

Now, since by measuring the solubility the value of 
c i + c 25 and by measuring the electrical conductivity the 
value of c 2 , may be found, the quantities K and K/ can be 
calculated for any temperature. Their dependence on tem¬ 
perature, by (219), serves as a measure of the heat of the 
precipitation of an undissociated molecule from the solution, 
and of the dissociation of a dissolved molecule. Van't TIolT 
has thus given a method of calculating the actual heat of 
solution of a salt, from measurements of the solubility of the 
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salt and of the conductivity of saturated solutions at different 
temperatures; i.e. the heat of the reaction when one gram 


dissolved 


dc% 


dc-* — J— dCn 


is dissociated into its ions, as is actually the case in the process 
of solution. 


§ 268. The Pure Substance occurring’ in the 
Second Pbase forms the Solvent in tbe First 
Phase. —This case is realized when the pure solvent in any 
state of aggregation is separated out from a solution of 
another state of aggregation, e.g. by freezing, evaporation, 
fusion, and sublimation. The type of such a system is 

n 0 m,,, n x m 1# n 2 m 2 , . . . J n 0 ' m 0 '. 

The question whether the solvent has the same molecular 
weight in both phases, or not, is left open. The total number 
of molecules in the solution is 


n = n 0 + + n 3 + . . . (nearly = n 0 ). 

The concentrations are, 



A possible transformation, 

v 0 : v x . . . : v Q f = Bn 0 = Bn ± . . . : Sn 0 ' 9 

is the passage of a molecule of the solvent from the first 
phase to the second phase, i.e. 


i . 

v Q = — 1; v x = 0; v 2 = 0; . 

* 

Equilibrium demands, by (218), that 



— log Co + log Cq = log K, 

7n o 

and, therefore, on. substituting the above values of c 0 and c 0 ' 

log £- = log K. 

7*q 
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But 


n 


1 ~j~ 


n 1 + 9^2 “1“ ^3 + • • • 


n t 


and, therefore, since the fraction on the right is very small, 

“I*" ^2 ^3 "4“ - - * 


n, 


log K. 


(229) 


By the general.definition (218), we have 


log K = ^(vqVo 4~ + v aV 2 + • . . + v 0 Vo')> 


and, therefore, * on substituting the values of v from (228), 


n x + n% + n# + 


# ■ 


Wi 


n, 


i ( 

BAm, 


-Vo — Vo 


) = log K 


(230) 


r _ 

This expression shows that log K also has a small value. 

Suppose for the moment that log EL = 0 , i.e. that the pure 
solvent takes the place of the solution' 


then, by (230), 


“ 4 “ n% * 4 " • • • ==: 0 , 

Vo __ Vo' 
m 0 m,' - 


This equation asserts a definite relation which the tempera¬ 
ture and the pressure must fulfil, in order that the two states 
of aggregation of the pure solvent may exist in contact. The 
pressure (vapour pressure) may be taken as depending on 
the temperature, or the temperature (boiling point, melting 
point) as depending on the pressure. 

Returning now to the general case expressed in equation 
(230), we find that the solution of foreign molecules, n x , n 2x w 3 , 

. . . afEeots the functional relation between T and p, which 
holds for the pure solvent. The deviation, in fact, depends 
only on the total number of dissolved molecules, and not on 
their nature. We can express this by taking either p or T 
as the independent variable. In the first case, we say that 
cut a definite pressure (p), the boiling point or the freezing point 
(T) of the solution differs from that of the pure sol/vent (T 0 ); 
in the second case, at a definite temperature (T) the vapour 
pressure , or the pressure of solidification (p) of the solution 
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differs from that of the jpwre solvent (#> 0 ). We shall calculate 
the deviations in both cases. 


§ 269. If the boiling point or the freezing point of the pure 
solvent at pressure p is T 0 then by (221a) 

(log K)t — t 0 = 0 

and by subtracting from (230), we have 

log K - (log K) t _». = ni + ^ + - ' 

n 0 

Since T differs only slightly from T 0 , we can by Taylor’s 
Theorem and equation (219) write : 

0 log K. #m m ^ ^ /m m v _ ^1 “f" ^2 “1“ • * * 

0T • l- 1 - ±o) — RT 0 a ^ n 0 


Hence it follows that: 




n 2 — {-* ... 



BT 0 a 

L 


(231) 


This law of the elevation of the boiling point, or of the depres- 
sion of the freezing point, was first deduced by van’t Hoff. 
When the process is one of freezing, L is negative. Since n 0 
and L are multiplied together, nothing can be deduced about 
the number of molecules n 0 or about the molecular weight 
m 0 of the liquid solvent. If Ii is expressed in calories, we 
substitute 1*985 for R. 

By the evaporation of 1 litre of water n 0 TL i is approximately 
equal to 1000 x 539 cal., T 0 = 373, and therefore the elevation, 
of the boiling point of a dilute aqueous solution is 




1-985 x 373® , 

1000 X 639 ( w i + n 2 + «3 + • • •) 


= 0-61°(w 1 + «, + MgH- . . .). . (232) 


Further, by the freezing of 1 litre of water under atmospheric 
pressure, w 0 I/ = — 1000 X 80 cal. approximately, T 0 ' = 273, 
and, therefore, 


T 7 
1 o 


T 


1-985 x 273 a 


( n l "4” n 2 H“ W 3 + • • •) 


1000 x 80 

l m Q6{n 1 + w 2 + + . . .) 


( 233 ) 
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§ 270. Ii the vapour pressure of the pure solvent at tem¬ 
perature T is p a , then, by (221a), 


(log K)* _ = 0 

* _ 

and, by subtracting from (230), we bave 

fhi *H~ ^2 “i" • • • 


log K — (log K) p p% 


n. 


Since p differs only slightly from p 0 we can, with the help of 
( 220 ), write 


31ogK 

dp 


( 2 > — Po) 


v 


BT 


CP - Po) = 


• « 


Hence it follows, if v is put equal to the volume of the gas 
molecule which arises on the evaporation of a liquid molecule : 


m 0 3tT 
m o P 


PO — P __ < x + ^2 + ■ ■ • 
P m 0 n 0 



This law of the relative lowering of the vapour pressure 
was first deduced by van’t Hoff. Since w 0 and m 0 occur bnly 
as a product, no conclusion can be drawn from the formula 
about the molecular weight of the liquid solution. This 
relation is frequently stated thus :—The relative lowering of 
the vapour pressure of a solution is equal to the ratio of the number 
of the dissolved molecules + n 2 + n^ + . . .) to the number 
of the molecules of the solvent (n 0 ), or, what is the same thing in 
dilute solutions , to the total number of the molecules of the solution . 
This proposition holds only, as is evident, if m 0 = m 0 ', i.e. 
if the molecules of the solvent possess the same molecular 
weight in the vapour as in the liquid. This, however, is not 
generally true, as, for example, in the case of water. It may 
be well therefore to emphasize this fact, that nothing concern¬ 
ing the molecular weight of the solvent can be inferred from 

w 

the relative lowering of the vapour pressure, any more than 
from its boiling point, or freezing point. Measurements 
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of this kind will not, under any circumstances, lead to anything 
but the total number (n 1 -\- n 2 + . . .) of the dissolved 
molecules. 


§ 271. It is of interest to combine the special relations 
deduced* in these last paragraphs with the corresponding 
equations which we deduced, in §§ 224, 226, and 228, for the 
same physical system, on general grounds, independent of 
any molecular theory. 

We must then * according to our present notation put for 
c of (162) : 



Wij *-j— Mg 971*2 “t” . • . 

nomo 


(235) 


Further, we must note that there m, the molecular weight 
of the gaseous solvent, is here denoted by m 0 ', and that there 
Ii, the heat per unit mass, is here denoted by li/m 0 . 

On carrying out the substitution, we see that in fact 
equations (181) and (183) are identical with (234) and (231), if 
we substitute for the characteristic positive quantity yt the 
value 



~t~ n % + •; • •) 

n i m i + n 2 V . ; 


(236) 


§ 272. The value of the osmotic pressure p follows naturally 
from the general equation (190), if we substitute for the 
characteristic quantity yj the value deduced in equation (236), 
and for c the expression (235) 


pm 

P== ^^^+^+”3+---) * • < 237 > 

Here v denotes, as formerly, the specific volume of the solution. 
The product n 0 m 0 v is nearly equal to the total volume of the 
solution, V, and therefore 



BT 

V 


(*1 w 2 “h n 3 + . . .). 


(238) 


This is the well known relation of van’t Hoff, which is 
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identical with the characteristic equation (16) of a mixture of 
ideal gases whose numbers of molecules are n l9 n^, n 3 . . . 

Each of the theorems deduced in the preceding paragraphs 
contains a method of determining the total number of the 
dissolved molecules in a dilute solution. Should the number 
calculated from such a measurement disagree with the number 
calculated from the percentage composition of the solution 
on the assumption of normal molecules, some chemical^change 
of the dissolved moleculeB must have taken place by dissocia¬ 
tion, association, or the like. This inference is of great import¬ 
ance in the determination of the chemical nature of dilute 
solutions. 

Raoult was the first to establish with exactness by experi¬ 
ment the relation between the depression of the freezing 
point and the number of the moleculeB of the dissolved sub- 
stance; and van’t Hoff gave a thermodynamical explanation 
and generalization of it by means of Mb theory of osmotic 
pressure. Application to electrolytes was rendered possible 
by Arrhenius’ theory of electrolytic dissociation. Thermo¬ 
dynamics has led quite independently, by the method here 
described, to the necessity of postulating chemical changes 
of the dissolved substances in dilute solutions. 

§ 278. All the conclusions of the preceding paragraphs 
depend on the assumption of the equations (209), that the 
energy and the volume of a dilute solution are linear functions 
of the number of molecules. Many measurements of the 
influence of dilution on the freezing point and on the osmotic 
pressure of solutions of strong electrolytes have shown remark¬ 
able deviations from Ostwald’s dilution law. It is easy to 
imagine that these assumptions are responsible for these devia¬ 
tions. In fact by introducing a generalization of these equations 
as suggested in § 252 on the lines adopted by J. 0. Ghosh for 
the electrical conductivity of strong electrolytes we obtain a 
good agreement with the measurements on the lowering of 
the freezing point. This will be shown for the special case 

of a binary electrolyte, say KOI or NaCl. 
a 
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According to J. C. Ghosh, all the dissolved molecules are 
completely dissociated into their ions. The system is there¬ 
fore, according to (216) represented by 

n 0 m 0 , n ± m l9 n 2 m 2 | n 0 ' m 0 ' 9 

where n 0i n 0 ', m 0 , and m 0 ' are the number of molecules and 
the molecular weights of the solvent (water) in the two phases 
in contact, n 1 = n 2i m x and ra 2 are the number and weight of 

the ions in the dilute solution. 

\ 

The concentrations of the molecules, neglecting vanishingly 
small quantities, are : 



To determine the expression for the characteristic function 
'T' of the solution we use the same method as in §§ 250 to 254, 
only with this difference, that we suppose that the coefficients 
of n x in the expression for the energy of the solution 

U = n 0 w 0 -f- + « 2 ) 


depend on the concentration — = e. 

n 0 

Since with vanishing c, or with n 0 increasing without limit, 
while n 1 remains constant, the correction term vanishes, 
the energy necessary to completely separate the ions, or the 
electric potential of the ions; will be approximately inversely 
proportional to the mean distance of two neighbouring 
oppositely charged ions, or, what evidently comes to the same 
thing, directly proportional to the cube root of the concentra¬ 
tion c. 

Instead of (209), we put 

U = n 0 v 0 + Wj(w — pc*) . 


. (2386) 
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where u still depends on temperature and pressure, while 
the positive quantity (J is regarded as constant. 

Accordingly, all further steps for determining are indi¬ 
cated. We may neglect all terms multiplied by p, since we 
may suppose the pressure as vanishingly small. For the 
entropy of the solution we get as in (211) 


where 

and 


= n 0 <f > 0 + n x <f> + C, 

,7 dU 
d<j> — -?jr 


C = — R(w 0 l°g c o + n i log c i + n 2 l°g c z)- 

Finally, for the characteristic function of the solution, we get, 
instead of (215) : 

U 


= <l> 


0 


n i(jp + • (238c) 


where 


V 


-T * 

9 T 


Thermodynamical equilibrium between the liquid and solid 
phases requires the condition : 

B^T + 8V' = 0 . 


If further, as in (228), we put 

8w 0 : 8% : : Bn 0 ' 

and consider that: 


1 : 0 : 0 : 


m 


0 


m 


a 


Be 


n 

n. 


aSn 0) SC 


R log c 0 . Sn 0 


Vo + 3 »1 Jo-*logc 0 + JW = 0 


or, by (238a), 

BAm* u 


yj 0 ) = log K = 2c — | Jjc* (238tZ) 
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This relation takes the place of equation. (230) and gives for 
the change of the freezing point instead of the simple van’t 
HofE theorem (231) the expression 

T - T 0 = 2c(l - l • • ( 238e ) 

which is in agreement with the results of the measurements to 
date.* 

It is easy to extend this theory to partially dissociated 
electrolytes. This generalisation shows complete analogy 
with the theory of the usual characteristic equation of a gas. 
Just as the deviations in the behaviour of a gas from that of 
an ideal gas may be ascribed to two quite different causes, 
to chemical actions (dissociation) or to physical actions 
(attractions between the unchanging molecules), so may 
the change, which the quotient of the lowering of the freezing 
point and the concentration of the dissolved molecules with 
progressive dilution shows, be caused either by chemical 
changes or by physical interaction between the dissolved 
molecules. According as one or the other or both together 
are active, we obtain for the influence of progressive dilution 
Ostwald’s or Ghosh’s or a more general law of dilution, which 
contains the other two as special cases. 

§ 274. Each Phase contains both. Constituents in 
Appreciable Quantity. —The most important case is the 
evaporation of a liquid solution,* in which not only the solvent, 
but also the dissolved substance is volatile. The general 
equation of equilibrium (218), being applicable to mixtures 
of perfect gases whether the mixture may be supposed dilute 
or not, holds with corresponding approximation for a vapour 
of any composition. The liquid, on the other hand, must 
be assumed to be a dilute solution. 

In general, all kinds of molecules will be present in both 
phases, and therefore the system is represented by 

w 0 Mq, n x m l9 n 2 m 2 . . . | n 0 ' m/, n 2 m 2 ... 

* Cf. Noyes and Falk, J. Amer. Che/m. Soc 32, 101, 1910; J- C- Ghosh, 
Trans. Chem. Soc., 113, 707, 790, 1918. 
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« 

where, as hitherto, the suffix 0 refers to the solvent, the 
suffixes 1, 2, 3 ... to the different kinds of the dissolved 
substances. By adding dashes to the molecular weights 
(m 0 ' 9 m/, m a ') we make it possible for the molecular weight 
of the vapour to be different from that of the liquid. The total 
number of molecules is, in the liquid, 

n = n Q + n. x + n 2 + . . . (nearly == n 0 ), 

« * 1 

in the vapour, 

Wr == Z VltQ ~f"" ~ f“ d - ... 

The concentrations of the different kinds of molecules are, 
in the liquid, 

in the vapour, 

Co 

Since this system is capable of different kinds of changes, 

there are different conditions of equilibrium to be fulfilled, 

each of which refers to a definite kind of transformation. Let 

us first oonsider the reaction : 

* 

v 0 : v i : v 2 ’• • • * : v o : v i : v s' : . • • « 

= 3w 0 : 3^! : Sn 2 : . . . : : Sn^ : Sn ^': . . . 

which consists in the evaporation of a molecule of the first kind, 
and therefore 


Wo 

n 


■> c x 


n, 

n 


°2 


n 


n 


0 


n 


11 


c 


n 

n 


V, Ca' 


n 


2 


n 


V 0 = 0, = — 1, v 2 = 0, . . . v 0 ' — 0, Vi — v a — 0, . . . 

The equation of equilibrium becomes 


— log c ± + 



log K 



or 
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This equation enunciates Nernst’s law of distribution. 
If the dissolved substance possesses the same molecular 
weight in both phases = wj, then there exists a fixed 
ratio of the concentrations, c x and c x ' 9 in the liquid and 
vapour, which depends only on the pressure and temperature, 
but is independent of the presence of other kinds of mole¬ 
cules. If, however, the dissolved substance is somewhat 
polymerised, then the necessary relation of the last equation 
takes the place of the simple ratio. 

If, on the other hand, a molecule of the solvent evaporates, 
we have. 


lj V ± 0, Vg 0, a • • • V 


m 


o 


Wo 


ft v' 


o, v a ' = o • • •; 


and the equation of equilibrium becomes 


m 


log C 0 + —4 log Co' — log K, 


m 


where 


log c 0 = log^-= log (l + 




n, 


o 


+ «a + - • : + ^ c > 


n, 


m 


n* 


log K, 


(239) 


(240) 


n, n 


where —, —, . . ., the concentrations of the molecules dis- 


n o 


solved in the liquid, have small values. Two cases must be 
considered. 

Either, the molecules m 0 in the vapour form only a small 
or at most a moderate portion of the number of the vapour 


molecules. Then the small numbers ~ 


n, n , 


2 , . . ., may be 

i 

neglected in comparison with the logarithm, and therefore 




^7 log c„' = log K. 

An example of this is the evaporation of a dilute solution, 
when the solvent is not very volatile, e.g. alcohol in water. 
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Or, the molecules m 0 in the vapour far outnumber all 
the other molecules, as, e.g., when alcohol is the solvent in 
the liquid phase, water the dissolved substance. Then c 0 ' 
is nearly equal to 1. We may make this simplification of the 
conditions of equilibrium but not without considerable error. 
Rather have we, as in (239), 


log c 0 ' 


-f- w-2 / + - • • 


n, 


[Equation (240) then becomes 


^1 4 ~ ^2 ■ • 

n 0 


mo n x ' + w/ + 


log K 


If we deal with this equation exactly as we dealt with equation 
(230), we get finally, as in (231), 


T — T ( 


c 


+ ^2 ~ 4 ~ * * • ~l~ ^2 “H 


« • 


7i 0 m 0 


n 0 m 


0 


.^KT 2 m 0 


(240a) 


Here L is the latent heat of evaporation of a gram molecule 
of the solvent, so — is the latent heat of evaporation per 
unit mass. 

We may again point out that the mass and not the number 
of molecules or molecular weight of the solvent enters into 
the formula. On the other hand, it is the molecular state of 
the dissolved substance that characterizes its influence on 
the evaporation. Besides, the formula contains a generaliza¬ 
tion of van’t Hoffs law of the elevation of the boiling point 
in that here instead of the number of the dissolved molecules 
(w-l + n 2 + . . •) the difference of the molecules dissolved in 
unit mass of the liquid and of the vapour occurs. The solution 
has a higher or lower boiling point than the solvent according 
as the liquid or the vapour contains the greater number of 
dissolved molecules. In the limit when both are equal, and 
the mixture boils at constant temperature, the change of 
the boiling point will be zero, as has already been shown 
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from a general standpoint (§ 219). Naturally, corresponding 
laws hold for the change, of the vapour pressure. 

Exactly analogous theorems may, of course, be deduced 
for other states of aggregation. Thus, the more general 
statement of the law concerning the freezing point would 
be : If both the solvent and the dissolved substance of a dilute 
solution solidify in such away as to form another dilute solution , 
the degression of the freezing point is not proportional to the con¬ 
centrations of the dissolved substances in the liquid , but to the 
difference of the concentrations of the dissolved substances in 
the liquid and solid phases , and changes sign with this difference , 
The solidification of some alloys is an example. Eutectic 
mixtures, which do not change their composition on freezing, 
form the limiting case. The freezing point of the eutectic 
mixture does not depend on the concentration of the solution 
(cf. § 2196). 

While these laws govern the distribution of the molecules 
in both phases, the equilibrium within each phase obeys the 
laws, which were deduced in § 262, etc. We again meet with 
the laws of dissociation, association, etc. 

§ 275. Three Independent Constituents in one 
Phase. —Two dissolved substances in a dilute solution will not 
affect one another unless they form new Irinda of molecules 
with one another, for there is no transformation possible, and 
therefore no special condition of equilibrium to fulfil. If two 
dilute aqueous solutions of totally different electrolytes 
which have no chemical action on one another be mixed, 
each solution will behave as if it had been diluted with a corre¬ 
sponding quantity of the pure solvent. The degree of the 
dissociation will rise to correspond to the greater dilution. 

It is different when both electrolytes have an ion in 
common, as, for example, acetic acid and sodium acetate. 
In this case, before mixing there are two systems : 

n 0 H a O, OH3.COOH, n^ H, n Q CH^.COO, 
nf HgO, »/ OH 9 .COONa, nf Na, nf CH^COO. 


and 
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M 

As in ( 222 ), for tlie first solution, 


°2 


■ yr Wft 

K, or 2 


2 




K, 


for tlie second, 


'2 


K.', or 




» l '«0 


K' 


. (241) 


• (242) 


After mixing tlie two, we have the system 

fij^OHs-COOH, fJ 2 CH 3 .COONa, ftjH, w 4 hTa,f? 6 CH 8 .COO, 


where, necessarily, 

s=s n 0 +• n 0 ' (number of H a O molecules) 

Ha + % = n/ + (number of Na atoms) 

»i + fcs = *1 + »a (number of H atoms) 
jjg -f- w 4 = H s (number of free ions) 

I 

The total number of molecules in the system is 

n = n 0 + n x + n 2 + + W 6 (nearly = *l 0 ). 

The concentrations are 




system 


v 0 : Vi : v 2 : v 3 : V 4 : v 5 = Sn 0 : : 8 ft 2 : 8 w 3 : 8 n 4 : 8 ^ 5 , 

possible; first, the dissociation of one molecule of acetic acid 


v 0 = 0 , v 1 = — 1 , v 2 = 0 , v 3 = 1 , v 4 = 0 , v s = 1 , 
and therefore the condition of equilibrium is, by (218), 

— log Si + log e 3 + log 5 6 = log K, 


or 


3 s 


jr OT _ ^8 ■ ^5 

5 n x . n 0 n^Tio + n 0 ') 


K; . (244) 


second, the dissociation of a molecule of sodium acetate, 
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whence, for equilibrium, 

— log c 2 + log + log c 5 = log K', or 


^5 


K', 


or 


»4-n 6 


= _ 

n a , n 0 fht(n 0 + n 0 ') 


K / 


(245) 


The quantities EL and El' are the same as those in (241) and 

(242) . They depend, besides on T and p 9 only on the nature 

of the reaction, and not on the concentrations, nor on other 
possible reactions. By the conditions of equilibrium (244) 
and (245), together with the four equations (243), the values 
of the six quantities fl 09 n l3 . . . are uniquely determined, 
if the original solutions and also the number of molecules 
n 0> n l9 . . . and n 0 \ ... be given. 

§ 276. The condition that the two solutions should be 
isohydric y i.e. that their degree of dissociation should remain 
unchanged on mixing them, is evidently expressed by the 
two equations 

= n l9 and rh% — n/, 

i.e. the number of undissociated molecules of both acetic 
acid and sodium acetate must be’the same in the original 
solutions as in the mixture. It immediately follows, by 

(243) , that 

*V= n 2 > = ^ 2 , n & = + n 2 '. 

These values, substituted in (244) and (245), and combined 
with (241) and (242), give 

(^’2 + ^2 ) jj ' ^2^ 

n i(^Q + *o') ~ % «o’ 

^2 (^2 1 ^ ^2 ) jr / ^'2 ^ 

*i'(»o + n o') ~~ n x 

whence the single condition of isohydric solutions is 

n 0 = <’ ° r 02 = 02 (== 03 “ 03 
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or, the two solutions are isohydric if the concentration of the 

common ion CH 3 COO is the same in both . This proposition 
was enunciated by Arrhenius, who verified it by numerous 
experiments. In all cases where this condition is not realized, 
chemical changes must take place on mixing the solutions, either 
• dissociation or association. The direction and amount of these 
changes maybe estimated by imagining the dissolved substances 
separate, and the entire solvent distributed over the two so 
as to form isohydric solutions. If, for instance, both solutions 
are originally normal (1 gram molecule in 1 litre of solution), 
they will not be isohydric, since sodium acetate in normal 
solution is more strongly dissociated, and has, therefore, a 

greater concentration of CH 3 .C0O-ions, than acetic acid. 
In order to distribute the solvent so that the concentration 

of the common ion CH 3 .COO may be the same in both solutions, 
some water must be withdrawn from the less dissociated elec¬ 
trolyte (acetic acid), and added to the more strongly dissociated 
(Na-acetate). For, though it is true that with decreasing 
dilution the dissociation of the acid becomes less, the con¬ 
centration of free ions increases, as (262) shows, because the 
ions are now compressed into a smaller quantity of water. 
Conversely, the dissociation of the sodium acetate increases 
on the addition of water, but the concentration of the free 
ions decreases, because they are distributed over a larger 
quantity of water. In this way the concentration of the 

common ion CH 3 .COO may be made the same in both solutions, 
and then their degree of dissociation will not be changed 
by mixing. This is also the state ultimately reached by the 
two normal solutions, when mixed. It follows, then, that 
when two equally diluted solutions of binary electrolytes 
are mixed, the dissociation of the more weakly dissociated 
recedes, while that of the more strongly dissociated increases 
still further. 

§ 277. Three Independent Constituents in Two 
Phases. —We shall first discuss the simple case, where the 
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second phase contains only one constituent in appreciable 
quantity. A solution, of an almost insoluble salt in a liquid, 
to which a small quantity of a third substance has been added, 
forms an example of this case. Let us consider an aqueous 
solution of silver bromate and silver nitrate. This two-phase 
system is represented by 

wja^0,« 1 AgBr0 a ,« a AgN0 3J M 8 Ag,n 4 Br0 3> TC 6 N0, | w^AgBrOg. 
The concentrations are 

- _ n Q . ' _ 5l . r _ • • C ' _ _ 1 

Co— —, Cl— n > Ca— „>•••» c o — n Q > ~ 1 > 

where n = n 0 + n t + + w* + n 4 + n B (nearly = n 0 ). 

Of the possible reactions, 

v Q : v 1 :v 2 :v a :v A :v B : v 0 ' = Sn 0 : Sn ± : Sn 2 : Sn^ : $n 4 : Sw 6 : 8 n 0 ', 

we s h all first consider the passage of one molecule of AgBrO s 
from the solution, viz. 

Vq *—* 0, Vj ——■ " lj ^2 === ... Vq === 1. 

I 

The condition of equilibrium is, therefore, 

— log c x + log c Q f = log K 

1 

or c x = == .(246) 


The concentration of the undissociated molecules of silver 
bromate in the saturated solution depends entirely on the 
temperature and the pressure, and is not influenced by the 
nitrate. 

We may now consider the dissociation of a molecule of 
AgBr0 3 into its two ions. 

V 0 = 0 ,v 1 — — 1, v a = 0, v a = 1, v 4 = 1, v s = 0, v 0 ’ = 0, 


and, therefore. 


log c x + log Cg + log c 4 = log K', 


08^4 

P3 c 4 


K', 

K’ 


or, by (246), 


(247) 
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i.e. the product of the concentrations of the Ag and BrO s 

ions depends only on temperature and pressure. The con- 

+ 

centration of the Ag-ions is inversely proportional to the 


concentration of the BrO a -ions. Since the addition of silver 

+ 

nitrate increases the number of the Ag-ions, it diminishes 


the number of the BrO a -ions, and thereby the solubility of 
the brornate, which is evidently measured by the sum c x + c 4 . 

We shall, finally, consider the dissociation of a molecule 
of AgNO s into its ions. 


v 0 = 0 , v* = 0 , v 2 =* — 1 , v z = 1 , v A = 0 , v 6 = 1 , v 0 r = 0 , 
whence, by (218), 


P3 c s 



(248) 


To equations (246), (247)» and (248), must be added, as a 
fourth, the condition 

©3 = o 4 + c 6 , 

and, as a fifth, the value of c 2 -+- c 6 , given by the quantity of 
the nitrate added, so that the five unknown quantities, c lt c 2 , 
C 3 , c 4 , c 6 , are “uniquely determined. 

The theory of such influences on solubility was first 
established by Nernst, and has been experimentally verified 
by him, and more recently by Noyes. 


§ 278. The more general case, where each of the two 
phases contains all three constituents, is realized in the 
distribution of a salt between two' solvents, which are them¬ 
selves soluble to a small extent in one another {e.g, water 
and ether). The equilibrium is completely determined by 
a combination of the conditions holding for the transition of 
molecules from one phase to another with those holding for 
the chemical reactions of the molecules within one and the 
same phase. The former set of conditions may be summed 
up in Nernst’s law of distribution (§ 274). It assigns to 
each kind of molecule in the two phases a constant ratio of 
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distribution, wbicb is independent of the presence of other 
dissolved molecules. The second set is the conditions of 
the coexistence of three independent constituents in one 
phase (§ 275), to which must be added Arrhenius’ theory of 
isohydric solutions. 

§ 279. The same method applies to four or more inde¬ 
pendent constituents combined into one or several phases. 
The notation of the system is given in each case by (216), 
and any possible reaction of the system may be reduced to 
the form (217), which corresponds to the condition of equili¬ 
brium (218). All the conditions of equilibrium, together 
with the given conditions of the system, give the number of 
equations which the phase rule prescribes for the determina¬ 
tion of the state of equilibrium. 

When chemical interchanges between the different sub¬ 
stances in solution are possible, as, e.g., in a solution of dis¬ 
sociating salts and acids with common ions, the term degree 
of dissociation has no meaning, for the ions may be combined 
arbitrarily into dissociated molecules. For instance, in the 
solution 

+ H7 

n 0 H 2 0, n x Nad, n 2 ELC1, n 3 NaN0 3 , KN0 3 , n 5 Na, n 6 K, 

' * 

w* ji 01, Wg NOg 

+ . 

we cannot tell which of the Na-ions should be regarded as 
belonging to NaCl, and which to NaN0 3 . In such cases 
the only course is to characterize the state by the concen¬ 
trations of the dissolved molecules. 

The above system consists of water and four salts, but, 
besides the solvent, only three are independent constituents, 
for the quantities of the Na, the K, alid the Cl determine 
that of the N0 3 . Accordingly, by § 204 (a = 4, (3 = 1) all 
the concentrations are completely determined at given 
temperature and pressure by three of them. This is inde¬ 
pendent of other kinds of molecules, and other reactions, 
which, as is likely, may have to be considered in establishing 
the conditions of equilibrium. 
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§ 280. If in a Bystem of any number of independent 
constituents in any number of phases, the condition of 
equilibrium (218) is not satisfied, i.e. if for any virtual 
isothermal isobaric change. 

2*0 tog c o + tog c i + v a log C B + .. .> log K, 

P 

then the direction of the change which will actually take 
place in nature is given by the condition > 0 (§ 147). If 
we now denote by v 0} v v v 2 . . ., simple whole numbers, 
which are not only proportional to, but also of the same 
sign as the actual changes which take place, then we have, 
by (215), 

I 

X v o tog c 0 + v x log c x + v 2 log c a + ... < log K, (249) 

for the direction of any actual isothermal isobaric change, 
whether it be a chemical change inside any single phase, or 
the passage of molecules between the different phases. The 
constant £ is defined by (218). 

To find the connection between the difference of the 
expressions on the right and left and the time of the reaction 
is immediately suggested. In fact, a general law for the 
velocity of an irreversible isothermal isobaric process may be 
deduced, by putting the velocity of the reaction proportional 
to that difference. We shall not, however, enter further into 
these considerations since the proportional factor cannot 
be determined without bringing in special atomic considera¬ 
tions. 
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ABSOLUTE VALUE OF THE ENTROPY . 

Nebnst’s Theorem. 

§ 281. We have repeatedly remarked that the whole thermo¬ 
dynamical behaviour of a substance is determined by a 
single characteristic function, a knowledge of which is suffi¬ 
cient once and for all to determine uniquely all the conditions 
of the physical and chemical states of equilibrium which the 
substance may assume. The form of the characteristic 
function depends, however, on the choice of the independent 
variables. If the energy U and the volume V are the inde¬ 
pendent variables, then the entropy is the characteristic 
function. If the temperature T and the volume V are the 
independent variables, then the characteristic function is 
the free energy, P. If the temperature T and the pressure p 
are the independent variables, then it is the function, SP 
(cf. § 152a). 

The expression for the* characteristic function may in each 
case be determined by the integration of certain quantities 
whose values can be determined by suitable measurement. 
In the expression for the entropy there remains, however, 
an additive constant a quite arbitrary, in that of the free 
energy a function of the form aT + b (§ 146), in that of the 

function one of the form a + m (of. §§ 152b, 239). These 

additive terms can have no physioal significance since only 
the differences of the energy, of the entropy, of the free energy 
etc. of the substance in different states play a part in natural 
processes. The additive terms compensate one another. 

If the additive term is once fixed for any definite state 
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of a substance, it, of course, maintains that value for all 
other states of the substance. This is true not only for the 
same state of aggregation, and the same chemical modification, 
but also for other states of aggregation and other modifications, 
which the substance may assume. 

Suppose that, after the value of the characteristic function 
has been determined for a definite arbitrarily selected modifica¬ 
tion of the substance, it is required to find it for some other 
modification, then we must search for a reversible physical 
transformation from one to the other which is measurable. 
This is necessary in order that the integration may be carried 
out along the path of the transformation. Such transforma¬ 
tions are in many cases not realizable, since they often pass¬ 
through regions of unstable states. As a rule, then, it is 
not possible to draw conclusions about the thermodynamical 
properties of one modification from that of another. 


§ 282. This gap in the theory has been filled by a theorem, 
which was developed by W. Nemst in 1906,* and which, since 
then, has been amply verified by experience. The gist of 
the theorem is contained in the statement that, as the tempera¬ 
ture diminishes indefinitely the entropy of a chemical homo¬ 
geneous (§ 67) body of finite density approaches indefinitely 
near to a definite value, which is independent of the pressure, 
the state of aggregation and of the special chemical modifica¬ 
tion. *j* 

The interesting question as to the meaning of this theorem 
according to the molecular kinetic conception of the entropy 
cannot be answered here, since here we are concerned only 

* Nach. d. Oes, d. Wiaaenach. zu GdtUngen, Hath. phya. Kl. 1906, Heft I. 

Sitz.-Ber. d. preuea. Akad. d. Wise., V. 20, Dezbr., 1906. 

I This conception of the theorem is more comprehensive than that 
given by Nemst himself. According to Nemst, the difference of the entropies 
of such a body in two different modifications is equal to zero in the limit 
when T = 0. This still leaves open the possibility of Wt—o entropy =■ — oc . 
This distinction and others will be of praotio/nl importance when we come 
to discuss the value of the specifio heat at the zero of absolute temperature 
(S 284). 

See a more general discussion by P. Gruner, Verh. d. DeutacKen Phyaik. 
GeseUschaft, 14, S. 666, S. 727, 1912. 

T 
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with general thermodynamics.* We must, however, deal 
with the important conclusions about physico-chemical 
equilibria to which it leads. 

It is easy to see that since the value of the entropy contains 
an arbitrary additive constant, that, without loss of generality, 
we may write It t—o entropy = 0. The Nernst heat theorem 
then states that, as the temperature diminishes indefinitely , 
the entropy of a chemical homogeneous body of finite density 
approaches indefinitely near to the value zero . The additive 
constant a of all chemical homogeneous substances in all 
states has herewith been uniquely disposed of. We can now 
in this sense speak of an absolute value of the entropy. 

On the other hand, according to § 281, there remains in 
the value of the energy U, and of the free energy F of a body 
still an additive constant b, and in the value of the function 
M r an additive term of the form b /T undetermined, and arbitrary. 

§ 288. 'For the later applications of Nernst* s heat theorem 
we must select the independent variables. We shall again, 
as in our former presentation, select the temperature T and 
the pressure p 9 since these quantities in the first place are 
easy to measure, and in the second place possess the advantage 
that in a system consisting of several phases they have the 
same values in all phases. With T and p as independent 
variables, it is necessary to choose M' as the characteristic 
function. For determining ' V F we have the general equation 


(160) of § 210,. 

'\t r = 

- H 

~ ^ iji • 

. . . (250) 

where, by (1606), 

<E> = 

/ T G v dT 
= J x • 

. . . (261) 


H = 

= u + pY . 

. . . (252) 

If is known as 

a function of T and 

p, then, by § 152a, 


* On the relation of Nemst’s heat theorem to the quantum theory, 
aee M. Planok, Vorlesungen fiber die Theorie der WdrmestraMung , 4 Ann., 
§ 185. 
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* 

the values of the heat function H, of the volume V, and of the 
entropy are uniquely determined as functions of T and p : 


H = 

“ 8T. 

. (253) 

y = 

-_T 9 ^ 

J- rt i • > 4 

op 

■ (254) 

3> = 

d\fr 

_ \Tr 1 rp^ * 

~ ^ X 0T * * * 

. (255) 


In order to introduce Nernst’s heat theorem into these 
quite general equations, let us consider a special system con¬ 
sisting of a chemical homogeneous solid or liquid body. The 
theorem is not directly applicable to a perfect gas, since 
perfect gases at the absolute zero of temperature do not possess 
a finite density. According to the theorem (§ 282), <E> = 0, 
when T = 0. 

It follows from (251) that 

- «• 

Since both Cp and T are evidently positive, this equation 
is satisfied if, and always if, the lower limit of the integration 
is zero. Since the lower limit is independent of the tempera¬ 
ture T, then 

<S> = j^cFT .... (256) 

holds for any temperature. 

This equation is the mathematical expression for Nernst’s 
heat theorem in its widest sense (cf. § 284). It follows from 
(250) that,. 

/ T p TT 

o . . . . (257) 

or, on substituting the value of H from (150a), 

/ TP 1 /T 

o -r £ j CyTT . 


( 258 ) 
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The characteristic function ‘SE r for a chemically homogeneous 
solid or liquid body is hereby determined from measurements 
of the heat capacity Gp except for an additive term of the form 
6/T, which depends on the lower limit of the second integral. 
Although b is independent of the temperature, it may depend on 
the pressure p and on the chemical composition of the body. 
An additive constant remains arbitrary (of. § 282). 


§ 284. Important conclusions with regard to the thermo¬ 
dynamical behaviour of solid and liquid substances at low 
temperatures may be drawn from the last equations. First 
of all from equation (256) the remarkable conclusion may be 
drawn, that the heat capacity of a chemically homogeneous 
solid or liquid body approaches indefinitely near to the value 
zero as the temperature is indefinitely decreased. Otherwise 
the entropy at finite temperatures could not possess a finite 
value.* Although this result is so striking at the first glance, 
yet measurement up to now have completely verified it. 

Ner net’s heat theorem also leads to an interesting con¬ 
clusion with regard to the volume of a body. From equations 
(846) and (256), we get: 

0V_ d<Z>_ /* 1 00, 

9T dp— J 0 Tdp a±m 

If we use equation (85), 


then. 


ay __ 

8T 


and therefore 



* According to Nemst’s conception the following equation. 


r T 

J o 


'-0* 
T 


<2T 


takes the place of (266), where *' — <p denotes the difference of the entropies 
of a solid or liquid body in two different modifications. From this we can 
only conclude that Cp' « Cp, when T =» 0, but not that Cp' =» C, =» 0. 
Should 0 P and CL' remain finite, then the entropy would not be equal to 
zero, when T =» 0, but equal to — oc. It is therefore of importance to note 
that should the conclusion Op = 0 not be substantiated by experience, 
then Nemst’s conception of the theorem could still be maintained as oorreot. 
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i.e., the coefficient of expansion of a chemically homogeneous 
solid or liquid body is in the limit, when T = 0, equal to zero. 
This conclusion is also in good agreement with experience, 
since the coefficient of expansion of most bodies show a marked 
decrease with decreasing temperature. 

§ 285. P. Debye * has deduced from the quantum hypo¬ 
thesis the following formula for the free energy of a solid 
body at low temperatures 

F = U 0 — AT 4 , .... (258a) 

where U 0 is the energy at absolute zero, and the factor A 
depends only on the volume. It follows from (79a) that 


and 


p = 

0F 

0 V “ 

, m 4 3A 

W -t- dV’ ' 

. (2685) 

m 

II 

& 

0 

T 3 a F 
0T a ” 

= 12AT 3 , . . . 

. (258c) 


in excellent agreement with the measurements. 


The compressibility h has the value — 



at absolute 


zero. Therefore the thermal coefficient of expansion at low 
temperatures is 


* 



_ 1 I _ 4m A 

. v 0 73FY dY 
vav/ T 



0t» 0A 
3A 0V 



The ratio of the coefficient of expansion to the specific heat 
is independent of temperature. This law was empirically 
deduced by E. Gruneisen. 


§ 286. Let us now consider two phases of the same chemic¬ 
ally homogeneous solid or liquid substance in contact (e.g. 
at the melting point, or at the temperature of transformation 

* P. Debye, “ Wolfskehl-Vortriige fiber die Kinetisohe Thoorie der Matorie 
und der Elektrizit&t,” Gdttingen, .1014, p. 19 (Leipzig, Toubner). 
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of allotrojnc modifications). If n and n' denote the number of 
molecules of both bodies, then 



where yj and %p' are the values per molecule m and m ± . They 
depend only on T, p, and the nature of the phase. We shall 
denote the entropy 4>, the energy U, the heat function H, 
and the volume V per molecule m by the corresponding 
small letters <f>, u, h, v, without or with dashes, according as 
they belong to the first or second phase. On the other hand, 
to avoid confusion with the specific heat Cp, we shall denote 
the molecular heat by Op. 

The condition of equilibrium is, according to' § 261 equation 


(221a), 


or, by (257) 


[ T 1 (Op 

J 0 tW 


here 




0 


(259) 


the difference of the specific heats, and 


h' 

mf 



the heat absorbed when unit mass passes from the phase 
without a dash to one with a dash by an isothermal isobaric 
process. We may write this shortly 

f o ^d T-J = 0 .... (261) 


or also, since by (150a) and (260) 


Aop 


dij 
0T * 


/ 


T 1 9L 
n T9T 


dT 



(261 a) 
(262) 
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This equation may be used to calculate the melting point, 
or the temperature of transformation of a substance, if the 
heat of the transformation, L, is known as a function of the 
temperature from heat measurements. 

According to the measurements of Broensted, the heat 
of transformation of rhombic sulphur into monoclinic sulphur 
is given by 

Li = 1-57 + 1-15 x 10- B T 2 cal. 
approximately. 

This formula, which, to be sure, must be inaccurate at low 
temperatures, since by (261a) it leads to a contradiction of 
Debye’s law of specific heats (258c), gives at the temperature 
of transformation T 

2-3 X 10- 6 T — 1 ^ 7 — 1-15 x 10- 5 T = 0 
or T = 369*5, 

while measurement gave 368*4. For ice, at its melting point, 
we have 

L = 80, T = 273. 

Hence, from (261), 

Now the difference of the specific heats of water and ice 
at 0° G. is 

Ac* = 1*000*51 == 0*49. 

So this difference with decreasing temperature does not 
approach zero as a linear function of the temperature, but 
falls quicker and quicker with falling temperature, quite 
in the sense of the Debye Law. 

§ 287. While the entropy of solid and liquid chemically 
homogeneous bodies under any pressure converges to the 
limiting value zero at the absolute zero, the entropy of an 
ideal gas at low temperatures has only a meaning if the pressure 
p is less than the saturation pressure p a of the gas at the 
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temperature T. At higher pressures, the gaseous state is 
no longer stable, and also not perfect. Therefore we take 
p < p M . For a perfect gas, by equation ,(195), 

<J> ■== n(Q P log T — R log p -f- A;). ■ • (263) 

Hence, we have 

«£> > n(C P log T — Rlogp*+&). . . (263a) 

(See the end of § 288 about the value of p s .) From the energy 
of an ideal gas, as given in equation (192), 

U = n(CvT + b) . . . . (264) 

and the volume 

V=n*? . . . . (265) 

we have for the heat function, 

H=U + pV = n(G P T + b), . . . (266) 

and therefore for the characteristic function of a chemically 
homogeneous ideal gas 

¥ = $> — ^ = n(c p log T — B, logp-f- a — = (267) 

This formula, which we have already deduced, possesses here 
a new interest through the meaning of the constant a . For, 
according to § 282, this constant, which Nemst called the 
chemical constant of the particular gas, and which is of import¬ 
ance for all physical and chemical reactions of the gas, can be 
determined absolutely. In order to find it, we must transform 
the gas into the liquid or solid state along a reversible path, 
which lends itself to measurement. That can be most simply 
done by direct condensation. The search for the laws of a 
saturated vapour is' the most direct way of determining the 
chemical constant a. . 

§ 288. For the equilibrium of a chemically homogeneous 
liquid in contact with its chemically homogeneous vapour, 
we have 

y} r w 
n\f m 

according to § 261, equation (221a). 
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If we substitute for \p, which, depends on the liquid mole¬ 
cule m, the value from equation (257) and for y;', which depends 
on the gaseous molecule m', the value from equation (267), 
assuming that the vapour is a perfect gas, we have 

(y log T - R logy + a - £ = £( f T — £). 


m\J 0 T 

This equation shows how the pressure of the saturated vapour 
depends on the temperature. The constant 6, together With 
the additive constant contained in h, may be expressed in 
terms of the latent heat of evaporation. The heat function 
is, by (266), 

h' = (V T + b 
per molecule of the vapour. 

Also the latent heat of evaporation is per molecule of the 
vapour m', 

L = V — ~h = <y T + 6 — —A . . (268) 


Substituting this in the last equation, we have, 

_L . m'f T C 
” T 


<V log T + <V — R log p + a = ~ f (269) 


At absolute zero the latent heat of evaporation L» 0 is, by 
(268), 


m 

m 


h 


also 

and, by (150a), 


C P 'T 


Qy 


m 

m 


(Ji h 0 ), 


L — Lq = G/T 


r /T 

/ CpdT. 

IJ n 


m 

mj o 


This gives for the pressure pa of a saturated vapour, on 
eliminating L from (269), 


log p 


<Vi_rn Ij q . a . m 


B 


log T RT + R mB 


s (t/>** 

K*e) • • ( 27 °) 
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At very low temperatures we may neglect the integral 
and write for the pressure of a saturated vapour * 

log y. = log T jjrp 4* • • (271) 


Therefore, the chemical constant a of a, chemically homo¬ 
geneous vapour may he found from vapour-pressure measure- 

C ' 

ments, particularly at low temperatures. The factor -J£- 

6 

in the first term is for monatomic gases nearly equal to 0 , 


<V 5 
since g , =f g 



monatomic 


gases, and G P r — (V = R 


always. 

The methods of the quantum theory permit a direct 
calculation of the chemical constant from the molecular 
weight of the vapour without any particular measurement. 
This calculation cannot, however, be gone into here. If 
we compare (271) with (263a), we see that the entropy of a 
perfect gas assumes the value + oc at the absolute zero of 
temperature. • 


§ 289. The laws of saturated vapours may be derived in 
another way. We have seen by the application of the second 
law of thermodynamics (§ 172) that the pressure of a saturated 
vapour may be completely determined from the characteristic 
equation p = /(T, v), of a homogeneous substance applicable 
to the liquid and the gaseous states. If and v 2 denote the 
specific volumes of the vapour and the liquid, p 1 and p 2 the 
corresponding pressures, then the pressure of the saturated 
vapour, as a function of the temperature, is given by the two 
equations 

3 >i = Pa and. f'pdv = p x {i\ — v 2 ). 


The integration is to be carried out at constant temperature. 

* Cf. W. Nemst, Verh. d. Deulschen Phya. Gea 11, p. 313, 1909; IS, 
p. 565, 1910. F. Pollitzer, “ Die Berechnung chemischer Aflfinit&ten naoh 
dem Nemstschen W&rmetheorem,” Stuttgart, F. 3£nke, 1912. 
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From this it follows at once that the chemical constant 
a can be calculated if the general characteristic equation of 
the substance is known, and that therefore the chemical 
constant must occur in the general characteristic equation. 
Already a number of forms of the characteristic equation 
have been proposed, besides that of van der Waals (12) and 
that of Clausius (12a), there is a series of others, which in 
certain limited regions fulfil their purpose with good approxi¬ 
mation. None, as far as I see, is sufficiently comprehensive 
to be applicable to liquids at the lowest temperatures. Accord¬ 
ingly no equation gives a formula for the pressure of a saturated 
vapour which passes into equation (271) at low temperatures. 

Van der Waals 9 equation, for instance, as can be shown 
by a simple calculation, gives the relation 

• • log p. -log« - 6 RT • • ( 272 > 

for the pressure of the saturated vapour at low temperatures. 
The log T term is missing. This depends on the fact that 
according to van der Waals 9 equation the specific heat of 
the vapour converges towards the same value as that of the 
liquid in the limit when T = 0. This cannot be reconciled 
with Nernst 9 s theorem. Another requirement of the theorem, 
which none of the proposed characteristic equations fulfils, 
is that the coefficient of expansion of a liquid substance 
vanishes when T = 0 (§ 285). Before we can hope to calculate 
the chemical constant from the characteristic equation, a 
form of that equation must be found which, when T = 0 and 
the pressure is finite and positive, is consistent with Nernst’s 
theorem. 

§ 290. A mixture of perfect gases with the number of 
molecules n l9 n z , n 3 . . . has, by (197), the entropy 

* = 2)n 1 (C J , 1 log T — R log (Cjj;) kj), . (273) 

the heat function, by (193) and (191), 

i 

H = U + pV = ^« l (0 Pl T + fii), . . (274) 
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and the characteristic function, by (199) and (199a), 

'P = X'h(G P . log T — B log ( 0l p) + — ^), . (275) 

where c 1# c 2i c 3i . . . denote the molecular concentrations 

— _ ^2 

1 91 2 + n 2 + -f- . . .* Ml ~h ^2 + W 3 + • • •* 

The chemical constants a l9 a 2 , a 3 , . . . have particular 
values for each kind of molecule. They may be derived from 
the behaviour of each single chemical homogeneous component 
of the mixture, e.g* 9 from vapour pressure measurements. 
When this is done, we can, for each chemical reaction between 
the different kinds of molecules of the mixture, 

8^2 : hn 2 : . . . = v x : v 2 : . . ., 

* 

give immediately tlie characteristic constant of equation 
(2016) 

+ *r 2 + ~ ‘ J = log A. 

Accordingly, the constants of the equilibrium condition (203a) 

t 

B 

c i v,c a v,c 3 x,# . . . = Ae TX°p’" v = K . (276) 

are each derived from independent measurements. B is 
calculated, according to (205), from the heat of reaction, 
and C, according to (203), from the specific heat of each kind 
of molecule, while v, according to ( 201 a) denotes the increase 
of the number of the molecules caused by the reaction. 

The constants a l9 a 2 , . . . maintain their meaning, not 
only in reactions within the gaseous phase, but also in each 
reaction in which the gas mixture takes a part. The reaction 
may be combined with the precipitation of solid or liquid 
substances. This is true, since the expression (275) of the 
characteristic function governs quite generally the laws of 
thermodynamical equilibrium. We have only to substitute 
in the general equation (145),* the values of obtained 
from equation (275) for a gaseous phase, and from equation 
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(257) or (258) for a chemically homogeneous solid or liquid 
phase. 

§ 291 . Let us now consider the behaviour of solid or liquid 
solutions. Such a solution is, by (216), represented by 

n x m x , n z m 2 , n 3 ... 

The solution need not be dilute, and therefore the suffix 0 
is dropped. This notation differs from our former notation. 
In finding an expression for the characteristic function 
of the solution, we shall first of all investigate the entropy 
of the solution. The entropy of a solution is certainly not 
equal to zero, when T = 0, as it is for a chemically homo¬ 
geneous body according to Nernst’s heat theorem (§ 282). 
A glance at the expression (213) shows that the entropy of a 
dilute solution does hot converge to zero as we approach 
the absolute zero. The expression contains additive terms, 
which are independent of the temperature. We may assume 
that the terms of <3>, which depend on the temperature, vanish 
when T = 0, like the entropy of a chemically homogeneous 
substance, and that, when T = 0, 

* 

<*> = — log <? x . 

This will also hold for solutions of any dilution, since the 

expression — log c x occurs as an additive term in values 

of the entropy, not only for small but for any values of the con¬ 
centrations o l9 c 2 , . . . independent of the state of aggregation, 
solid, liquid, or gaseous. This has been proved for perfect 
gases, equation (197), and we can always imagine solid and 
liquid bodies, by suitable changes of temperature and pressure, 
to pass continuously into the gaseous state, while the number 
of molecules n is kept constant. 

Nernst’s theorem applied to a chemically homogeneous 
body is expressed in the equation (256). We shall now extend 
the theorem to any liquid or solid solution with the molecular 
numbers n Xi n 2i n. 3 ... . The entropy of such a solution is 

<£> = f o far - k5«i log c lt . 


(277) 
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where the integration with respect to T has to be carried out at 
constant pressure and constant n. The characteristic function 
\E r of the solution is, therefore, 

¥ = f log ci - 5 . . (2>78) 

and the remaining thermodynamical properties of the solution 
are according to § 283 uniquely determined. When the sub¬ 
stance is chemically homogeneous, the equations, of course, 
are the Same as those already derived, since then c ± = 1, c 2 = 0, 

CiJ 0 . « . . 

In the special case of a dilute solution, of course, all the 
relations, which were deduced in Chapter V, hold good. To 
these must now be added the conclusion, which comes readily 
from equation (277), that the terms <f> lt <f> 2 > <f> 3 . . which 
appear in the expression for the entropy of a dilute solution, 
vanish when T = 0. 

T § 292. From equation (277) it follows directly, just as in 
§§ 284 and 285 from equation (256) in the case of a chemically 
homogeneous body, that both the heat capacity and the coefficient 
of expansion of each solid and liquid body converges towards 
the value zero when the temperature is indefinitely decreased . 

§ 293. If a system consist of any number of solid and 

liquid phases, then the system is represented by 

* 

n x ?%, w 2 m 2 , ... | nf m/, n 2 m 2 ' . . . | n x m/, n 2 | . 

The general condition of equilibrium 


= 0 

holds good for a possible isothermal and isobaric transforma¬ 
tion of the kind 


Bn x : : hnf : Sn 2 ' : . . . : 8n x ” : 8n a " : . . . 



where the summation extends over all the phases. If wo 
substitute the value of from (278), we see that the equilibrium 







absolute value op the entropy. 
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values of 
the heat 

capacity Op, of each phase vary with the number of molecules. 
C P is, of .course, determined through H, since by (150a). 



0Cp 00* ,0H 0H 

dn ± > dn 2 9 * ' ‘ “ M? dn a ”' 
function H, and the heat 



Accordingly, the determination of the laws of* chemical 
equilibrium is -made to depend on measurements of heat 
capacity and heat of reaction. To be Bure, the experimental 
results available are not sufficiently extensive to test completely 
this far-reaching conclusion of the theory. 

To shorten the notation, we shall write 


8H_ t 0H * 
dn 1 ~ dn 2 ~ * 

and therefore by (150a) 

00 *_ d/i x 90 p 97^2 

dn x ~~ dT 9 dn 2 ~~ dT 


(280) 

(281) 


The conditions of equilibrium of the whole system may then, 
with the help of (278), be written 



T dh x dT 
0 9T T 




4- 0 §3^ T ~ T ~~' 11 log c ®) + • • • = °- 

Now 


H“ • • • = h 


is the heat absorbed when the isothermal and isobaric trans¬ 
formation represented by v takes place. Hence the conditions 
of equilibrium is more simply represented by 


/ 


T 0L 
n 0T 


d T 

T 1 


m 


■R 


/ 'S'. 


1_ 





or 


2X 1°B °1 + V 2 log f! 2 + ... 

_ 1 / [ T 0L err ia, „ 
~ rVJ 0 3T • T T/ 8 


(282) 
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This form of the equation is in complete agreement with 
the condition of equilibrium (218) of a system of dilute solu¬ 
tions. There is, however, an evident difference. First of all, 
the quantity log K appears here to be completely determined 
from the heat of reaction L without an unknown additive 
constant.* In the second place, the quantity K, as well as L, 
depends, besides on T and p 9 also on the finite concentrations 
c x , c 2 , . .• . This was not the case before. This arises from 
the fact, that here the equilibrium concentrations cannot be 
expressed directly as functions of T and p a as is possible 

with dilute solutions. Since the quantity KL is finite, ™ 

must vanish when T = 0. From this it follows that the heat 
of a reaction between solid and liquid bodies has no temperature 
coefficient at absolute zero . This* law forms an important 
preliminary condition which each empirical formula must fulfil 
if the formula is to be used for determining KL. 

Instead of equation (282), we may often with advantage 

use the exactly equivalent relation 

* 

%V 1 log c 1 + v 2 log c 2 + . . . 

= s(/* L ^ T - ^) = logK, . . (283) 


where Ii 0 denotes the heat of reaction at T = 0. 

Log K is evidently infinite when T = 0. This is in com¬ 
plete agreement with the conclusion, which we drew in § 259 a 
about dilute solutions, that at absolute zero all reactions with 
a finite heat value proceed until the reactions are completely 
finished. 


§ 294. The relations (219) and (220) 


0 log K 

0T 


L 01ogK 

KT» and dp 


RT ’ (284 > 


hold here also. This is found directly by differentiating the 

* The integration, ■with respect to T ia, of course, to be o&rried out at 
constant pressure and constant concentration. 
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equation (282) with, respect to T and p, remembering that. 

the change of volume v of the system is given by the general 
formula (79p) 

^ _ _ rp fl 3 ( 01) 

dp T 0TVT/ = v — Tg^ . . (285) 

Equation (282) gives the absolute value of the equilibrium 
constant K, wbile (284) leaves tbe integration constant still 
undetermined. If, for example, L = 0, then it follows from 
(284) that K is independent of the temperature, but its value 
remains undetermined. On the other hand, from (282), 
log K 0 . Therefore a solution of two fin anti nm n -rphi p. 
forms of an optically active compound can be in stable equili¬ 
brium only if it forms a racemic, optically inactive mixture, 
a conclusion pecu l ia r to the ISTemst theorem. "Without this 
theorem we can only conclude that the composition of the 
mixture does not change with temperature. 

§ 295. Calculation of th .0 Degree of Dissociation 
of an Electrolyte from the Seat of Dissociation._ 

If we take a solution of an electrolyte e.g., acetic acid in water, 
then the system, as in § 262, is represented by 

n x H a 0, n 2 CH 3 .COOH, n 8 H, n 4 CH”cOO. 

The total number of molecules is 

n = Wj -I- n 2 -f- Wj -f- w 4 . 

The concentrations are 


c 


1 






tt 4 

n* 


The dissociation of a molecule of acetic acid gives 

= 0, v % = — 1, v z = 1, v 4 = 1. 

ft 

Therefore in equilibrium, by (283), since Cg = c 4 . 

It log = K log K = y* 

IT 
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c 2 and Cg can each be calculated from tins, since the sum 
c® + Cg is the total sum of the undissociated and dissociated 
acid molecules in the solution. Ot course, the equilibrium 
formula can be UBed in general only if we know how the heat 
of dissociation depends on the temperature as well as on the 
concentration. With dilute solutions it is sufficient to know 
the temperature coefficient, since L may be taken as nearly 
independent of the concentration. 

§ 296. Calculation of the Solubility from tlie 
Heat of Solution. —Let us consider the equilibrium of a 
salt solution in contact with a solid (ice, salt). The system 
is represented by 

n x m l9 n 2 m 2 | n x m x . 

The suffix 1 refers to the substance present in both phases, 
the suffix 2 to the substance present in the solution. The 
concentrations in the two phases are : 



n 


n x + 



n 


2 


7i x + 




Here we cannot, of course, speak of a definite solvent, since 
both substances in the solution may occur in any proportion. 

When one molecule of the liquid is precipitated* the values 
are: 


v 


i 


1 , y 2 = 0, v x = 


t m 1 


Therefore, by (283), the condition of equilibrium is, 

- B log Cl = J* 


— L is the heat set free by the precipitation of a molecule 
of the liquid. This equation gives the value of the concen¬ 
tration c x , and accordingly of the ratio n 1 : n 2) if L is known aB 
a function of the temperature and the concentration. We may 
also draw a conclusion as to the molecular state of both sub¬ 
stances in the solution. 
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§ 297. If in the system considered, there be, besides any 
number of solid and liquid phases, also a gaseous phase, and 
if, as formerly, we suppose this phase to be a perfect gas, 
the condition of equilibrium (283) may be easily, from equation 
(79), with the help of (275), generalized to 

t 

log C x + V 2 log C a + . . . 

= g/* ^eZT - Kl + 0 log T - v log p -f 

= log K. 

where, for shortness, 

L' = L — L 0 — ROT ... (287) 

The constants A, C and v refer, as in (276), to the gas phase 
alone. 

This last equation (286) contains all the conditions of 
equilibrium established in the last three chapters as special 
cases (changes in the state of aggregation , solubility , dissociation , 
x lowering>.of the freezing point , raising of the boiling point , etc.). 
Let us therefore, in conclusion, once more summarize the 
meaning of the symbols used therein. 

On the left, the summation 2 extends over all the phases 

of the system. c l9 c 2 , C3 . . . denote the molecular concentra¬ 
tions of the individual kinds of molecules with the number of 
molecules n l9 n 2 , n 3 , ... in each phase: 

_ 7l 1 _Wg_ 

1 + n 3 “h - • * 2 H" H” W 3 “f” • • •* 

v i> v 2 > v 3 • • • are the simultaneous changes of the molecular 
numbers n lf n 2 , . . . in any isothermal and isobaric trans¬ 

formation of the system, should it take place in any single 
phase, or in the passage of molecules from one phase to another 
phase. 

On the right, It denotes the absolute gas constant, L' the 
expression (287), L the total heat of reaction of an isothermal 
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and isobaric transformation, positive, if beat is absorbed, 
L 0 the value of Jj, when T = 0 . The constants A, C, and v 
refer to the gaseous phase alone, if there is one. According 
to ( 201 a), v is the change of the total number of gaseous 
molecules produced by the transformation. A is found 
from the individual kinds of gas molecules by (2016), and 0 
bom the specific heat by (203). The integration with respect 
to T is to be carried out at constant pressure and constant 
concentration. 

In order that the temperature integral may have a finite 
value in spite of the lower limit 0 , L' as well as Sr must vanish, 


when T = 0 . The first can be seen directly from (287), the 
latter can be understood, if we remember that by § 106, 


is in general equal to the difference of the heat capacities of 
the system after and before the transformation. This difference 
vanishes at T = 0 , when the phases are solid or liquid, but, 
by (203), is equal to HO, when the phase is gaseous. 

Often it is of advantage to write the temperature integral 
in the form 



1/ f T 01/ dT 
T ^ Jo 9T T 

L — L 0 -r ROT , [ T /dL Dri yT 
.-T +1 oV9T- RC 7T ; 


since ™ may be determined from measurements of heat 
capacities. 

"When the system is condensed, v, C, and log A are equal 
to zero. When it is a single gaseous phase, then, by (206), 
L' = 0 . When it is a chemically homogeneous body, the 
terms with the concentrations c l9 c 2 , . . . vanish. 

In. each special case the simple equations, which were 
formerly derived, result. 
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Abnormal vapour densities, 32 
Absolute ‘temperature, 6; deduced 
from Thomson and Joule's experi¬ 
ments, 135 

Aoetate silver, 260; sodium, 264 
Aoetio acid, 264 
Adiabatio prooess, 62,112 
Affinity of solution for water, 115 
Aggregation, states Of, 71; co¬ 
existence of states of, 159; systems 
in different Btates of, 139 
Air, composition of, 12 
Ammonium carbamate, evaporation 
of, 194 

Ammonium chloride, evaporation of, 
194 

Andrews, 147 
Apt, 15 

Arrhenius, 241, 245, 267 
Arrhenius’ theory of eleotrqlytio 
dissociation, 257; theory of iso- 
hydrio solutions, 267 
Atmospheric pressure, 4 
Atom, definition of, 27 
Atomic heat, 36 
Avogadro’s law, 26, 29, 60 

B. 

Babo’s law, 206 
Bertholot, 15, 73, 75, 250 
Bertholct’s principle, 116 
Binary electrolyte, 244 
Bodenstein, 227 

Boiling point, elevation of, 208, 254, 
291 

Boltzmann, 98 

Boyle and Gay Lussao, 205 

Boyle’s law, 5, 60 

Broensted, 279 

Byk, A., 179 

C. 

Calorie, laboratory, 35; large, 35; 

mean, 35; small, 35; zero, 36 
Calorimetrio bomb, 73 


Carbon, combustion of, 76 
Carbon dioxide, Clausius' constants, 
for, 15; van der Waals’ constants 
for, 15; isotherms of, 16 
Carnot’s theory, 38; cycle, 65, 109 
Camot-Clapeyron equation, 149, 243 
Characteristic, oonstant, 11; equa¬ 
tion of water vapour, 32 
Characteristic equation, 5, 6, 11; 
deduoed from Thomson and 
Joule’s experiments, 133; func¬ 
tions, 121 

Chemical constant, 280 
Clapevron, 149 
Clausius, 15, 90, 91, 149, 283 
Clausius’ equation, 14, 147;. form 
of the seoond law, 99; notation, 
57; statement of the first and 
seoond laws, 104 

Coefficient of compressibility* 8; 
of elasticity, 8; of expansion, 7; 
of pressure, 8; of expansion at 
absolute zero, 277, 286 
Coexistence of states of aggregation, 
159 

Combustion, of oorbon, 76; influence 
of temperature on, 78; of sulphur, 
77; of methane, 77 
Condensed system, 187 
Condition of complete reversibility 
of a process, 97; of equilibrium, 
118,143, 182; of equilibrium of a 
gas mixture, 223-225 
Conductivity of water, electrical, 242 
Conservation of energy, 42 
Constant, chemical, 280 
Constituents, independent, 179 
Corresponding, point, 167; states, 
20 

Critical, point, 18; point of CO a , 19; 
pressure, 18; solution tempera¬ 
ture, 188; speoifio volume, 18; 
temperature, 18, 158 
Cryohydrate, 187 

Curves, of evaporation, 162, 167; of 
fusion, 162, 167; of sublimation, 
162, 167 
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Cycle, of operations, 46; Carnot’s, 
65, 100 

D. 

Dalton, 11, 21 
Davis, H. N., 154 
Davy, 38 
Debye, 277 
Debye’s law, 279 

Decrease of free energy by dilution, 
116 

Deductions from the second law of 
thermodynamics, 108 
Degree of dissociation of electro¬ 
lytes from the heat of dissociation, 
289 

Density, specific, 7; abnormal 
vapour, 32 

Depression of freezing point, 200, 
254, 291 

Developable surfaces, 170 
Deviation from Gay Dussao’s law, 
130 

Difference of speoific heats, 127 
Diffusion, increase of entropy by, 
222; irreversible, 222 
Dilute solutions, thermodynamical 
theory , of, 229—271; energy of, 
232; entropy of, 231 
Dilution, decrease of free energy by, 
115; heat of, 205; infinite, 72; 
law of, of binary electrolytes, 244 
Direction of natural processes. 111 
Dissipation of energy, 104 
Dissociation, at absolute zero, 242; 
graded, 227; of H a S0 4 , 226; of 
hydriodio acid, 246; of iodine 
vapour, 227; of water, 240; 
Arrhenius* theory of electrolytic, 
267 

Dissolved substance, 204 
Distribution law, Kemst's, 262 
Divariant system, 188 
Dulong and Petit’s law, 36 
Dyne, 4 

E. 

Elasticity, coefficient of, 8 
Electrical conductivity of water, 242 
Electrolyte, binary, 244 
Eleotrolytio dissociation, Arrhenius' 
theory of, 257 

Elevation of boiling point, 208, 254, 
201 

Endothermai process, 39 
Energetics, 81, 86 


Energy, change of, 45; conservation 
of, 42; definition of, 42; dissipa¬ 
tion of, 113; free, 113; free, of 
perfect gas, 117; internal, 48; 
internal, of perfect gas, 60; latent, 
113; of a solution, 72; of dilute 
solution, 232; of gas mixture, 
216; potential, 47; total, 113; 
zero, 45 

Entropy, absolute value of, 274; 
definition of, 100; diminution, of, 
100; increase of, by diffusion, 
222; maximum value, 120; of a 
gas, 92; of a> system of gases, 95; 
of dilute solution, 233; of gas 
mixture, 220-222; principle _ of 
increase of entropy, 103; speoific, 
125 

Equation, oharaoteristio, 5, 6, 11; 
of water vapour, 32deduced 
from Thomson and Joules* Experi¬ 
ments, 133 ; Clausius’, 14, 147; 
van der Waals*, 14 
Equilibrium, thermal, 2; conditions 
of, 118,143,182; of a gas mixture, 
223—225; heterogeneous, 187, 194 
Equivalent weight, 23 
Equivalents, number of, 24 
Euler, 182 

Eutectic mixture, 264 
Evaporation of ammonium carba¬ 
mate, 194; of ammonium chloride, 
194 

Exothermal process, 39 
Expansion, coefficient of, 8; at 
absolute zero, 277, 286 
External, conditions of equilibrium, 
143; effect, 41; variable, 17H; 
'Work in complete cycle, 56; in 
reversible process, 54 

F. 

Falk, 260 
Fanjung, 245 
Favre, 76 

First law of thermodynamics, 
general exposition, 40-46 
Free energy, 113; ch&ngo of, with 
temperature, 117; decrease of, by 
dilution, 116; minimum value of, 
121; of a perfect gas, 117 
Freezing point, depression of, 200, 
254 201 

Function *f/, 118; heat (Gibbs’), 74, 
180 

Functions, characteristic, 121 
Fundamental point (triple), 161; 



INDEX 


pressure, 160; temperature, 160; 
temperature of ioe, 160; triangle, 
165 

ITuaion, curve, 162, 167; theory of, 
142 

G. 

Gas, constant, 20; thermometer, 3 ; 
mixture, 10; energy of, 216; 
entropy of, 220—222 
Gaseous systems, 215—228 
GaseB, perfect, ideal, 5, 60 
Gay ilus'sao, 25, 40, 60 
Gay Lussao’s law, deviations from, 
130 

Ghosh, J. C„ 245, 258, 260 
Gibbs, 76, 179, 220, 238 
Gibbs* phase rule, 185, 238; heat 
. function, 74, 189 
Goebel, 247 

Graded dissociation, 227 
Gram ealorie, mechanical equivalent 
of, 44 

Grtineisen, 277 
Gruner, 273 

f 

H. 

Heat, absorbed, 57; atomio, 

36; capacity, 35; capacity at 
absolute zero* 276, 286; mole¬ 
cular, 36; molecular, of perfect 
gas, 01; of combustion, 77; of 
dilution, 205; of dilution of 
Hj,S0 4 , 72; of dissociation, 24; 
of formation of CO a , 76; of CS 8 , 
77; of CH 4 , 77; of neutralization, 
77; of precipitation, 209; of 
. reaction, 39; of reaction at 
constant pressure, 73 ; of reaction 
at absolute zero, 288; of rcaotion 
in thermochemistry, 70; of 

solidification, 209; of solution, 
197; of sublimation, 39; of 
transformation of rhombic sulphur 
into monoclinio, 279; quantity, 
36; specific heat, definition, 35; 
at constant volume, 58, 126, 277; 
at constant pressure, 58, 126; 

total heat, 38; unit of, 34 
Heat and work, analogy between, 54 
Heat function at constant pressure, 
75 

Heat, latent (theory), 150; approxi¬ 
mation formula, 151 
Heat Theorem (Nornst’s), 272—202 
Heating at constant pressure, 5N; at 
constant volume, 58 


Helmholtz, 116 
Henning, 160, 154, 163 
Henry’s law, 249 
Hertz, H., 162 

Heterogeneous equilibrium, 187—194 
Heydweiller, 240, 242 
Holbom, 150, 163 
Homogeneous system, 125—138 
Horstmann, 194 
Hydriodio acid dissociation, 226 
Hydrobroamylene, 32 
Hydrogen peroxide, 76 

I. 

Independent constituents, 179 
Inertia resistance, 119 
Infinite dilution, 72 
Infinitely slow process, 53 
Inflection, point of, 18 
Influence of pressure on speoifio 
heat, 130; of temperature on 
combustion, 78 

Internal conditions of equilibrium, 
143; variable, 184 
Internal energy, 48; of perfect gas, 
60 

Inversion, point of, -132 
Iodine vapour, dissociation of, 227 
Irreversible diffusion, 222 
Isobaric change, 7 
Isoohorio ohange, 8 
Isoliydric solutions, 266; Arrhenius' 
theory of, 267 
Isolated system, 46 
Isopiestic change, 7 
Tsopynic change, 8 
Isostoric change, 8 
Isothermal isobaric process, 118 
Ibo therms of CO a , 16 
lBotrox>io bodies, 3 

J. 

Jahn, 231 
Joule, 38 

Joule’s experiment, 43—44, 49 
Joule and Thomson’s, absolute 
temperature, 130; experiment, 40 ; 
theory of, experiment, 130—133 

IC. 

Kelvin, 153 
Klrchhoff, 197, 205 
Kirch hotT'w formula for heat oE 
Haturatiou, 205 
Klcbo, 150, 154 
Knoblauch, 150, 154 
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ELohlransoh, 240, 242 
Kundt, 129 

L. 

Si 

Latent energy, 116 
Latent heat, 39, 150, 151; from 
phase role, 193—195 
Laws, Avogadro’s, 36, 60; Babo's, 
206; Boyle's, 5, 60; Dalton's, 11, 
21; Dulong and. Petit's, 36; Gay 
Lus sac's, 6, 25, 49, 60; Henry's, 
249; Marriotte’s, 5; • Nemst’s, 

' 260; Neumann's 37; Ostwald’s, 
245; vant’ Hoff’s, 263; Wullner’s, 
207 

Laws of thermodynamics. See First 
and Second 
Lead sulphide, 71 
Linde, 160, 154 
Linde, C. von, 132 
Liquid air machine, 132 
Lowering, of freezing point, 209, 
254, 291; of vapour pressure, 207, 
255 

Lunden, 242 

M* 

Mariotte's law, 5' 

Massieu, 121 

Maximum value of the entropy, 120; 
of if/, 121 

Maximum work, 114 
Maxwell, 90 * 

Mechanical equivalent of a gram 
calorie, 43; of heat, 42; of heat' 
in absolute units, 44 
Melting point of ice, lowering of, by 
pressure, 153 

Membranes, semipermeable, 210 
Meyer, Robert, 64 
Mixture of gases, 10 
Mixtures, 21 

Moleoular heat, 36; of perfect gases, 
61 

Moleoular weight, 23; apparent, 30 
Molecules, number of, 26 

N. 

Naocari, 249 

Natural process, direction of. 111 
Nemst, 249, 262, 269, 273, 280, 282, 
288 

Nornst's law of distribution, 262 
Nernst's Theorem (heat), 272—292 
Neumann, 37 


Neutralization, heat of, 75 
Nitrogen oxides, 24; peroxide, 32 
Non-variant system, 185 
Noyes, 242, 260, 269 


O. 

Osmotic pressure, 212, 256 
Ostwald, 70 
Ostwald’s law, 245 
Oxides of nitrogen, 24 


P. 

Pagliani, 249 
Partial pressures, 10 
Passive resistance, 119 
Perfect, gases, 60; system, 46 
Phase, defined, 179; rule, 185 
Phosphorus pentaohloride, 32 
Planok, 274 

Planck's quantum theory, 274 
Plank, R., 133 

Point (a + 2)ple, 185; of inflection* 
19; of inversion, 132; triple, 1(11 * 
quadruple, 186; quintuple, 186 
Pollitzer, F., 282 
Porous plug experiment, 50 
Potassium ohlorate, 189 
Potential, energy, 46; thermo¬ 
dynamic, 118 
Precipitation, heat of, 209 
Pressure coefficient, 8; of mercury, W 
Pressure, fundamental, 160; 

motio, 212, 256; reduced, 20; of 
saturated vapour, 280, 283 
Principle of Bertholet, 116 
Process, adiabatic, 112; ©nth*' 
thermal, 39; isothermal, 113; 
isothermal-isobaric, 118; exo¬ 
thermal, 39 

Processes, periodio, 85; reversible 
and. irreversible, 84 


Q. 

Quadruple point, 186 
Quantity of beat, 34 
Quintuple point, 186 

R. 

Raoult, 257' 

Ratio of specific heats, 62 
Reduced pressure, temperature, 
volume, 20 
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Regnault, 61 
Resistance, inertia, 110 
Reversibility of a process, condition 
of complete, 07 
Roozeboom, Bakhuis, 186 
Rumford, 38 

S. 

Saturation point, 17 
Sohames, 133 
Soheel, 163 
Schulze, 132 

Second law of thermodynamics, 
introduction, 70; proof of, 89; 
possible limitations, 105; deduc¬ 
tions, 108; test of, 154 
Semipermeable membranes, 210 
Silbermann, 76 

Silver acetate, 250; bromate, 268; 

nitrate, 268 
Singular values, 39 
Sodium carbonate, 75; hydrate, 75 
Solidification, heat of, 209 
Solutions, isohydrio, 266; dilute, 
229-271 
Solvent, 204 
Sound, velocity of, 64 
Specific, density, 7; entropy, 125 
Specific heat, 35; at constant 
pressure, 58, 126; at oonstant 
volume, 58, 126; influence of 

pressure on, at oonstant pressure, 
130; influence of volume on, 
at oonstant volume, 126; of 
saturated vapour, 157; of Bteam, 
154 

Specific heats, difference of, 126; ■ 
ratio of specific heatB of gases, 62; 
of mercury, 127 
States, corresponding, 20 
States of aggregation, 71; coexis¬ 
tence of, 159 
Stohmann, 73 

Sublimation ourvo, 162, 167; theory 
of, 142 

Succinic acid, 249 

Sulphur, 33; dioxide and water, 
equilibrium, 186; monoolinio, 
279; rhombic, 279 
Sulphuric acid, dissociation of, 246 
Surface, developable, 170 
System, oondensod, 187; divariant, 
187; gaseous, 215-225; homo¬ 
geneous, 125—138; non-variant, 
185; perfect, 46; univariant, 187 


T. 

Tamnmnn, 178 

Temperature, absolute, 6, 135-138; 
critical, 18, 158; critical solution, 
188; definition of, 2, 3; funda¬ 
mental, 160; fundamental, of ice, 
160 

Thallium chlorate, 189 
Theoretical regions, 19 
Thermal equilibrium, 2 
Thermochemioal symbols, 70 
Thermodynamic potential, 118 
Thermodynamical theory of fusion, 
evaporation Mid sublimation, 142 
Thermometer, gas, 3 
Thiesen, 147 

Thomsen, J., 70, 75, 249 
Thomson, 31, 90, 153. See Joule 
and Thomson 

Transformation, heat of rhombic 
sulphur to monoolinio, 279 
Triangle, fundamental, 165 
Triple point, 161, 186 

U. 

Unit of heat, 39 
Univariant system, 187 

V. 

Van der Waals* constants for OO a , 
15; equation, 14 
Van’t Hoff, 250, 255 
Van’t Hoff’s laws, 265, 260, 263 
Vaporization, curve, 162,167; theory 
of, 149 

Vapour densities, abnormal, 30 
Vapour pressure, lowering of, 207, 
255 

Variable, internal and external, 184 
von Linde, C., 132 

W. 

Warburg, 120 
Water, dissociation of, 240 
Weights, molecular and equivalent, 
23 

Work and heat, analogy between, 
. 54; external in reversible process, 
54; maximum, 114 
Wtirmann, 242 
Wtillner’s law, 207 

Z. 

Zero, absolute, 135—138; calorie, 35 
Zero energy, state of, 46 
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